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EXECUTIVE  SUMMARY 


>  The  third  annual  report  of  the  University  Research  Initiative  project  at  UCSB 
on  High-Temperature,  High-Performance  Composites  consists  of  sections  compiled 
in  a  total  of  six  books.  The  first  section  in  Book  1  is  concerned  with  the  properties 
and  structure  of  bimaterial  interfaces  and  the  related  problem  of  coating  decohesion 
and  cracking.  The  second  section  describes  research  on  the  strengths  and  fracture 
resistance  of  brittle  matrix  composites  manufactured  with  fibers,  whiskers  and 
ductile  phases.  This  information  is  presented  in  Books  2  and  3.  The  third  section 
addresses  the  flow  and  creep  strength  of  reinforced  systems,  with  emphasis  on  effects 
of  aspect  ratio  and  the  incidence  of  damage,  and  is  offered  in  Book  4.  The  fourth 
section,  Books  5  and  6,  describes  work  on  processing  of  intermetallic  and  ceramic 
matrices  and  composites,  as  well  as  numerical  modelling  of  the  melt-spinning 
process,  (ll  "A  ^  ~ 

SECTION  2:  STRENGTH  AND  FRACTURE  RESISTANCE 

FIBER  REINFORCEMENT 

The  axial  tensile  properties  of  a  range  of  fiber  reinforced  ceramics  have  been 
rigorously  evaluated  and  shown  to  be  consistent  with  models  previously  developed 
in  the  program.  In  particular,  the  matrix  cracking  stresses  arid  the  ultimate  strength 
have  been  predicted  through  the  models  based  on  independent  measurements  of  the 
elastic  properties,  the  interface  sliding  stress,  the  interface  debond  energy,  the 
residual  strain  and  the  in  situ  strengths  of  the  fibers.  The  basic  models  applicable  to 
tensile  properties,  as  well  as  the  methods  for  measuring  the  important 
microstructural  properties,  are  thus  concluded  to  capture  the  essential  features  of 
composite  behavior. 
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Mode  I  resistance  curve  measurements  have  been  made  on  composites  heat 
treated  to  produce  fiber  interfaces  having  sufficient  sliding  resistance  that 
delamination  cracking  is  suppressed  (Sbaizero).  The  materials  and  test  specimens 
lead  to  large  scale  bridging  and  the  measured  data  require  correction  for  this,  as 
elaborated  below.  The  crack  growth  behavior  has  also  been  numerically  simulated 
(Horn  and  McMeeking)  based  on  bridging  and  sliding  traction  laws  derived  in 
previous  research  within  the  program.  Good  agreement  between  the  simulation  and 
experimental  data  is  demonstrated  for  an  interface  sliding  stress  consistent  with  the 
measured  fiber  pull-out  lengths.  The  results  also  reveal  that  frictional  dissipation 
during  pull-out  provides  the  main  contribution  to  the  toughness  (Kc  *  20  MPa  VitT 
at  steady-state)  and  that  large  scale  bridging  effects  lead  to  substantial  overestimates 
of  actual  toughness  levels  when  conventional  linear  elastic  fracture  mechanics 
formulae  are  used. 

Delamination  cracking  has  been  investigated  in  a  laminated  composite 
(Sbaizero  et  al.)  and  the  data  have  been  interpreted  based  on  solutions  for  mixed 
mode  cracking  in  anisotropic  media  (Suo).  Delamination  crack  growth  resistances 
have  been  deduced  and  shown  to  be  governed  primarily  by  the  matrix  fracture 
energy,  with  some  contribution  from  distributed  fibers  that  bridge  the  crack 
surfaces.  The  crack  is  also  found  to  progress  into  a  steady-state  trajectory  along  a 
laminate  interface;  furthermore,  the  initial  crack  path  rotates  toward  that  interface  in 
a  sense  governed  by  the  sign  of  Kji. 

To  further  understand  these  effects,  a  new  method  for  fabricating  ceramic 
composites  has  been  invented  (Folsom  etal.).  The  method  involves  bonding 
together  thin  ceramic  sheets  and  thin  layers  of  fibers  to  form  a  multiple  sandwich 
composite  comprising  of  alternate  layers  of  ceramic  and  fibers.  The  thin,  strong 
ceramic  sheets  are  formed  by  a  method  used  to  make  ceramic  substrates  for 
electronic  packaging.  The  fiber  layers  can  be  in  the  form  of  either  aligned  fibers  or 
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cloth,  which  are  penetrated  with  an  appropriate  bonding  agent,  e.g.,  an  epoxy  resin, 
metal  or  ceramic  powder.  The  composite  is  formed  by  sandwiching  the  ceramic 
sheets  with  fiber  layers  and  then  bonding  the  ceramic  sheets  to  the  fiber  layers  with 
an  applied  pressure  at  the  appropriate  temperature.  Current  work  emphasizes 
composites  formed  with  epoxy  resin,  carbon  fiber  prepregs  laminated  between 
ceramic  sheets  comprised  of  either  alumina,  transformation  toughened  zirconia,  or 
glass  by  hot-pressing.  Because  processing  is  simple  and  carried  out  at  low 
temperatures,  large  numbers  of  composite  modifications  are  being  explored. 

Fracture  resistance  caused  through  bridging  by  fiber  and/or  by  ductile 
reinforcements  has  been  addressed  in  the  large  scale  bridging  regime  (Zok  and 
Horn),  by  experiments  conducted  on  metal  reinforced  ceramics  (Velamakanni  et  al.), 
on  fiber  reinforced  ceramics  (Sbaizero  et  al.)  and  on  a  metal  fiber  reinforced  polymer. 
The  results  establish  a  strong  influence  of  large  scale  bridging  on  the  apparent 
fracture  resistance,  consistent  with  numerical  simulations  of  crack  growth  in  such 
materials.  An  approximate  analytical  solution  has  also  been  developed  that 
correlates  well  with  the  data  and  may  be  used  for  interpretation  purposes  and, 
furthermore,  generates  actual  material  resistances  from  the  experimental  results. 
Additionally,  this  work  clearly  indicates  that  nominal  fracture  toughness  results  can 
substantially  overestimate  actual  properties  and  must  be  used  with  caution. 

DUCTILE  REINFORCEMENT 

Following  the  results  of  the  previous  year  which  highlighted  the  importance 
of  interface  debonding  and  of  the  reinforcement  ductility  (Ashby  et  al.)  on  the 
toughness,  a  systematic  study  has  been  completed  on  the  effects  of  those  variables 
(Cao  et  al.;  D&ve  et  al.).  For  this  purpose,  experiments  have  been  conducted  on 
composite  cylinders  and  on  laminated  systems  consisting  of  TiAl  and  Nb/Ti  alloys 
(thickness,  2R),  with  various  thin  oxide  coatings  and/or  reaction  product  layers 
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between  the  matrix  and  reinforcements.  The  results  reveal  that  Y2O3  coatings  inhibit 
reactions  and  also  allow  extensive  debonding  (debond  length  d  «  20R),  consistent 
with  its  relatively  low  fracture  energy  (H  «  25  Jm-2).  For  high  ductility 
reinforcements,  such  as  high  purity  Nb,  debonding  leads  to  a  large  work  of  rupture 
(X  -4  6-7).  In  the  absence  of  a  coating,  more  limited  debonding  occurs  (d  -  5-6R) 
along  a  0-phase  reaction  product  layer,  resulting  in  a  smaller  work  of  rupture 
(X  -  2.5).  Furthermore,  for  the  latter,  %  is  found  to  be  similar  for  composite 
cylinders,  for  laminates  and  for  actual  composites.  High  strength,  low  ductility 
reinforcements,  such  as  Ti-33%  Nb,  indicate  different  characteristics.  In  this  case, 
extensive  debonding  (induced  by  Y2O3  coatings)  results  in  abrupt  reinforcement 
rupture  and  small  X  (1-1.5).  However,  when  debonding  is  suppressed  by  averting 
the  formation  of  a  brittle  reaction  products  layer,  inhomogeneous  deformation  in  the 
Ti/Nb  apparently  suppresses  necking  and  allows  a  moderately  large  work  of 
rupture  (x  -  2-3  in  laminates  and  X  *  4-5  in  composites).  The  approach  needed  to 
achieve  optimum  toughening  thus  depends  sensitively  on  the  flow  and  fracture 
behavior  of  the  reinforcement.  An  important  effect  of  matrix  crack  offset  on  X  has 
also  been  found  (Ashby)  in  the  sense  that  X  increases  as  the  offset  angle  increases.  It 
remains  to  ascertain  how  this  benefit  can  be  encouraged  in  actual  composites. 

An  essential,  related  aspect  of  this  study  concerns  diffusion-couple  annealing 
experiments  which  have  been  used  to  explore  interactions  between  y-TiAl  matrices 
and  ductile-phase  reinforcements  based  on  P*(Ti,Nb)  alloys.  The  nature  and  rate  of 
evolution  of  the  interfacial  layers  have  been  characterized  and  the  interdiffusion 
coefficients  of  Nb  and  A1  in  the  (3-(Ti,Nb)  phase  have  been  calculated  for  the 
900-100°C  temperature  range  using  a  Matano-Boltzmann  analysis.  While  the 
interdiffusion  coefficients  are  dependent  on  alloy  composition,  the  activation 
energies  were  found  to  be  quite  similar  in  all  cases,  about  250  ±  40  kj/ mole 
(Jewett  et  al.). 
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A  process  for  producing  ceramics  wilh  an  interpenetrating  network  of  a 
metallic  alloy  has  been  invented  (Velakammani  et  al.).  In  this  process,  ceramic 
powder  is  packed  within  a  pyrolyzable  preform,  e.g.,  an  organic  fiber  felt,  by 
pressure  filtration.  The  preform  is  then  pyrolyzed  at  low  temperature  of  produce  a 
powder  compact  containing  pore  channels  remnant  of  the  preform.  The  ceramic 
powder  is  densified  at  higher  temperatures  without  eliminating  the  pore  channels 
which  at  infiltrated  with  a  molten  metal.  A  systematic  study  of  the  fracture 
toughness  based  on  the  above  variables,  which  can  be  changed  with  this  new 
processing  method,  is  in  progress.  Initial  studies  have  emphasized  AI2O3  and 
transformation  toughened  Z1O2  matrices  containing  20  pm  fibers  of  a  Al-Mg  alloy 
with  an  architecture  remnant  of  a  needled  felt  used  to  create  the  channels  within  the 
ceramic.  Squeeze  casting  is  used  to  intrude  the  molten  metal  into  the  pore  channels. 
Preliminary  fracture  mechanics  testing  to  determine  crack  growth  resistance  as  a 
function  of  crack  length  has  shown  that  the  ductile  bridging  ligaments  increase 
fracture  toughness. 

Studies  of  the  deformation  behavior  of  the  reinforcements  have  provided 
additional  insight.  Deformation  of  TiNb  involves  rafted  dislocation  pile-ups  in 
narrow,  coarsely  distributed  slip  bands  that  extend  large  distances  away  from  the 
crack  surfaces.  Fracture  occurs  at  the  intersection  of  these  bands.  In  the  Nb  syuem, 
twinning  and  slip  occur  in  the  y  matrix  around  the  interface  and  near  the  crack 
plane.  Furthermore,  debonds  along  the  a  phase  reaction  product  layers  appear  to 
initiate  at  sites  where  the  twins  intersect  this  layer: 
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MATRIX  TOUGHENING 

An  investigation  of  ceramics  toughened  with  whiskers  (Campbell  et  al.)  has 
established  both  the  prevalent  contributions  to  toughness,  as  well  as  the  realistic 
toughening  potential.  The  two  principal  toughening  contributions  derive  from  the 
extra  surface  energy  associated  with  debonding  along  the  amorphous  phase  at  the 
interface  and  the  energy  dissipated  as  acoustic  waves  when  the  whiskers  fail  in  the 
crack  wake.  These  contributions  can  lead  to  toughness  of  order  Kc  »•  10  MPa^n^ 
Much  larger  toughness  could  be  induced  by  encouraging  frictional  dissipation  by 
sliding  and  pull-out  along  debonded  interfaces.  Direct  measurements  of  these 
effects  (Ashby)  produce  an  opportunity  to  understand  how  this  contribution  can  be 
understood  and  emphasized. 

Fracture  resistance  effects  have  also  been  explored  for  process  zone 
toughening  mechanisms  (Stump  and  Budiansky;  Horn  and  McMeeking).  These 
results  show  that  the  resistance  curves  exhibit  a  peak  preceding  steady-state  and  that 
the  peak  height  is  related  to  the  gradient  in  volume  fraction  of  transformed  material 
in  the  process  zone,  f(y),  in  the  sense  that  uniform  transformation  in  the  zone  leads 
to  the  maximum  peak  height.  A  comparison  of  simulated  fracture  resistance  curves 
with  experimental  results  (Horn  and  McMeeking)  reveals  good  agreement  when 
independent  measurements  of  f(y)  and  of  the  process  zone  size  and  shape  are  used 
to  set  the  magnitudes  of  the  parameters  used  in  the  simulation. 

The  overall  toughness  of  a  reinforced  system  may  involve  multiplicative 
effects  between  matrix  toughening  and  reinforcement  toughening.  Matrix 
toughening  behaviors  include  the  transformation  and  whisker  mechanisms  noted 
above,  as  well  as  twin  toughening.  Multiplicative  effects  with  reinforcement 
toughening  occurs  primarily  with  process  zone  mechanisms  (twinning, 
transformation,  etc.).  Analysis  of  the  coupled  toughening  (Stump  and  Budiansky, 
Horn  and  McMeeking)  have  demonstrated  conditions  that  provide  the  extremes  of 
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multiplicative  and  additive  behavior.  Also,  resistance  curves  applicable  when 
multiple  mechanisms  operate  have  been  simulated.  These  calculations  provide  the 
insight  needed  to  select  matrix  microslructures  consistent  with  that  reinforcement 
scheme  of  choice. 
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ABSTRACT 


The  mechanical  properties  of  a  series  of  six  fiber-reinforced  ceramics  and 
glasses  has  been  evaluated  with  the  objective  of  critically  assessing  present 
understanding.  A  major  parallel  theme  has  been  the  characterization  of  the 
interface  and  an  assessment  of  the  thermomechanical  properties  of  the  interfaces  as 
they  relate  to  composite  behavior.  The  results  establish  that  the  available 
mechanical  property  models  correlate  well  with  experiments,  provided  that 
independent  measurements  are  made  of  the  residual  stress,  the  interface  sliding 
stress  and  the  in-silu  strength  properties  of  the  fibers.  In  addition,  trends  in  the 
sliding  stress  are  found  to  be  qualitatively  consistent  with  those  expected  for  sliding 
along  debonded  surfaces. 
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1.  INTRODUCTION 


A  variety  of  glasses/  ceramics  and  glass  ceramics  have  now  been  successfully 
reinforced  with  continuous  graphite  and  Nicalon  fibers.1-5  In  all  cases,  a  desirable 
tensile  performance  for  such  composites,  manifest  as  a  large  "work  of  fracture" 
(Fig.  1),  has  required  a  thin  interfacial  layer  between  the  fiber  and  the  matrix, 
introduced  either  by  fiber  coating5  or  in-situ  by  chemical  reaction  during 
processing/heat  treating.6'7  This  laye.'  has  typically  been  either  C  or  BN,  often  in  an 
amorphous  state.  Alternative  coatings  have  yet  to  be  identified 

Models  that  describe  the  salient  features  of  the  stress-strain  curves  and  the 
mechanical  role  of  the  interfadal  layer  have  also  been  developed  (Fig.  2).5-11  These 
models  include  such  variables  as  the  fracture  energy  of  the  coating,  Tj,  compared 
with  that  of  the  fiber,  T/,12'13  the  sliding  resistance  X  of  a  debonded  fiber  within  the 
matrix  and  the  mismatch  strain  £  between  fiber  and  matrix  caused  by  thermal 
expansion  misfit,  crystallization  and  by  phase  transformation.  In  addition,  the 
elastic  properties,  the  fiber  strength  and  volume  fraction  and  the  matrix  fracture 
toughness  are  involved.8-11  The  intent  of  the  present  study  is  to  examine  the 
applicability  of  these  models  by  conducting  an  experimental  investigation  of  the 
macroscopic  tensile  mechanical  properties  and  of  the  interface  thermomechanical 
properties  of  a  series  of  composites,  all  reinforced  with  Nicalon  fibers. 

The  knowledge  generated  by  the  models  has  resulted  in  the  identification  of 
three  basic  thermomechanical  requirements  for  a  desirable  composite12:  H/Tf  <  1/4, 
2  <  X  <  40  MPa,  £  <  3  x  10-3.  The  first  of  these  criteria  ensures  that  debonding  occurs 
in  preference  to  fiber  failure  during  matrix  cracking  (Fig.  2b).13  The  second 
condition  encourages  fiber  failure  at  a  substantial  distance  from  the  matrix  crack 
plane  and  thus  allows  a  substantial  pull-out  contribution  to  "toughness",14  through 
frictional  dissipation, when  the  fibers  are  strong.  The  third  criterion  prevents 
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thermal  cracking  of  either  the  fibers  or  the  matrix.! 0  In  addition  to  these 
fundamental  criteria,  systematic  mechanical  property  enhancement  is  predicted  to 
occur  with  increase  in  the  fiber  bundle  strength,  St,,  the  matrix  fracture  energy,  Tm, 
and  the  fiber  volume  fraction,  f.12  There  are  also  effects  of  elastic  properties  and 
fiber  radius,  R.  The  present  study  emphasizes  the  explicit  effects  of  Fj/Tf,  T  and  E. 

The  three  important  features  of  the  stress-strain  curves  exhibited  by  “tough" 
ceramic/glass  matrix  composites  are  (Fig.  1):  the  matrix  cracking  stress  G0,  the 
ultimate  strength,  <ju  and  the  pull-out  "tail."  Matrix  cracking  is  predicted  to  have  a 
lower  bound  steady-state  value5-1! 

o0  =  o. -qE/HCT  (D 


with 


cr.  = 


6xrmf2E,E2' 


.1/3 


(l-f)E2mR 


m-'  j 


where  E  is  Young's  modulus  of  the  composite,  q  is  the  axial  residual  stress  in  the 
matrix  as  governed  by  the  misfit  strain  (positive  q  being  tension)  and  the  subscripts  f 
and  m  refer  to  the  fiber  and  matrix,  respectively.  Steady-state  matrix  cracking 
conditions  exist  when  G0  <  Sb/f,  whereupon  most  fibers  remain  intact  during  matrix 
cracking  and  when  the  initial  matrix  crack  size  a*,  satisfies9'11 


a0>  ac 


4 


where 


*  [x/4(2/3)V3] 


a/2E3m/2(l-f)V(l  +  0 


m 


tf^Cl-V2) 


(2) 


with  £  »  Eff/Em  (1-0-  When  a*,  does  not  satisfy  the  above  inequality,  matrix 
cracking  occurs  at  stresses  >  G0. 

Upon  increasing  the  stress  above  CF0,  matrix  cracking  continues,  resulting  in  a 
periodic  crack  array.8'15  The  crack  spacing  reaches  a  saturation  value,  d,  when  the 
stress  everywhere  in  the  "matrix  blocks"  becomes  smaller  than  that  stress  associated 
with  the  applied  load  capable  of  being  supported  by  the  uncracked  matrix.8  The 
average  value  of  the  saturation  crack  spacing  is  governed  by  the  sliding  stress,  X, 
such  that  X  and  d  are  related  by, 

t  =  x[(l-  f)VmEfEmR2/fEd3]1/2  (3) 


where  X  is  a  quantity*  equal  to  134.18  Consequently,  the  matrix  cracking  stresses  can 
be  expressed  in  terms  of  the  crack  spacing  as; 


The  trend  in  <J0  with  fiber  volume  fraction  for  one  of  the  composites  used  in  the 
present  study  (material  C,  see  Table  I)  is  plotted  on  Fig.  3  to  indicate  that,  typically,  (J0 
increases  almost  linearly  as  f  increases. 


*  Note  that  X  *  •  (3/4)V2  ,  1.34$. 
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The  ultimate  strength  coincides  with  fiber  bundle  failure.12  A  simple 
estimate  of  this  strength,  based  on  weakest  link  statistics, t  gives; 


au  = 


A 


fS  exp 


{l  ~(l  -  id/RS)m41} 
(m  +  l){l-(l-Td/RS)m} 


(5) 


with 


(RS/td)m+1  =  (Ao/2RRL)(RS0/td)m  {l-(l-td/RS)m} 

S0  is  the  stress  scale  parameter,  m  the  shape  parameter,  A0  is  another  scale 
parameter  (usually  set  equal  to  lm2)  and  L  the  specimen  gauge  length.  The  effect  of 
the  sliding  stress  on  du  appears  directly,  as  well  as  through  its  effect  on  the  crack 
spacing  d,  while  the  effect  of  residual  stress  is  present  through  its  effect  on  T. 

A  comparison  of  the  above  trends  in  composite  behavior  with  experimental 
data  requires  independent  measurement  of  T,  E,  H/Tf  and  Tm  and  knowledge  of  R,  f, 
Ef  and  Em.  Estimates  of  T  can  be  obtained  from  the  saturation  crack  spacing  (Eqn.  3), 
as  well  as  by  using  a  nanoindenter17'18  and  from  load/crack  opening  hysteresis.15 
The  crack  spacing  is  emphasized  in  the  present  study.  The  other  methods  are 
examined  in  a  companion  study.  Values  of  Tf  have  previously  been  obtained  for 
Nicalon  fibers  using  fracture  mirrors  19  (Tf  -  5  Jm-2),  while  rm  and  Em  are  known 
for  each  material  (Table  I).  Values  of  £  are  extracted  from-  thermal  expansion  data 
(Table  D. 


t  This  estimate  neglects  interaction  effects  between  failed  fibers  and  ignores  the  stress  supported  by 
fractured  fibers  by  stress  transfer  from  the  matrix  through  interface  friction. 
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Overall  rationalization  of  the  mechanical  behavior  in  terms  of  the 
thermomechanical  characteristic  of  the  interface  resides  in  characterization  of  the 
interfacdal  zone.  This  is  achieved  in  the  present  study  by  a  combination  of 
conventional  and  analytical  transmission  electron  microscopy  with  scanning  Auger 
microscopy. 


2.  MATERIALS 

Six  different  composite  materials  are  investigated,  having  the  characteristics 
summarized  in  Table  I.  Each  material  contained  Nicalon  fibers  at  a  volume  fraction 
f  »  0.5.  The  systems  have  been  selected  to  encompass  a  range  of  interface  properties 
and  of  mismatch  strain.  The  elastic  properties  of  the  matrix  (Young's  modulus  and 
Poisson's  ratio)  remain  essentially  constant,  while  the  fracture  energy  varies  by  a 
factor  of  2.  Previous  studies  have  indicated  that  two  of  the  materials  have  a  well- 
delineated  carbon  coating  between  the  fibers  and  the  matrix  (materials  A  and  B). 
Two  materials  have  no  obvious  debond  layer  (materials  D  and  E).  The  fifth  material 
(C)  gives  indications  of  a  very  thin  carbon  layer,  using  Auger  spectroscopy.6 
Furthermore,  A  and  B  represent  a  material  pair  in  which  the  fiber  and  fiber  coating 
are  expected  to  be  essentially  the  same,  but  the  misfit  stress  and  the  matrix  fracture 
energy  are  different.  In  addition,  composites  B  and  C  constitute  a  very  interesting 
contrast  in  that  the  matrices  in  both  materials  have  very  similar  thermomechanical 
properties,  but  the  interfaces  appear  to  have  different  composition  and  thus 
different  debonding  and  sliding  behavior. 
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3.  MECHANICAL  CHARACTERISTICS 

3.1  TEST  PROCEDURES 


Uniaxial  tensile  stress-strain  curves  are  measured  using  test  specimen 
configurations  described  in  previous  studies.15*20  The  specimens  consist  of  a 
rectangular  cross  section  bar  (2  x  3mm)  with  fibers  oriented  parallel  to  the  tensile 
axis.  One  face  of  the  specimen  is  polished  to  facilitate  microstructure  examination 
during  and  after  testing.  Reduced  gauge  sections  of  length  -  12mm  are  used  to 
prevent  pull-out  from  the  grips,  which  are  attached  to  the  specimen  using  an  epoxy 
bond  with  a  8mm  transfer  length  at  each  end.  Tensile  tests  are  conducted  on  a 
servohydraulic  machine*  at  a  constant  strain-rate  of  2  x  10~5  s-1,  using  an  aligning 
apparatus  developed  in  previous  studies.20  Stresses  are  obtained  from  the  imposed 
loads,  while  strains  are  determined  from  displacements  measured  within  the  gauge 
length  using  an  axial  extensometer. 

Several  experiments  are  conducted  in  t ^ur-point  flexure  and  load/ deflection 
curves  measured  by  monitoring  the  displacement  of  the  mid-point  of  the  tensile 
surface. 


3.2  MEASUREMENTS 

The  tensile  stress-strain  curves  obtained  for  each  material  are  summarized  in 
Fig.  4.  Fully  brittle  behavior  is  observed  in  material  E  with  a  strength  sensitive  to 
the  flaw  population  in  the  material.  The  other  four  materials  exhibit  nonlinearity, 
characteristic  of  "tough"  composites,  having  an  initial  matrix  cracking  stress, 
followed  by  "hardening"  and  then  an  ultimate  strength  at  which  an  abrupt  load 


*  MTS  810,  MTS  Systems  Corporation,  Minnesota 
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drop  occurs.  The  trends  in  initial  matrix  cracking  stress  and  in  ultimate  strength  are 
summarized  in  Table  H  The  only  material  among  the  four  which  which  does  not 
have  a  distinct  deviation  from  linearity  is  material  D. 


3.3  OBSERVATIONS 

The  four  "tough"  materials  A-*D  all  exhibit  matrix  cracking  (Fig.  5). 
However,  the  cracks  are  not  easily  observable  in  all  cases.  It  has  been  found  that  the 
matrix  cracks  can  be  highlighted  by  tensile  testing,  followed  by  notching  and 
retesting  in  tension  in  order  to  propagate  a  delamination  crack  along  the  tensile  axis. 
The  interaction  of  the  delamination  crack  with  the  previously  formed  matrix  cracks 
results  in  strong  height  contrast  (Fig.  6).  In  materials  A  and  B  for  which  the  matrix 
cracks  are  readily  observable  (Fig.  5),  the  above  method  yields  crack  spacings 
identical  to  those  measured  using  more  conventional  methods.  Matrix  crack 
measurements  performed  on  materials  A,  B  and  C  using  these  methods  indicate 
that  the  first  cracks  coincide  with  the  initial  deviation  from  linearity  CT0.  However, 
the  number  of  cracks  tends  to  accumulate  with  increase  in  stress,  such  that  a 
saturation  crack  spacing  d  develops  prior  to  failure,  having  the  values  listed  in 
Table  IL  Material  D,  however,  contains  matrix  cracks  before  testing  (Fig.  7),  although 
additional  cracks  are  formed  upon  loading,  causing  the  average  crack  spacing  to 
reduce.  Furthermore,  it  is  noted  that,  in  materials  A  and  B,  the  matrix  cracks  are 
well-defined  and  propagate  across  specific  planes,  demonstrating  no  effect  of  the 
fibers  on  the  crack  path.  However,  matrix  cracks  are  discontinuous  in  materials  C 
and  D,  suggesting  some  interaction  with  the  fibers. 

Saturation  matrix  cracking  is  observed  in  composites  A  and  B  within  a 
relatively  narrow  stress  range,  resulting  in  "bi-linear  hardening."  However,  in 
material  C,  the  number  of  matrix  cracks  accumulates  slowly  with  increase  in  stress. 
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leading  to  nonlinear  hardening.  Material  D  also  exhibits  nonlinear  behavior,  but 
the  nonlinearity  is  believed  to  be  associated  with  failure  of  weak  fibers  and  the 
propagation  of  delamination  cracks. 

Studies  of  fractured  specimens  indicate  that  those  fibers  which  pull  out  from 
the  matrix  are  typically  smooth.  Material  D  is  an  exception,  wherein  debris  is 
attached  to  the  fiber  surfaces  leading  to  roughness  and  suggesting  that  debonding 
occurred  within  an  interphase  layer  (Fig.  8).  Also,  in  this  material,  some  radial 
cracking  of  the  matrix  is  observed.  Furthermore,  the  failure  of  small  bundles  of 
fibers  is  apparent,  probably  associated  with  processing  damage  (Fig.  9). 

Finally,  examinations  of  material  E  have  revealed  that  fracture  involves  the 
unstable  propagation  of  a  single  dominant  processing  flaw,  resulting  in  a  relatively 
flat  fracture  surface  (Fig.  10). 


4.  INTERFACE  CHARACTERIZATION 

Thin  sections  normal  to  the  fiber  axis  have  been  prepared  by  mechanical 
dimpling  and  by  ion  beam  thinning,  as  described  elsewhere7  and  examined  by 
transmission  electron  microscopy.  The  three  tough  materials  (A,  B  and  C)  all 
possessed  amorphous  carbon  layers  between  the  fiber  and  matrix  (Fig.  11, 12).  The 
LAS  ceramic  matrix  system  (A)  also  exhibited  circumferential  debonds  in  the  carbon 
layer,  as  previously  noted7  (Fig.  11a),  caused  by  expansion  mismatch  between  the 
fiber  and  matrix.  However,  no  debonds  could  be  deteaed  in  the  LAS  glass  matrix  (B) 
system  (Fig.  lib),  which  has  a  closer  expansion  match  between  the  fiber  and  matrix 
(Table  I).  In  the  aluminosilicate  matrix  system  (C)  a  carbon  layer  could  not  be 
identified  by  energy  loss  spectroscopy  (EELS).  However,  a  thin  interface  layer, 
~  0.01  Jim  thick,  which  appeared  brighter  than  either  the  matrix  or  the  fiber  was 
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evident  (Fig.  12a),  indicating  the  presence  of  material  having  low  atomic  number. 
This  layer  is  probably  the  carbon  layer  detected  by  Auger  electron  spectroscopy 
Furthermore,  matrix  cracks  mechanically  induced  into  the  material  prior  to 
thinning  cause  circumferential  debonding  at  the  interface  between  the  above  thin 
layer  and  the  fiber  (Fig.  12b).  Consequently,  whatever  the  composition  of  this  layer, 
it  evidently  satisfies  debonding  requirements. 

In  the  silica  matrix  material  (E),  neither  chemical  nor  contrast  difference 
could  be  detected  near  the  fiber/matrix  interface.  Furthermore,  matrix  cracks 
generated  within  the  foils  remain  within  the  matrix  (Fig.  13)  rather  than  causing 
interface  debonding.  Such  cracks  are  typical  of  matrix  cracks  in  a  composite  system 
with  good  interface  bonding,  subject  to  residual  radial  tension  in  the  matrix. 

Finally,  the  soda  lime  glass  matrix  material  (D)  exhibited  some  interface 
contrast  (Fig.  I4a)  within  a  layer  -  0.1  Jim  thick.  Some  residual  porosity  exists  within 
this  layer.  Moreover,  matrix  cracks  that  intersect  the  interface  cause  debonding 
within  this  layer,  as  evident  from  the  image  shown  in  Fig.  14b.  Consequently,  while 
this  interface  is  capable  of  debonding,  the  debond  does  not  occur  at  the 
fiber/ interphase  interface.  These  observations  are  consistent  with  the  above  SEM 
studies  (Fig.  8)  which  indicate  interface  material  attached  to  the  fibers  in 
composite  D. 


5.  RESIDUAL  STRESSES 

The  residual  stress  has  significant  effects  on  both  the  interface  sliding  stress 
and  matrix  cracking  stress,10  as  well  as  the  ultimate  strength.  The  residual  stress 
arises  from  thermal  contraction  mismatch  upon  cooling,  as  well  as  from 
crystallization  and  phase  changes  (in  the  case  of  glass-ceramic  matrices).  In  this 
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section,  the  stresses  are  estimated  either  from  thermal  expansion  information  or 
from  experimental  measurements. 

In  material  A,  the  ceramed  LAS  matrix  and  silicon  carbide  fiber  have 
appreciably  different  thermal  expansion  coefficients.  However,  the  crystallization 
also  involves  a  volume  change.  It  is  surmised  that  these  changes  tend  to  counteract, 
because  the  residual  stress  estimated  from  the  matrix  crack  closure  load  is  small15: 
q  <  -  50  MPa,  p  <  20  MPa,  where  q  is  the  stress  in  the  matrix  parallel  to  the  fiber  axis 
and  p  the  stress  normal  to  the  interface. 

Residual  stresses  in  the  other  materials  are  more  likely  to  be  governed  by  the 
differential  thermal  shrinkage  because  a  crystallization  step  is  not  involved.  The 
following  expressions  are  used10  to  obtain  p  and  q  from  the  thermal  expansions. 


where  X]  and  Xi  are  functions  of  fiber  volume  fraction  f,  and  elastic  properties, 
Ef/Env  Vf  and  Vm: 

l-(l-E/E()(l-v,)/24<l-f)(vm-v()/2-(E/Ef)[v(+(vn,-v()fE(/E]1 
>"  (l-vm)[l+v,+(vm-v()fE/q 

_  l-(l-E/E,)/2(l+v()+(l+[)(v„-v()/2 
Xj=  [l+v(  +  (v„-v()fE,/E] 

and  e  =  (ctf  -  am)AT,  with  AT  regarded  as  the  difference  between  ambient  and  the 
glass  transition  temperature. 
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Using  the  information  provided  in  Table  I,  the  residual  stress  calculated  using 
Eqn.  (5)  are  listed  in  Table  m.  It  is  apparent  that  large  residual  stresses  arise  in 
material  D.  The  large  tensile  axial  stresses  in  the  matrix  are  the  source  of  matrix 
cracking  during  cooling.  Furthermore,  for  this  material,  it  is  noted  that  large  tensile 
hoop  stresses  also  occur  in  the  matrix.  These  stresses  seemingly  cause  axial  matrix 
cracks  between  the  fibers  (Fig.  8),  which  probably  reduce  the  residual  stress  p  to 
values  lower  than  indicated  by  Table  HI. 


6.  FIBER  STRENGTHS 

Information  concerning  the  in-situ  fiber  strengths  can  be  obtained  by 
measuring  fracture  mirror  radii  (see  Fig.  8)  and  using  the  formula19 

S  =  Kf/3.5y/*~^  (7) 

where  S  is  the  stress  on  the  fiber  at  the  fracture  site,  am  is  the  mirror  radius  and  Kf  is 
the  fracture  toughness  of  the  fiber  (IMPaVax  for  Nicalon  fiber).  The  cumulative 
distribution  of  fiber  strengths  obtained  in  this  manner  for  the  composite  systems  C 
and  D  is  plotted  on  Eg.  15.  The  results  conform  with  the  function 

G<S)  =  l-exp[-(s/S*n  (8) 

where  G  is  the  cumulative  probability,  S*  is  the  scale  parameter  and  CD  the  shape 
parameter.  The  values  of  S*  and  CD  for  the  fibers  in  materials  C  and  D  are  indicated 
in  Eg.  15.  In  particular,  it  is  noted  that  the  median  fiber  strength  in  composite  D  is 
substantially  less  than  that  for  composite  C,  indicating  significant  fiber  degradation 
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upon  processing  of  the  former.  Similar  measurements  performed  on  materials  A 
and  B  reveal  a  strength  distribution  essentially  the  same  as  that  shown  for 
material  C. 


7.  INTERFACE  MECHANICAL  PROPERTIES 

7.1  DEBONDING 

The  above  experiments  indicate  that  debonding  requirements  are  satisfied  in 
all  materials  except  £,  This  lack  of  debonding  in  material  E  is  consistent  with 
previous  observations7*19  that  silica  coatings  on  Nicalon  fibers  inhibit  debonding, 
because  Si02  and  Nicalon  have  similar  fracture  energies.  It  is  also  well-established 
that  carbon  layers  satisfy  debonding  requirements  on  Nicalon  fibers.7  However,  the 
fracture  energy  of  the  carbon  found  at  the  interface  is  not  available.  It  is  presumed 
to  be  much  less  than  that  of  either  glassy  carbon21  or  polycrystalline  graphite22, 
because  known  values  for  these  materials  exceed  the  fracture  energy  of  Nicalon 
fibers  and  thus,  would  seemingly  contradict  debonding  requirements.13  Indeed, 
upper  bound  estimates  of  Tj  from  nanoindenter  measurements  on  material  A,17*18 
confirm  very  small  values  (<  ljm-2)  for  the  carbon  layer  in  this  material.  An 
important  additional  feature  to  emphasize  is  that  the  very  thin  (~  O.Olpm)  carbon 
layer  in  material  C  is  still  sufficient  to  allow  debonding. 

Debonding  in  material  D  has  substantial  significance,  because  all  other 
coatings  that  have  demonstrated  debonding  are  either  carbon  or  boron  nitride,  as 
already  noted.  It  is  surmised  that  the  reaction  between  the  fiber  and  matrix 
generates  an  intermediate  layer  having  a  low  fracture  energy.  One  possible 
explanation  is  that  local  cation  diffusion  results  in  the  formation  of  a  low-density 
amorphous  coating. 
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7.2  THE  INTERFACE  SLIDING  STRESS 


The  interface  sliding  stresses  estimated  from  the  measured  matrix  crack 
spacing,  using  Eon.  (3)  are  summarized  in  Table  EL  The  increased  sliding  stress  for 
material  D  compared  with  A  is  broadly  consistent  with  the  residual  stress  normal  to 
the  interface  changing  from  tension  in  A  to  compression  in  D,  as  might  be  expected 
for  a  Coulomb  friction  law  in  the  presence  on  a  nonplanar  debonded  interface. 
However,  the  larger  %  for  material  C  than  material  B  is  anomalous,  but  may  reflect 
the  observation  (Figs.  11, 12)  that  the  carbon  debond  layer  in  the  former  is  very  thin 
compared  with  that  in  either  material  B  or  in  material  A. 

The  sliding  stress  inferred  for  material  D  is  surprisingly  small,  given  that 
there  is  no  carbon  layer  at  the  interface  and  that  the  debond  surface  is  rough  (Fig.  8). 
A  possible  explanation  involves  the  incidence  of  radial  matrix  cracks  (Fig.  8),  which 
would  reduce  the  matrix  constraint  upon  fiber  sliding,  as  already  noted. 

Additional  study  is  clearly  needed  before  trends  in  the  sliding  stress  can  be 
fully  understood  in  terms  of  the  properties  of  the  coating,  the  surface  roughness,  etc. 


8.  STRESS/STRAIN  CURVES 

The  matrix  cracking  stresses  can  be  predicted  using  Eqn,  (1)  with  the  values  of 
the  sliding  stresses  and  residual  stresses  indicated  in  Table  m.  The  results  are 
summarized  in  Table  IV. 

The  predicted  results  are  sensitive  to  the  choice  of  the  matrix  toughness  Tm. 
The  values  of  this  parameter  listed  in  Table  I  represent  a  best  attempt  to  obtain  good 
values  from  the  references  listed  in  that  table.  It  is  notable,  however,  that  other 
papers  have  used  different  values  of  I'm,  especially  for  LAS.  The  specific  predictions 
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listed  in  Table  IV  use  the  range  of  Tm  given  in  Table  I.  Similar  concerns  exist 
regarding  the  accuracy  of  the  residual  stresses,  as  elaborated  below. 

For  the  first  two  materials  (A  and  B)  with  "thick"  carbon  coatings,  the 
agreement  between  theory  and  experiment  is  excellent.  Furthermore,  for 
material  D,  the  matrix  cracking  stress  is  predicted  to  be  negative  at  room 
temperature,  indicating  that  cracking  should  have  occurred  on  cooling.  This 
prediction  is  again  consistent  with  the  experimental  observations.  The  brittle 
behavior  of  material  E  is  also  consistent  with  the  known  debonding  requirements. 
The  only  material  for  which  significant  deviation  between  theory  and  experiment  is 
apparent  is  material  C.  This  material  also  differs  from  the  others  in  terms  of  its 
work  hardening  behavior,  as  elaborated  below.  The  source  of  this  discrepancy  is  not 
clear,  but  two  possibilities  are  noted.  This  material  has  a  more  heterogeneous 
spatial  distribution  of  Fibers  than  t  .  others,  resulting  is  local  regions  having  small  f. 
Reference  to  Fig.  2  indicates  that  such  regions  have  a  reduced  matrix  cracking  stress. 
Alternatively,  better  agreement  with  theory  would  exist  if  the  residual  stress  were 
zero:  the  predicted  cr0  would  then  be  about  250MPa  compared  with  a  measured 
value  of  240MPa.  The  present  estimate  of  the  residual  stress  could  thus  be  in  error. 
Some  additional  evidence  in  support  of  this  contention  has  been  obtained  from 
nanoindenter  tests.21 

The  ultimate  strength  of  the  composite  can,  in  principle,  be  deduced  from 
Eqn.  (5).  However,  there  is  no  direct  connection  between  the  statistical  parameters 
for  the  fibers  required  to  evaluate  au  and  the  strength  parameters  measured  from 
the  fracture  mirror  radii,  because  the  fracture  locations  in  the  fibers,  vis-i-vis  the 
matrix  crack  planes,  are  not  readily  assessed.  Nevertheless,  the  fracture  mirror 
measurements  provide  information  that  allows  scaling  between  the  different 
composite  systems.  Consequently,  based  on  the  prescribed  ultimate  strength  of 
composite  A,  the  ultimate  strengths  of  the  other  composites  is  determined,  using 


16 


Eqn.  (5)  in  conjunction  with  the  fiber  strength  results  presented  in  Fig.  15  and  the 
independently  measured  values  of  X  and  d.*  The  results,  indicated  in  Table  IV, 
accord  well  with  experiment,  establishing  that  fracture  mirror  measurements 
provide  a  useful  means  of  scaling  trends  in  the  ultimate  strength,  as  governed  by 
fiber  degradation  effects. 

The  "hardening"  region  between  CT0  and  <JU  also  merits  discussion.  When  the 
composite  has  many  matrix  flaws  that  exceed  the  critical  level,  a^,  needed  to  allow 
steady-state  crackL.g  (Eqn.  3),  saturation  cracking  occurs  at  stresses  just  above  (J0. 
Such  materials  should  be  essentially  linear  between  <J0  and  (Ju.  This  is  the  behavior 
that  seemingly  governs  the  bilinear  stress /strain  characteristics  of  materials  A  and  B. 
Conversely,  when  the  composite  has  few  matrix  flaws  larger  than  matrix  cracking 
at  CT0  is  unsaturated  and  further  cracking  occurs  between  CT0  and  CTU.  Then  the 
material  should  exhibit  non-linear  hardening.  Such  characteristics  are  consistent 
with  the  behavior  of  material  C. 


9.  CONCLb  '  G  REMARKS 

The  models  of  matrix  cracking  seem  to  correlate  well  with  experiment  when 
critically  evaluated  for  a  range  of  different  materials.  Furthermore,  the  results 
emphasize  that  the  residual  stress  and  the  interface  sliding  stress  both  have  a  major 
influence  on  the  matrix  cracking  strength.  It  is  also  apparent  that  a  matrix  with 
relatively  high  thermal  expansion  coefficients  can  crack  thermally:  this  occurs  at 
useful  fiber  concentrations  (f  «  0.4)  when  the  mismatch  in  thermal  expansion 
coefficient  with  the  fiber  exceeds  about  3  x  10-6  Ol. 


t  The  effects  of  X  and  d  are  relatively  small  compared  with  So  and  m. 
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The  ultimate  strength  of  the  composite  seemingly  scales  with  the  values 
expected  using  simple  bundle  statistics  modified  to  take  account  of  stress  reduction 
in  the  fiber  induced  by  friction  at  the  sliding  interfaces.  Trends  in  ultimate  strength 
thereby  correlate  with  fiber  strength  estimated  in-situ  from  fracture  mirror 
determinations.  Such  measurements  establish  that  fiber  degradation  can  occur 
upon  matrix  consolidation  in  some  cases,  leading  to  a  diminished  ultimate  strength. 
The  bundle  statistics  approach  is  clearly  simplified  and  neglects  many  details  of  fiber 
interactions,  etc.  Further  analysis  that  couples  micromechanics  solutions  of  fiber 
cracking  with  stochastic  simulation  is  needed  to  provide  another  level  of  insight 
into  this  phenomenon. 

Some  of  the  important  interface  observations  revealed  in  this  study  concern 
both  the  seeming  ability  for  carbon  layers  to  allow  debonding  even  at  thicknesses  of 
only  0.01pm  (material  C)  and  the  viability  of  debonding  without  either  a  carbon  or  a 
boron  nitride  coating  (material  D).  This  latter  observation  encourages  debonding 
research  aimed  at  using  either  porous  ceramic  or  refractory  metal  coatings. 

The  sliding  stress  at  the  debonded  interfaces  is  a  parameter  of  major 
importance.  Yet,  there  is  little  understanding  of  how  this  parameter  relates  to  the 
thermochemical  and  thermomechanical  properties  of  the  fiber/matrix  interfadal 
zone.  The  development  of  a  understanding  of  frictional  sliding  is  a  topic  requiring 
future  emphasis. 
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TABLE  I 


Nicalon  Fiber  Reinforced  Composite  Materials 


Designation 

Matrix 

Thermal 

Expansion 

Mismatch 

Ctf-Ctm 

do«c-i) 

Matrix 

Toughness 

rm  (Jm-2) 

Matrix 

Modulus 

EnxtGPa) 

A 

LAS  IH  glass-ceramic 
(ceramed) 

3 

20  -  30* 

85 

* 

A 

LAS  m  glass-ceramic 
(ceramed,  0/90  laminate) 

3 

20  -  30* 

85 

B 

LAS  in  glass 
(as  pressed) 

0 

10  -  15* 

80 

C 

Aluminosilicate  Glass 

1 

m 

70 

D 

Soda  Lime  Glass 

-5 

7  -  9b 

70 

E 

Silica 

4 

7-  9b 

70 

(a)  T.  J.  Clark  and  J.  S.  Reed,  Am.  Ceram.  Soc.  Bull.  ££ 1506-12  (1986). 

(b)  S.  W.  Freiman,  T.  L.  Baker  and  J.  B.  Wachtman,  Jr.,  NBS  Tech.  Note  No.  1212 
(1985). 
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TABLE  II 

Measured  Composite  Mechanical  Properties 


Material 

Saturation  Crack 
Spacing,  (pm) 

Matrix  Cracking 
Stress,  (MPa) 

Ultimate  Strength 
(MPa) 

Initial 

Modulus,  (GPa) 

A 

400 

290  ±20 

530  ±18 

« 

120 

A' 

— 

145  ±10 

276  ±12 

110 

B 

120 

238  ±16 

557  ±16 

129 

C 

90 

240  ±20 

555  ±15 

138 

D 

70 

<0 

348  ±30 

120 

E 

— 

— 

66  ±20 

110 

20 


TABLE  III 

Composite  Parameters 


Residual  Stresses  (MPa) 

Material 

Sliding  Stress 

1  (MPa) 

P 

q 

A 

ZO 

20* 

-50* 

B 

7.0 

0 

0 

C 

9.0 

12 

-30 

D 

1Z0 

-70 

180 

*  obtained  from  Reference  15 
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TABLE  IV 

Comparison  between  measurements  and  theory 


Material 

Matrix  Cracking  Stress,  (MPa) 

Measurements  Theory 

Ultimate  Strength,  (MPa) 

Measurements  Theory 

A 

290  ±20 

270-310 

530  ±18 

530 

A' 

145  ±10 

135  - 165* 

276  ±12 

265* 

B 

238  ±16 

240-300 

557  ±16 

550 

C 

240  ±20 

300-320 

555  ±15 

560 

D 

<0 

-30  to  -70 

348  ±30 

350 

*  These  values  are  1/2  the  uniaxial  composite  values  obtained  f  ‘  composite  A 
because  the  net  volume  fracture  of  fiber  f  is  reduced  by  a  fact; 
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FIGURE  CAPTIONS 


Fig.  1.  A  tensile  stress /strain  curve  for  a  "tough”  composite 

Fig.  2.  a)  A  schematic  indicating  the  roles  of  interface  debonding  and  sliding 

in  "tough"  brittle  matrix  composites.  Debonding  along  the  interface 
must  occur  in  preference  to  fiber  failure  at  the  crack  front.  In  the 
crack  wake,  the  matrix  tends  to  close  around  the  fiber  and 
del  nding  accompanied  by  frictional  sliding  occurs, 
b)  A  crack  front  debond  diagram  revealing  the  region  of  relative 
interface  fracture  energy  that  allows  debonding  as  a  function  of  the 
elastic  mismatch,  a. 

Fig.  3.  The  matrix  cracking  stress  as  a  function  of  fiber  volume  fraction 
computed  using  Eqn.  (4),  with  properties  representative  of  material  C 

Fig.  4.  a)  Tensile  stress/strain  curves  measured  for  each  of  the  composite 
materials 

b)  Magnification  of  the  region  near  the  matrix  cracking  stress 

Fig.  5.  Matrix  cracks  observed  in  material  B 

Fig.  6.  a)  Interactions  between  matrix  and  delamination  cracks  in  material  C 

showing  the  delineation  of  the  matrix  cracks 

b)  A  tilted  SEM  view  highlighting  the  steps  between  matrix  blocks 

Fig.  7  Thermal  matrix  cracks  in  material  D 

Fig.  8.  Rough  surface  of  fibers  revealed  on  the  fracture  surface  of  a  tensile 

specimen  of  material  D.  Radial  cracking  in  the  matrix  is  also  evident 
(arrowed),  as  well  as  fracture  mirrors  on  the  fibers. 

Fig.  9.  Correlated  fiber  failure  in  material  D 

Fig.  10.  A  fracture  surface  observed  for  material  E 
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Fig.  11.  TEM  xnicrostructure  characterization: 

a)  Circumferential  debonds  in  carbon  layer  In  the  LAS  glass-ceramic 
matrix  material 

b)  A  carbon  layer  at  the  interface,  with  no  debonds  in  the  LAS  glass 
matrix  composite 


Fig.  12. 


a)  Thin  interface  layer  in  aluminosilicate  matrix  system 

b)  Interface  debonding  associated  with  matrix  cracking 


Fig.  13.  Very  good  bond  in  the  silica  matrix  material,  as  manifest  in  the  matrix 
crack  which  does  not  debond  the  interface 


Fig.  14. 


a)  Image  contrast  within  interphase  layer  in  the  soda-lime  glass  matrix 
system,  revealing  porosity 

b)  Debonding  within  the  porous  interphase  layer 


Fig.  15.  Distribution  function  for  Nicalon  fiber  fracture  stress  measured  from 
mirror  sizes  on  fibers  for  material  C  (S*  »  2.47GPa,  0)  «  2.1)  and 
material  D  (S*  a  1.38GPa,  CD  »  3.1) 
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ABSTRACT 

The  frictional  rriitunct  m  sliding  of  a  SiC  fiber  ini  brink,  ceramic  matrix  ha*  betn 
measured  with  mo  different  experimental  techniques.  Both  techniques  utiliro  a  lo*d controlled 
indentation  inscument.  In  iht  tint  technique.  the  emit  of  individual  fiben  art  displaced  down 
into  the  matrix.  The  frictional  rtmunee  to  siting.  t.  v  it  calculated  uttnjp  the  clastic  model  of 
Marshall  and  Oliver  and  iht  krt  •displacement  data.  Aliemaovcly.  fiben  have  betn  displaced 
along  their  complete  kngtht  through  thin  sections  of  the  mitrii.  The  cnttcal  foeee  for  complete 
tbp  and  the  sample  geometry  dekmiuxd  t  fof  i  given  tor.  For  this  technique  slip  over  the 
complete  length  of  a  fiber  was  verified  by  the  protrusion  of  that  fiber  fmm  the  bottom  of  the 
tampk.  By  inverting  the  sample  and  loading  the  protruding  fiber,  the  frictivbal  resistance  to 
reverse  sliding  was  alts;  measured.  The  results  obtained  from  the  two  complementary 
techniques  arc  in  general  agreement. 


INTRODUCTION 

A  major  goal  tn  the  design  of  ceramic  Used  fiber  composites  has  been  to  optimize  the 
toughening  achieved  by  fiber  pull-out  during  crack  peopagaoon.  This  toughening  Is  directly 
related  to  the  frictional  work  associated  with  fiber  puU-out(l-J).  Therefore,  It  depends  strongly 
on  how  easily  a  fiber  can  slide  in  a  brink  marts.  If  the  frictional  resistance  to  sliding' it  too  high, 
the  fibers  will  fracture  in  unison  with  the  marts  at  a  crack  passes.  In  this  case  no  pull-out  w ill 
occur.  If  the  friction  Is  too  low,  link  work  Is  required  to  pull  the  fibers  out  of  their  marts  and 
minimal  toughening  is  xhkvrt.  Consequently,  characterization  of  the  frictional  stresses  at  the 
interfaces  between  fibers  and  marts  it  necessary  to  understand  and  to  optimise  the  toughening 
of  these  systems.  In  an  attempt  to  characterise  the  frictional  stresses  foe  a  model  system, 
esperments  have  been  performed  using  MOdtfferent  csperimcntal  techniques(z-J|  The 
frictional  resistances  to  sliding  of  a  SiC  fiber  in  a  brittle  marts  obtained  by  these  mo  techniques 
are  pro  tented,  and  both  the  testing  techniques  and  the  results  are  compared, 


THEORY 

The  frictional  resistance  to  sliding  of  a  stiff  fiber  in  a  brink  marts  can  be  measured  using 
two  different  but  eompkmenury  methods.  Consider  a  fiber  loaded  at  shown  in  Figure  I.  Given 
sufficient  force  and  a  sufficiently  weak  Interface,  pars  of  the  fiber  will  debond  from  the  marts 
and  slide  relative  to  the  mass s  as  It  is  compressed.  Marshall  and  diver  <M&0)|  J)  have 
demonstrated  that  the  sliding  length.  L  is  determined  by  the  frictional  resistance  to  slip,  T,  the 
applied  foroe,  F.and  the  fiber  radius,  R  (Figure  I).  If  die  Interface  is  homogeneous  and  the 
frictional  resistance  it  constant  along  the  interface,  the  debond  (or  slip)  kngth  should  Increase 
linearly  with  the  applied  force  according  to 


L  -  F/2xRt  (I) 

As  the  load  on  the  fiber  is  Increased,  the  fiber  will  continue  to  debond  and  to  compress 
elastically.  MAO  have  also  shown  that  by  modeling  the  compression  of  the  fiber,  and  by 
measuring  the  toad  on  the  fiber  and  the  displacement  of  the  sop  of  the  fiber,  one  can  determine  tlsc 
frictional  rcsistarv'e.  t. 

An  alternative  experiment!1  .chnlqut  has  been  reported  recendy  by  Wcihs  and  Nix[5). 
They  have  shown  that  if  the  sample  in  Figure  I  it  thin  enough,  a  liber  can  be  forced  so  slide 
along  Its  entire  kngth.  Such  a  technique  yields  a  more  direct  measurement  oft.  For  a  sampk  of 


R«V  %*<  If*#  »>K  Yrt  m  »  IM  BomHR  Ugwfj 


(2) 


thickness  t,  the  critic*)  F^,  for  complete  slip  U  given  by 

Fe  ■  2*Rtt 

If  *  loadeuetroiied  instrument  (such  u  i  Nanoindtmer  (6.7|).  appli es  the  criricat  (out.  F...  10  a 
fiber.  it  Will  eonrimte  to  »lnk  until  th«  indenttr  contxts  the  mamx  surrounding  th e  fiber  the 
length  of  slip  ii  determined  by  the  shape  of  tht  indenier  and  tht  r adiut  of  tht  fiber,  FV>r  a  Hum 
indemer.  like  tht  one  vied  htft.  t  typical  fiber  mill  slide  1  to  2  microns,  Such  a  protrusion  hf 
tht  fiber  from  tht  Sxtom  of  tht  sample  cm  bt  seen  easily  to  verify  »lip  along  the  complete  length 
of  the  fiber.  Af>  additienal  benefit  to  tht  critical  fortt  technique  it  xhieved  bv  inverting  a  sample 
and  loading  a  protruding  fiber  lie  frictional  rtv.tunee  £0  reverse  sliding  can  bt  mea tuned. 


PROCEDURE 

The  model  composite  letted  con u wed  of  SiC  fibers  (Ntealon)  m  a  liihium-alumiiM-silteatc 
ceramic  matrix,  SiOLAS  III.*  Tht  composite  wat  hotpreited  at  I230*C  and  thtn  heated 
tccramcdlin  Argon  at  II 35*C to crysialli*  the  matrix,  The  SiC  fibers  tested  varied  in  diameter 
from  9  to  24  pm  while  tht  a  tenge  diameier  mat  IS.4  pm. 

To  prepare  samples  for  tewing,  thin  rectangular  sections  (50x30mm  with  thteknesss 
ranging  from  0  3  to  0  7  mm)  were  cut  from  a  larger  rectangular  bar.  The  samples  were  cut  so 
that  one  half  of  the  fibers  were  perpendicular  to  the  fact  of  the  sample  and  ont  half  wert  parallel 
to  It.  Nest,  both  facts  of  she  samples  wert  polished  to  a  0.25  pm  finish  with  diamond  paste. 
However,  for  tht  thinnest  sample  (0.3  mm  prior  to  polishing),  fibers  wert  found  to  protrude  up 
to  0.05  mm  from  ont  fxe  of  the  sample  after  it  was  cut  from  tht  rectangular  bar.  Tht  formation 
of  these  notniiiont  could  not  be  avoided  during  tht  cutting  procedure.  Subsequent  polishing  of 
the  rough  fxt  of  the  thinnest  sample  forced  protruding  fibers  to  slide  down  Into  the  matrix  and 
out  the  back  side  of  the  sample.  The  significance  of  such  sliding  prior  to  testing  will  be 
discussed  later.  One  point  to  note  here  is  that  the  protrusion  of  the  fibers  from  the  bottom  of  the 
thinnest  sample  prevented  the  study  of  reverse  sliding  in  this  specimen.  When  the  sample  was 
inverted  after  an  initial  test,  the  fibers  that  had  Slipped  could  not  be  dlwinguiihed  from  the  other 
fibers  since  all  fibers  were  protruding  from  the  bottom  of  the  sample. 

The  thicknesses  of  the  two  samples  tested  (to  be  labeled  1  and  2)  were  measured  after 
polishing  to  be  0.696  mm  and  0.12K  mm,  respectively.  Once  measured,  the  thick  sample  was 
mounted  on  two  closely  spaced  glass  pistes  to  form  a  simple  beam.  For  the  thinner,  more  fragile 
simple,  washers  were  bonded  to  die  top  and  bottom  of  die  faces  of  the  sample  to  reduce  the 
chance  of  crocking  during  handling  and  tewing. 

Using  a  Nanoindenterf  6,7),  a  load-controlled  indentation  instrument,  the  ends  of  fibers 
wert  displxed  into  the  matrix  as  shown  schematically  in  Figure  I.  The  loading  rate  was 
controlled  to  ditplxe  the  indemer  rip  at  a  constant  velocity  between  3  and  A  nrrvsec.  Once  a  force 
of  120  mN  was  applied  to  the  fiber  (die  maximum  loading  capability  of  the  instrument),  the  load 
was  removed  at  a  constant  rate.  During  exh  test  the  force  applied  by  the  Nanoindenter  and  the 
displacement  of  the  Indemer  tip  were  continuously  recorded.  In  the  case  of  the  thicker  sample, 
the  specimen  was  Inverted  In  order  to  load  protruding  fibers  In  the  reverse  direction.  All  tests 
were  performed  at  room  temperature. 

To  determine  the  displacement  of  the  fiber,  the  penendon  of  the  Indemer  rip  Into  the  fiber, 
uj,  had  to  be  subtracted  from  the  total  displacement  of  the  indemer  lip,  (Figure  I).  Following  the 
procedure  used  by  MAO(4).  a  separata  sample  wai  annealed  in  air  at  KXXrC  for  2  hrs.  This  heat 
treatment  permitted  wrong  bonds  to  form  at  the  fibefmatrix  Interface  that  prevented  the 
displacement  of  fibers  upon  testing.  The  Ixk  of  dispixemtm  was  verified  by  SEM  tnalysis  and 
by  cyclic  loading  of  the  fibers.  The  load-depth  curve  for  an  Indentation  into  a  SiC  fiber  is 
presented  In  Figure  2.  An  equation  fitted  to  the  curve  In  Figure  2  was  used  to  determine  the 
avenge  Indentation  depth  into  a  SiC  fiber  for  any  applied  load.  The  indentation 
depth  was  then  subtracted  from  the  total  displacement  to  obtain  the  fiber  displacement  In  the 
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above  esperiments. 


RESULTS 

Figure  3  petsentsa  p!«cf  the  s.w**t  of  the  force  versus  fiber  dispUctmenefF^vtulfoe* 
fiber  in  Sample  I.  Bated  tw  the  tUwie  analysts  presented  by  MAO  (4|,  if  the  friction*!  stress  it 
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Fig.  I.  Schematic  of  Test  Configuration 
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Fi|.  3.  Load  Square  d/Di  tplsccmc.it  Curve 
fori  Fiber  in  Sample  I. 
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Fl|.  2.  Load/Depth  Curve  for  an  Indentiticn 
into  a  StC  fiber 


Fig.  4,  Normal  Probability  Plot  of 

Frictional  Resistance  to  Sliding 


constant  along  the  fi  bet/m  sorts  interface  and  If  the  Interface  is  homogeneous,  then  the  loading  pan 
of  the  curve  should  be  linear  and  its  slope  should  determine  x  for  that  fiber.  Results  similar  to  the 
one  in  Figure  3  were  obtained  for  30  other  fibers  in  Sample  I.  These  tests  were  used  to 
determine  the  distribution  of  the  values  of  x  based  on  the  MAO  technique.  In  determining  this 
distribution,  the  results  from  tests  on  fibers  In  Sample  2  were  not  considered  because  they 
showed  unusually  low  (<  1.0  MPa)  values  of  x  compared  to  the  other  sample  and  to  previous 
results  (4).  The  unreasonably  low  values  are  partially  attributed  to  the  large  compliance  of  the 


thin  nmole.  Bated  on  itmpk  tlutie  boom  and  circular  piait{I.V|  theory.  Stmpk  2  could  b« 
expected  to  detect  by  amount!  which  ait  smaller  than,  but  iSmilar  in  magnitude,  to  the 
detections  of  the  Individual  fibers  being  Mttcd.  Since  detection!  of  the  whole  temple  are  not 
considered  in  the  snalysit  of  the  load-detection  data,  thli  lane  compliance  could  significantly 
tower  the  tlope  of  the  loading  curvet  (Figure  3)  and  thereby  lower  the  calculated  value!  of  t  at 
seen.  Consequently,  the  MAO  analyst  hat  been  applied  only  to  tout  on  the  thicker  tample 
which  it  capectcd  to  hate  only  negligible  bending  detections, 

The  rtiulu  from  a  MAO  analyttt  of  the  tests  from  Sample  1  art  plotted  on  normal 
probability  paper  in  Figure  4.  Thii  particular  type  of  plot  wat  used  to  present  the  data  for  three 
different  rtatons.  First,  it  allows  one  to  qualitatively  judge  whether  or  not  the  quantity  of 
interest,  namely  t.  it  normally  di>tributed|l0.1l|,  A  normal  diuribudon  is  characterised  by  a 
linear  spread  of  data  between  16  and  14  cumulative  percent.  The  plotted  point!  below  and  above 
these  percentages  typically  show  mote  deviation  as  the  number  of  dau  points  in  these  legions  it 
small.  Secondly,  given  a  norma)  ditthbudon,  which  is  ciptctcd  for  the  frictional  resiitanet|IO|. 
the  mean  and  standard  deviation  of  the  quantity  can  be  graphical!/  determined!  10,1 1 1.  The  mean 
it  given  by  the  intersection  of  the  30%  honiontal  line  and  the  line  fitted  to  the  data  between  16 
and  $4  cumulative  percent.  Simiiary,  the  standard  deviation  Is  given  by  the  difference  between 
the  mean  and  the  quantity  given  by  the  intersection  of  the  16%  hori ronial  line  and  the  filled  line. 
Lastly,  a  normal  probability  plot  provides  an  informative  meant  for  paphieatly  comparing  the 
results  obtained  by  the  two  techniques. 

With  regard  to  the  data  from  the  MAO  analysis  (Figure  4),  the  values  of  t  fall  dote  to  the 
fitted  line  within  the  percentages  of  16  and  64,  This  linear  behavior  suggests  that  the  frictional 
stress  follows  a  normal  distribution.  As  mentioned  earlier,  such  behavior  is  expected  since  site 
frictional  stresses  are  thought  to  be  determined  by  the  additive  effects  of  random  events!  10).  The 
small  deviations  from  linearity  at  high  percentages  are  often  seen  in  norma)  distributions  and  do 
not  contradict  the  linearity  of  the  bulk  of  the  dais.  The  fitted  curve  in  Figure  4  gives  a  value  of 
6.0  MPa  for  the  mein  and  a  itandard  deviation  of  2.7  MPa. 

Figure  3fa)  presents  the  displacement  of  a  fiber  that  wat  reported  earlier!  J|,  (This  fiber, 
called  Fiber  A.  was  from  Sample  I.)  During  the  Initial  loading.  Fiber  A  was  sieadly  compressed 
into  the  matrix.  However,  once  the  critical  load  was  reached,  the  fiber  moved  rapidly  through  the 
matrix  at  a  velocity  greater  than  2-4  p m/sec  and  protruded  from  the  bottom  of  the  sample.  During 
the  reverse  loading.  Fiber  A  showed  similar  behavior  and  slipped  at  about  the  same  cnrical  force 
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Fig.  5(a).  Load/Dispixemem  Curve  for  the 
Initial  Loading  of  Fiber  A 


Fig.  3(b).  Load/Displacement  Curve  for  the 
Reverse  Loading  of  Fiber  A 


Fit.  6.  SEM  Micrograph  of  SiC  Fiber  A  (rad  ■  1 1  tun)  Protruding  from  the  Sample 
after  Reverse  Loading 


ai  for  the  Initial  loading  (Figure  2(a)  A  (b)).  An  SEM  micrograph  of  Fiber  A  protruding  from 
the  matU  after  a  rtvenc  loading  it  presented  in  Figure  6.  One  can  notice  that  an  indentation  from 
the  initial  loading  marks  the  top  face  of  the  fiber.  Results  similar  to  those  for  Fiber  A  were 
obtained  for  2  of  the  other  30  fibers  tested  in  Sample  I  and  44  of  the  42  fibers  tested  in  Sample  2. 

To  analyte  the  distribution  of  the  frictional  stresses  based  on  the  critical  force  technique, 
only  the  results  from  tests  on  Sample  2  were  utUited.  For  this  specimen  almost  all  of  the  doers 
(44  of  ->2)  were  able  to  slide  at  loads  less  than  the  maximum  load  of  120  mN.  Thus,  the 
sampling  of  fibers  is  not  biased  towards  those  fibers  with  small  frictional  stresses.  ( Such  a  bias 
is  present  for  the  critical  force  results  from  the  thicker  sample  In  which  approximately  10%  of  the 
fibers  slid  over  their  complete  length. )  The  results  from  Sample  2  are  presented  in  Figure  4 
along  with  those  from  the  MAO  analysis.  Considering  the  cumulative  percentage  range  between 
16  and  84.  the  deviations  from  the  fined  line  arc  small.  Thus,  the  critical  force  data  also  appears 
to  follow  a  normal  distribution  of  t.  However,  the  calculated  mean  value  is  higher  than  for  the 
MAO  analysis.  Following  the  procedure  outlined  earlier,  the  mean  and  standard  deviation  of  the 
frictional  stress  were  determined  to  be  10.0  MPa  and  2.7  MPa,  respectively. 


DISCUSSION 

The  two  techniques  presented  here  yield  similar  distribution!  of  the  frictional  resistance  to 
sliding  of  a  SiC  fiber  in  a  brink  matrix.  Both  distributions  are  normal  distributions  and  the 
standard  deviations  are  small  and  equal.  However,  the  mean  values  are  different,  To  determine 
which  technique  may  offer  the  more  accurate  mean  value  of  t,  the  three  fibers  which  slid  over 
■heir  complete  kngths  in  Sampk  I  should  be  considered.  The  frictional  stresses  for  these  three 
fibers  were  reported  to  be  2.27, 3.09,  and  2.79  MPa  using  the  critical  force  iechnique|S).  (The 
MAO  analysis  for  the  same  tests  yielded  similar  results.)  This  indicates  that  at  least  10%  of  the 
31  fibers  tested  In  Sample  I  had  frictional  stresses  kss  than  3.1  MPa.  Such  a  cumulative 
percentage  agrees  with  the  normal  distribution  plot  in  Figure  6  for  the  MAO  analysis,  but  it  does 
noi  agree  with  the  data  obtained  by  the  critical  force  technique.  Measurements  using  the  laner 
technique  suggest  that  less  than  1.0%  of  the  fibers  should  have  frictional  stresses  under  3.1  MPa. 
This  disparitylmplies  that  the  data  obtained  from  Sampk  2  using  the  critical  force  technique  may 
be  in  error. 


To  examine  reasons  whvx  may  b«  over  estimated  by  she  critical  tore*  technique,  several 
questions  should  be  addressed.  Firti.  does  the  sliding  0 f  she  fibers  during  the  preparation  of 
Sample 2 distort the values ©ft that are measured?  From m «aii!«r work (S)  the answer sppearf 
to  be  no  f or  t»o  reasons.  Pint,  tine*  th « resistance  for  reverse  sliding  wit  equal  to  that  for 
forward  sliding  (5).  Ove  sliding  of  Ox  fibers  during  poluhing  of  the  sample  should  t>0(  reduce  the 
fr.etion  >1  the  interface  Secondly.  although  the  siting  of  Ihe  flben  dunng  poltlhing  rruy  induct 
residual  stresses  at  tht  fiber, 'matrix  interface,  thete  stresses  will  be  removed  by  the  sliding  of  the 
fiber  which  occurs  before  Fc  is  reached, 

The  second  question  to  be  addressed  concerns  the  bending  of  the  sample  during  the 
loading  of  individual  fibers,  AS  also  reported  earlier  (5).  such  bending  IS  negligible  for  Sample 
I.  However,  for  Sample  2,  which  it  approximately  3  timet  thinner  than  Simple  I,  bending  can 
be  significant.  Two  detrimental  effects  are  produced  by  this  bending.  First,  a  MAO  anal)  tit  of 
the  data  produces  unutually  low  values  of  t  because  the  analysis  does  not  account  for  the 
additional  defections,  iThit  effect  has  already  been  desenhed.)  Secondly,  stresses  in  the 
sample  that  result  from  the  bending  may  impede  the  sliding  of  fibers  and  thereby  raise  the  value 
of  x  measured  by  the  critical  force  technique  Using  clastic  theory  for  a  circular  plate  |.’|.  it* 
masimum  radial  stresses  could  be  at  high  as  3  OMI’a  fora  llOmN  load.  In  future  wo,,  this 
effect  will  be  reduced  by  mimmi&ng  the  support  length  for  die  sample. 


CONCLUSION 

The  frictional  resistance  to  sliding  of  a  SiC  fiber  in  a  brittle,  ceramic  mains  has  been 
measured  using  two  different  espcnmenul  techniques  lloth  techniques  yield  normal 
distnbutions  ot  the  frictional  stress  with  similar  standard  deviations.  However,  the  technique 
developed  by  Marshall  and  Oliver  yields  a  mean  value  of  t  which  it  39ft  smaller  than  the  value 
of  t  measured  directly  using  the  critical  force  technique  developed  by  w«ht  and  Nits. 

Although  the  reason  for  the  difference  in  mean  values  is  still  unclear,  the  present  data  suggests 
that  the  elastic  bending  stresses  in  the  thin  sample  may  account  for  the  higher  frictional  stresses 
measured  using  the  latter  technique. 
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ABSTRtlCT 


A  model  describing  the  salient  features  of  tensile  stress/strain  curves  of 
ceramic  fiber  composites  has  been  developed.  The  model  incorporates  statistics  of 
fiber  failure.  Furthermore,  the  compliance  of  the  testing  machine  is  included  so  that 
the  onset  of  instability  can  bo  predicted.  An  experiment  conducted  on  a  composite 
consisting  of  a  glass  ceramic  matrix  reinforced  with  SiC  fiber  exhibits  excellent 
agreement  with  the  predicted  behavior. 


1.  INTRODUCTION 


The  mechanical  properties  of  a  brittle  material  can  be  dramatically  improved 
by  the  incorporation  of  aligned  fibers.  Under  optimum  conditions,  these  composite 
materials  exhibit  a  substantial  degree  of  non-linear  deformation(l-6).  This  is  a  very 
important  feature,  since  it  gives  some  tolerance  against  catastrophic  failure  by  the 
propagation  of  a  dominant  flaw. 

A  schematic  illustration  of  the  stress/strain  curve  for  this  type  of  material 
illustrates  three  regions  of  interest(l):  (i)  initial  linear-elastic  behavior,  (ii)  non¬ 
linear  deformation  and  (iii)  final  failure  involving  a  decreasing  load-bearing 
capacity.  The  initial  elastic  deformation  occurs  with  an  effective  modulus  of  [1] 

Ec  =  /  £,  0]  +  DA?  (1) 

where  /  is  the  volume  fraction  of  fibers  in  the  matrix,  and  rj  is  defined  as 

i)=/E,/[(l-/)E„]  (M 

where  Ef  and  Em  are  the  moduli  of  the  fibers  and  matrix  respectively.  The  nonlinear 
deformation  begins  when  the  applied  load  reaches  a  critical  value  required  to 
propagate  the  largest  pre-existing  flaw  across  the  specimen[l,4,8).  A  further  increase 
in  the  load  causes  progressively  smaller  flaws  to  propagate  until,  ultimately,  the 
density  of  matrix  cracks  is  bounded  by  a  saturation  value  (Fig.  2).  The  average 
spacing  of  the  matrix  cracks  at  this  point  has  been  calculated  to  be  [9], 


*  =  1.337 


(l-r?)Rg0 

2rf 


(3) 


where  Oq  is  the  nominal  stress  in  the  composite  when  matrix  cracking  first  appears, 
R  is  the  fiber  radius  and  x  is  the  shear  resistance  of  the  fiber/matrix  interface.  An 
increasing  load  also  leads  to  consecutive  fiber  failure  at  preexisting  defects,  which 
are  statistically  distributed.  The  load  bearing  capacity  of  the  composite  therefore 


reaches  a  maximum  value,  and  then  decreases  as  progressively  fewer  fibers  are  left 
intact  to  support  the  load. 

The  matrix-cracking  stress  is  an  important  parameter  for  engineering 
dcsign[6-8j.  However,  the  most  attractive  feature  of  these  composites,  in 
comparison  to  traditional  monolithic  ceramics,  is  their  tolerance  to  damage.  It  is  of 
interest,  therefore,  to  understand  the  mechanics  at  strains  in  excess  of  that  required 
to  initiate  matrix  cracking.  It  is  the  intent  of  this  communication  to  model  this 
behavior  and  in  particular,  to  include  the  details  required  to  make  comparisons 
with  experimental  observations.  Therefore,  the  compliance  of  the  testing  machine 
is  included  in  the  analysis  because  it  plays  an  important  role  in  determining  the 
observed  load-displacement  characteristics.  To  the  author's  knowledge  this 
compliance  has  not  previously  been  included  in  any  analysis  or  interpretation  of 
the  experimental  data,  obtained  for  these  composites.  One  result  that  will  be 
emphasized  is  the  maximum  compliance  for  the  testing  machine  to  avoid  an 
instability  in  the  load-displacement  trace. 

2.  Calculation  of  Stress-Strain  and  Load-Displacement  Curves 
2.1  Statistical  analysis  of  fiber  bundle  failure 

A  number  of  simplifying  assumptions  are  made  in  the  analysis  that  follows. 

It  is  assumed  that  the  saturation  density  of  matrix  cracks  is  developed  when  the 
applied  stress  reaches  c0 ,  and  that  the  distance  between  the  cracks  is  sufficiently 

small  to  enable  the  stress  distribution  to  be  described  as  that  shown  schematically  in 
Fig.  3a.  Furthermore,  it  is  assumed  that  once  a  fiber  has  broken  anywhere  within  the 
gauge  length  of  the  specimen  it  is  no  longer  capable  of  carrying  a  load.  The  first 
assumption  is  most  restrictive  when  one  attempts  to  describe  the  behavior  at  low 
extensions,  near  the  point  at  which  matrix  cracking  first  occurs.  Under  these 
conditions,  the  stress  in  the  unbroken  fibers  may  have  a  distribution  as  shown  in 


Fig.  3b,  and  a  break  in  a  fiber  may  be  undetectable  if  it  occurs  well  away  from  the 
plane  of  the  matrix  crack.  Tire  second  assumption  leads  to  significant  errors  as  the 
load-bearing  capacity  of  the  composite  drops  to  zero.  It  is  recognized  that  interaction 
with  the  matrix  blocks  and  neighboring  fibers[10-12]  will  result  in  the  broken  fibers 
being  able  to  carry  some  residual  load  well  away  from  the  fracture  site.  Tire 
importance  of  this  residual  load  bearing  capacity  increases  as  the  overall  stress  level 
decreases. 

If  the  fibers  exhibit  a  statistical  variation  of  strength  that  obeys  a  two 
parameter  Weibull  distribution,  then  the  probability  that  an  element  of  length  dz, 
situated  at  a  distance  z  from  a  reference  plane,  will  fail  at  or  below  a  reference  stress 
of  T,  is  given  by  (12-13) 


<p(T,z)5z  = 


2kR 


a(T,  z) 


& 


(3) 


where  Sq  and  m  are  the  scale  and  shape  parameters  respectively,  Aq  is  a  normalizing 
term  with  units  of  area,  and  o{T,z)  is  the  local  stress  on  the  element.  With  the 
assumptions  described  in  the  previous  paragraph  and  adopting  a  shear-lag  model, 
the  local  stress  on  an  element  is 


ff/fT,zj  =  T~2rz/R  OZzSt/2 

provided  that  T  2:  x  (1+rj)  1/ R,  and  where  the  reference  stress,  T,  is  taken  to  be  the 
fiber  stress  in  the  plane  of  the  matrix  crack.  The  average  stress,  a,  applied  to  the 
composite,  is  related  to  T  by 

a  =  fT[l-0(T,L)] 

where  <t>{T,L)  is  the  probability  that  a  fiber  will  fail  anywhere  within  the  gauge 
length,  L,  when  the  reference  stress  is  less  than  or  equal  to  T: 
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Equations  (4),  (5)  and  (6)  can  then  be  combined  to  show  that  the  applied  stress  is 


where. 
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The  average  strain  in  the  composite  is  governed  by  that  in  the  fibers,  and  hence  is 
given  by, 


=—~a 


where, 


Consequently,  for  e  £  cr0/[fE,  +  (l-f)Em],  the  nominal  stress  and  strain  in  the 
composite  are  related  by 

a  =  /E/(e  +  a)wp|-y^j  • 


Often  a  is  very  small  compared  with  e,  so  that  Eqn.  10  can  be  simplified  to 
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Eqn.  10  is  plotted  in  Fig.  4,  using  the  data  from  Table  I.  It  will  be  observed  that 
there  is  a  maximum  in  the  stress/strain  relation  which  is  identical  with  the 


ultimate  tensile  strength  of  the  composite,  am.  The  approximate  fown  of  the 
stress/strain  relation  allows  an  estimation  of  cfm  and  the  associated  strain,  Smtobe 
obtained  as 
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2.2  Machine  Compliance 

Experimentally,  the  form  of  the  curve  that  is  obtained  after  this  maximum 
will  depend  upon  the  testing  conditions.  If  testing  is  conducted  under  load- 
controlled  conditions,  the  load  will  drop  catastrophically  to  zero.  Conversely,  if  an 
infinitely-rigid  testing  machine  is  used  for  displacement  control,  the  full 
exponentially  decaying  tail  will  be  developed.  In  practice,  testing  is  frequently 
carried  out  under  displacement  control  but  with  a  machine  that  has  some  finite 
compliance  associated  with  the  fixture  and  loading  train.  If  the  testing  machine  is 
assumed  to  act  as  a  spring  of  compliance  C  in  series  with  the  specimen  (Fig.  5),  then 
the  nominal  stress  in  the  composite  can  be  related  to  the  cross-head  displacement,  d, 
by 


where  Ac  is  the  cross-sectional  area  of  the  composite,  and  L  the  gauge  length  of  the 
specimen.  Using  the  experimental  values  from  Table  I,  some  plots  of  equation  (12) 
for  given  values  of  d  are  superimposed  on  Fig.  4. 


The  specimen  and  loading  train,  can  be  regarded  as  two  springs  in  series:  one 
is  linear  and  the  other,  representing  the  composite,  is  nonlinear.  For  a  given  cross- 
head  displacement,  d,  the  stress  developed  in  the  specimen  is  determined  by  the 
equality  of  Eqns.  9  and  12.  This  can  be  seen  graphically  in  Fig.  4.  It  can  also  be  noted 
from  this  figure  that  at  a  critical  value  of  d=d*,  when  Eqn.  12  is  tangential  to  Eqn.  9, 
an  instability  occurs.  The  elastic  energy  stored  in  the  loading  train  is  released  and 
absorbed  by  the  composite.  The  strain  in  the  specimen  increases  abruptly,  while  the 
measured  displacement  remains  constant. 

This  instability  can  be  avoided,  and  the  full  exponentially-decaying  tail  of  the 
load/displacement  plot  can  be  obtained,  if  the  stiffness  of  the  loading  train  exceeds  a 
critical  value,  S0.  Tins  critical  value  is  that  required  to  ensure  that  the  slope  of  Eqn. 

12  is  always  more  negative  than  the  slope  of  Eqn.  9.  The  critical  stiffness  can  be 
obtained  from  these  two  equations  as 

1  _  AtfmE, 

0  C0  Lcxp(l  +  l/m) 

3.  Comparison  With  Experimental  Measurement 

A  previous  study  has  presented  the  results  of  tensile  tests  obtained,  using  a 
servo-hydraulic  machine* ,  on  a  series  of  glass  ceramic  matrix  composites.  One  of 
these  composites,  which  consisted  of  SiC  fibers  in  a  lithium-aluminum-silicate 
glass-ceramic  matrix,  has  been  well  characterized[3,5-7j.  It  was  therefore  suitable  to 
be  used  as  a  comparison  with  the  present  model. 

The  mechanical  properties  of  the  composite  and  testing  parameters  are 
summarized  in  Table  I.  Upon  substituting  these  parameters  into  Eqns.  9  and  12,  the 
predicted  load/displacement  trace  could  be  drawn  in  Fig.  5.  The  experimentally 


*  MTS  810,  Material  Test  System,  Inc.  Minesota. 


obtained  trace  is  superimposed,  and  it  will  be  clea*  that  the  essential  features  are 
well  described  by  the  present  model.  The  effect  of  machine  compliance  is  vividly 
illustrated  by  the  discontinuous  jump  in  the  load. 

4.  Concluding  Remarks 

The  most  restrictive  limit  of  the  present  model  is  that  it  does  not  include  an 
accurate  description  of  fiber  pull-out.  A  simplifying  assumption  was  made  in  the 
analysis  that  broken  fibers  do  not  carry  any  load.  In  practice,  frictional  effects  will 
probably  ensure  that  broken  fibers  support  some  load  well  away  from  their  points  of 
fracture.  Therefore,  it  is  expected  that  the  analysis  presented  in  this  communication 
provides  a  lower  bound  on  the  load-bearing  capability  of  the  composite.  It  will  be 
observed  from  Fig.  6  that  at  extreme  values  of  the  strain,  when  most  of  the  fibers  are 
expected  to  have  failed  somewhere  along  their  length,  the  predicted  loads  are 
considerably  less  than  the  observed  ones.  If  the  broken  fibers  do  carry  some  load 
then  another  important  effect  would  be  that  the  present  analysis  overestimates  the 
sensitivity  of  the  strength  of  the  composite  to  its  length.  Such  a  size  effect  has  not 
been  investigated.  Furthermore,  after  all  the  fibers  have  failed  within  the  gauge 
section,  frictional  force  can  provide  additional  load  bearing  capacity,  which  is  not 
accounted  for  by  the  present  model.  This  deviation  is  apparent  from  the  behavior 
beyound  the  instability  point  on  the  load/displacement  curve(Fig.  6). 

Finally,  to  summarize,  this  communication  has  presented  a  simple  analysis 
incorporating  the  statistics  of  fiber  failure  to  model  the  observed  tensile  behavior  of 
brittle  fiber  composites.  The  compliance  of  the  machine  used  to  test  the  materials 
has  been  included  in  the  analysis,  as  it  has  a  profound  influence  on  the  shape  of  the 
observed  load/dispiacement  curves.  The  essential  features  predicted  by  this  analysis 
appear  to  be  in  good  agreement  with  an  experimental  test. 


10 


REFERENCES 

1.  J.  Aveston,  G.  A.  Cooper  .and  A.  Kelly,  "Single  and  Multiple  Fracture,"  pp.  15- 
26  of  The  properties  of  Fiber  Composites.  Conf.  Proc.  National  Physical  Lab., 
IPC  Science  and  Technology  Press,  (1971). 

2.  J.  Aveston  and  A.  Kelly,  'Tensile  First  Cracking  Strain  and  Strength  of  Hybrid 
Composites  and  Laminates,"  Phil.  Trans.  Royal  Society  of  London,  A294, 519- 
53*1,  (1980). 

3.  J.  J.  Brennan  and  K.  M.  Prewo,  "Silicon  Carbide  Fiber  Reinforced  Glass- 
Ceramic  Matrix  Composite  Exhibiting  High  Strength  and  Toughness."  J. 
Malcr.  Sci.,  17,  p.  2371-83,  (1982). 

4.  D.  B.  Marshall,  B.  N.  Cox  and  A.  G.  Evans, "  The  Mechanics  of  Matrix 
Cracking  in  Brittle-Matrix  Fiber  Composites,"  Acta  Metall.,  33, 2013-2021, 
(1985). 

5.  *T.  Mah,  M.  G.  Mendiratta,  A.  P.  Katz,  R.  Ruh  and  K.  S.  Mazdiyasni, "  Room 
Temperature  Mechanical  Behavior  of  Fiber-Reinforced  Ceramic-Matrix 
Composites,"  /.  Am.  Ceram.  Soc.,  68,  C27-30,  (1985). 

6.  D.  B.  Mashall  and  A.  G.  Evans, "  Failure  Mechanisms  in  Ceramic- 
Fiber/Ceramic-Matrix  Composites,"  J.  Am.  Ceram.  Soc.,  68,  225-231,  (1985). 

7.  H.  C.  Cao,  E.  Bishoff,  O.  Sbzero,  M.  Ruhle,  A.  G.  Evans,  D.  B.  Marshall  and  J. 
Prennen,  "The  Effect  of  Interfaces  on  the  Mechanical  Performance  of  Fiber 
Reinforced  Brittle  Materials."  submitted  to  J.  Am.  Ceram.  Soc.,  (1989). 

8.  L.  N.  McCartney,  Mechanics  of  Matrix  Cracking  in  Brittle-Matrix  Fiber- 
Reinforeced  Composites,"  Proc.  R.  Soc.  bond.,  A409,  329-350,  (1987). 

9.  A.  C.  Kimber  and  J.  G.  Keer, "  On  the  Theoretical  Average  Crack  Spacing  in 
Brittle  Matrix  Composites  Containing  Aligned  Fibers,"  J.  Mat.  Sci.  Let.,  1,  353- 
354,(1982). 


11 


10.  R.  L.  Smith  and  S.  L.  Phoenix,  ”  Asymptotic  Distributions  for  the  Failure  of 
Fibrous  Materials  under  Series-Parallel  Structure  and  Equal  Load-Sharing,"  /. 
Appl.  Mcchs.,  48, 75-82,  (1981). 

11.  S.  L.  Phoenix  and  R.  L.  Smith,  "A  Comparison  of  Probabilistic  Techniques  for 
the  Strength  of  Fibrous  Materials  under  Local  Load-Sharing  Among  Fibers," 
/»//.  J.  Soltis  Structures,  19, 479-496,  (1983). 

i*2.  H.  L.  Oh  and  I.  Finnic,  "On  the  Location  of  Fracture  in  Brittle  Solids  -  I:  Due 
to  Static  Loading,"  hit.  /.  Fracture.,  6,  287-300,  (1970). 

13.  M.  D.  Thouless  and  A.  G.  Evans, "  Effects  of  Pull-out  on  the  Mechanical 
Properties  of  Ceramic  Matrix  Composites,"  Acta.  Metall.,  36, 517-522(1988). 


Table  I.  Material  Properties 


Material  Properties 

Value 

Reference 

Fiber  modulus,  Ef 

200  GPa 

5 

Fiber  radius,  R 

8  pm 

Fiber  volume  fraction,  f 

0.5 

Matrix  modulus,  Em 

85  GPa 

3 

Statistical  properties  of  fibers, 

Sq  (Aq=1  m2) 

2.988 MPa  # 

7,14 

m 

2.1 

7,14 

Interface  sliding  stress,  t 

2  MPa 

6 

Matrix  crack  spacing,  1 

400  mm 

6 

Matrix  cracking  stress,  CTq 

m 

290  MPa 

7 

If  Due  to  a  notation  difference,  the  parameter  Sq  can  be  converted  from  S*  in 
reference  14,  in  accordance  with. 
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FIGURE  CAPTIONS: 


Fig-1  A  schematic  tensile  strei*  /strain  curve  for  a  "tough"  fiber  composite. 

Fig.  2  SEM  micrograph  showing  the  saturated  matrix  cracks 

Fig.  3  a)  Stress  distribution  assumed  in  the  present  model,  for  a  unbroken  fiber  . 
b)  Possible  stress  distribution  in  a  broken  fiber  when  the  spacing  between 
the  matrix  cracks  is  large. 

Fig.  4  Strcss/strain  curve  predicted  by  Eqn.  10  and  the  machine  compliance  curves 
which  determine  the  cross-head  displacement. 

Fig.  5  Schematic  illustration  of  the  test  specimen  loaded  by  a  finite  compliance 
machine  which  is  represented  by  a  spring  in  series  with  the  sample. 

Fig.  6  A  comparison  of  the  predicted  load/displacement  curve  with  that  obtained 
experimentally. 
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Notation 

d  linear  thermal  expansion  coefficient 

A  ratio  of  Yount's  modulus  -  £(/£m 
A*v  non-dimensional  stress  -  a,/  Ad  A7"£, 

«  stress  on  fiber  between  erack  surfaces 
«„  radial  stress 

tan|cntial  stress 
«(l  axial  stress 

<  strain 

{  (l-/>/|A(Wj  +  ll-/Xl-2r)] 

♦  Kl  -/+/A)/!A(1  +/)  +  (!  -/XI- 
2r)| 

r  interface  sliding  resistance 

ti(  effective  sliding  resistance 

H  friction  coefficient 

*  Poisson's  ratio 

«t  fiber  radius 

A0  reference  area  for  fiber  statistics 

D  d/a 

d  debond  length 

£  Young's  modulus  of  composite 

er  stress-free  strain  An  A T 

F  P-R 

Ff  non-dimensional  pull-out  stress 

/  fiber  volume  fraction 

<7j,c  critical  mode  II  strain  energy  release  rate 
for  interface 

G^  critical  mode  I  strain  energy  release  rate 
for  matrix 


h  pull-out  length 

II  pull-out  parameter 

/  slip  length 

m  shape  parameter  for  fiber  strength  distri¬ 

bution 

P  non-dimensional  stress  on  fiber  -  o/Aa 

AT£, 

</  norma)  compressive  stress  at  the  interface 

Q  non-dimensional  interface  stress  -  q/±a 

A77T, 

r  distance  from  center  of  fiber 

R  non-dimensional  residual  stress  in  tivi 

fiber 

S  fiber  strength 

scale  parameter  for  fiber  strength 
AT  temperature  change  that  governs  the 

stress-free  strain 
u  average  crack  opening 

U  non-dimensional  crack  opening 

X  slip  length  or  debond  length 

z  axial  distance  from  crack  plane 

Z  z/a 

Z0  location  where  axial  stress  in  fiber  is  zero 


1.  Introduction 

The  behavior  of  partially  debonded  fibers  in 
composites  with  interfaces  subject  to  residual  ten¬ 
sion  has  been  analyzed  previously  (Charalambides 
and  Evans.  1989).  That  investigation  revealed  that 
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Fiji,  la.  A  «.h«m»iK  indu'inni  crack  front  anii  Hake  JtbonJ- 
■nf 

the  toughening  in  the  absence  of  fiber  surface 
asperities  filial  cause  frictional  .sliding  resistance) 
is  restricted  to  crack  bridling  by  intact  fibers.  The 
magnitude  of  the  toughening  is  thus  relatively 
small.  However,  when  a  frictional  resistance  to  the 
pull-out  of  failed  fibers  exists,  the  fracture  tough¬ 
ness  of  the  composite  can  be  considerably  larger 
tThouless  and  Evans.  1988).  Such  resistance  oh- 
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Fig.  lb.  A  schematic  illuiiraung  Fiber  failure  amt  pull-out  uilh 
effects  on  composite  toughness. 


tains  either  upon  asperity  contact  or  when  the 
interface  is  subject  to  residual  compression 
(Marshall  and  Oliver,  1987;  Budiansky  et  al„ 
1986).  The  present  article  presents  an  analysis  of 
effects  that  occur  in  brittle  matrix  composites  that 
experience  frictional  sliding  and  pull-out  at  de- 
bonded  interfaces.  Such  composites  arc  exem¬ 
plified  by  Al.O)  reinforced  with  SiC  (Nicalon) 
fibers  (Anderson). 

The  basic  premise  for  the  study  is  that  the 
composite  has  “weak"  interfaces  that  debond  at 
the  matrix  crack  front  (Fig.  la).  Residual  radial 
compression  then  causes  the  debonded  surfaces  to 
come  into  contact  in  the  crack  wake.  As  the  crack 
extends,  further  debonding  may  occur  and  the 
crack  opening  is  resisted  by  frictional  sliding  along 
the  debond.  Subsequently,  the  fibers  may  fail  in 
the  crack  wake,  away  from  the  crack  plane,  and 
pull-out  against  the  frictional  resistance  (Fig.  lb). 
The  analysis  performed  in  the  present  article  ad¬ 
dresses  issues  concerned  with  stresses  in  intact  and 
failed  fibers,  subject  to  prior  debonding,  and  fric¬ 
tional  sliding.  The  results  are  used  to  deduce 
trends  in  matrix  cracking  and  in  toughness  with 
the  salient  material  variables. 


2.  Strew**  in  intact  fibers 

When  the  thermal  expansion  coefficient  of  the 
matrix.  om  exceeds  that  of  the  fiber.  a„  the  com¬ 
posite  is  subject  to  residual  compression  at  the 
fiber/matrix  interface.  Frictional  sliding  then 
becomes  possible  along  debonded  interfaces  in  the 
crack  wake,  resulting  in  bridging  tractions,  as  well 
as  a  pull-out  resistance  to  crack  opening  (Thouless 
and  Evans.  1988).  The  initial  calculations  are  con¬ 
ducted  by  preselecting  the  debond  length  and 
evaluating  the  stress  distributions  and  the  trac¬ 
tions  on  the  fibers,  as  a  function  of  crack  opening. 
To  ascertain  the  salient  trends,  an  approximate 
analytical  model  is  developed  by  using  simplifying 
assumptions.  The  simplifications  are  selected  by 
using  insights  gained  from  numerical,  finite  de- 
menu  calculations  and  justified  by  selected  com¬ 
parisons. 

The  calculations  have  been  conducted  for  the 
case  wherein  Coulomb  friction  conditions  obtain 
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where  the  superscripts  f  and  m  refer  to  the  fiber 
and  -aatrix.  respectively.  a  is  the  fiber  radius,  /  <: 
the  fiber  volume  fraction  and  r  is  the  distance 
from  the  fiber  eenter.  The  corresponding  strains 
are  (Timoshenko  and  Goodier.  1930): 


*Um***m  ”«r  Ar+ ( v( i  | 

(3.1) 


r{, «  -a,  iir  +  {«/,  -  2ry]/£,. 


/<? 

(f  )W> 

v_r  t%  ..t 

0  -/) 

..........  -  n  — 

(3.2) 


along  the  previously  debonded  region,  while  elas¬ 
ticity  is  obeyed  beyond  the  debond.  The  shear 
stress  r  that  exists  along  the  interface  within  the 
debond  zone  is  thus, 

t--M.  0) 

with  being  the  normal  pressure  at  the  interface 
and  the  friction  coefficient. 

The  analytical  approach  selected  for  present 
purpose  is  a  modified  shear  lag  scheme  that  ne¬ 
glects  gradients  in  shear  stress  compared  with 
normal  stress  gradients.  Comparison  with  numeri¬ 
cal  results  indicates  that  this  approximation  has 
good  applicability  when  the  friction  coefficient 
ji  <  0.1.  A  more  complete  analysis  would  be  needed 
to  solve  problems  whenin  fi  >  0.1.  Subject  to  zero 
radial  stress  on  the  outside  of  the  composite  cylin¬ 
der  1  (Fig.  2),  the  stresses  satisfy  the  following 
relationships  (Timoshenko  and  Goodier.  1950) 

m  °u  *  9.  (2.1) 


1  More  ri|orouily,  a  i«ro  txtrtft  external  radial  siresi  obtains 
at  the  operative  boundary  condition  on  the  oulude  ot  the 
cylinder. 


(3.3) 


where  A7*  is  the  temperature  change  (defined  here 
as  positive),  £  is  Young's  modulus  and  *  is 
Poisson's  ratio  taken  for  simplicity  to  be  the  same 
lor  fiber  and  matrix.  Continuity  of  radial  displace¬ 
ments  at  the  interface  requires  that,  at  r  «  a, 

(<») 
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With  this  boundary  condition,  eqns.  (2)  and  (3) 
can  be  used  to  relate  tH  interface  pressure  if  to 
the  axial  stresses  living. 

+  (5) 

where  Q-q/tTF.,>  i'#/- e,/er£(,  A -£,/£„, 
and 

« _ Hill _ . 

*  (l  -/)(1  -  2»<)  -f  X(1  +/) 

Further  progress  requires  (hat  the  boundary 
conditions  at  the  interface  be  specified,  in  order  tc 
provide  another  relationship  between  if  and  ol(. 
Different  boundary  conditions  exist  within  the 
debontl  zone,  where  sliding  occurs,  and  beyond 
(he  debond  zone,  where  elasticity  prevails.  Within 
the  tUbmd  zone,  the  shear  stress  at  the  interface, 
r,  is  related  to  <f  by  eqn.  (1),  such  that  mechanical 
equilibrium  demands 

izjA..  ilzRA  (6) 

.3;  /  3:  * 

Substituting  for  3a,,  from  eqn.  (6)  into  the  dif¬ 
ferential  of  eqn.  (3)  gives: 

(7) 

where 

*  -  ,(l  -/+/X)/[X(1  +  /)  +  (1  -/)(!  -  2»)] . 

A  final  solution  to  eqn.  (7)  requires  that  the  initial 
stress  in  the  composite  be  established.  For  this 
purpose,  it  is  appreciated  that  the  stress/ 
displacement  function  has  an  initial  offset  (Mar¬ 
shall  and  Evans,  1988)  (see  Fig.  7)  such  that,  at 
zero  crack  opening,  a  compressive  axial  stress 
exists  in  the  fiber  (Appendix  1).  Then,  as  the  crack 
opens,  the  axial  stress  relaxes  to  zero,  and  an 
initial  crack  opening  develops.  The  details  associ¬ 
ated  with  the  initial  opening  are  complex,  because 
it  does  not  occur  uniformly.  However,  by  assum¬ 
ing  uniform  opening  and  evaluating  the  resulting 
axial  stresses  and  displacements,  good  correspon¬ 
dence  with  numerical  solutions  can  be  demon¬ 
strated  for  the  interesting  range  of  material  varia¬ 
bles. 


The  boundary  condition  for  the  stress  is 
■  -Fer£(,  at  r  -  0. 

with  R  derived  in  Appendix  I,  Consequently,  in 
the  presence  of  a  stress.  «,  applied  to  the  fiber 
between  the  crack  surfaces,  the  net  non-dimen¬ 
sional  stress  on  the  fiber.  F,  at  :  -  0  is 

F-P-R.  (8) 

where. 


Then,  since  is  zero  at  z  •«  0,  the  stress  on  the 
interface  is,  -{(l  -  v,F)  and  eqn.  (7)  gives 

<?--{{  l-v£)exp(2p*Z).  (9a) 

where  Z  ■  z/u.  A  related  solution  has  been  quoted 
by  Wells  and  Seamoni  (1983).  The  present  solu¬ 
tion  applies  when  £<  |l/r|.  For  larger  F.  the 
fiber  and  matrix  separate,  and  the  solutions  given 
elsewhere  (Charalambides  and  Evans.  1989)  then 
apply.  Note  that,  when  pZ  is  small,  Q  is  essen¬ 
tially  constant  along  the  fiber  (see  Fig.  3)  and 
given  by 

C--|(l-a£).  (9b) 

This  limit  at  small  p  is  the  simple  shear  lag  result. 
The  corresponding  axial  stresses  are 

-J, "  F+  W\  (10a) 

and 

£;■]  -  ~fw/{\  -/),  (10b) 

where 

W  ■  2pjTZfi  dZ 

-  -{(1  -  a£)(exp(2p*Z)  -  l)/+. 

For  small  pZ,  the  axial  stresses  reduce  to 

£!.  *  F—  2p(Z(l  —  *£).  (10c) 

“II "  2p$Z/(l  —  r£)/(l  — /).  (10d) 

Note  that  the  stress  in  the  fiber  changes  sign  from 
tension  to  compression  at  a  location 

Z„-£/2p«(l-,£).  (lOe) 


Ft*.  3.  Trends  in  axial  stress  with  applied  Sltm.  analytical  and 
numerical  (nulls;  C,  ■  £„,  0.2},  /  -  0.3,  and  p  « 

0.0J 


Plano 


Fig.  4.  Trends  in  interface  stress  with  applied  stress;  analytical 
and  numerical  results;  £,  »  £m,  v,  -  vm  »  0.2$,  /  -  0.3,  and 
M  -  0.0J. 


These  axial  stresses  apply  when  :  is  less  than  both 
the  slip  length,  /  (Appendix  1)  and  the  debond 
length,  d.  Furthermore,  when  /  <  d ,  the  stresses  at 
:  >  I  are  given  directly  by  the  applied  loads  and 
the  initial  stresses  (Appendix  1).  When  /  is  limited 
by  </.  singular  stresses  develop  at  the  end  of  the 
debond  that  can  cause  further  debonding.  These 
stresses  are  discussed  elsewhere  (Section  4). 

Selected  finite  element  solutions  (Appendix  2) 
provide  a  basic  check  on  the  validity  of  the  above 
analytical  solutions  for  p  <  0.1.  Some  comparisons 
are  presented  in  Figs.  3,  4.  The  only  region  of 
significant  divergence  within  the  debond  zone  in¬ 
volves  a  small  region  near  the  matrix  crack  plane, 
wherein  rapid  variations  in  the  interface  pressure, 
q,  are  missed  by  the  analytical  simplifications. 
This  region  is  of  minor  importance  for  present 
purposes.  Some  of  the  salient  trends  in  stresses 
can  now  be  deduced  from  the  analytical  solutions 
plotted  on  Figs.  3-6  J.  When  slip  is  limited  by  the 
debond,  d,  the  interface  pressure  and  axial  stress 
vary  linearly  within  the  debond  zone,  except  near 


3  Values  of  m  up  to  0.5  are  used  in  Ihe  figures  to  more  vividly 
illustrate  the  trends.  But.  it  should  be  recalled  that  the 
analytical  results  become  inaccurate  when  p  5  0.1. 


US  SiflunJ.i .0  fc'ruiu  tttllk  mJUIX  tvmfnilld 
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Fij.  4.  Trtnds  in  radial  stress  with  friction  coefficient:  r,  «  £m, 
0.21  and  /  “  0.). 


the  matrix  crack  plane  and  near  the  end  of  the 
debond.  The  stress  changes  are  governed  largely 
by  the  friction  coefficient.  As  the  applied  stress 
increases,  the  axial  stress  in  the  fiber  increases,  but 
the  interface  pressure  decreases  and.  as  noted 
above,  becomes  zero  when  F  *  |  \/v  |.  When  /  <  d. 
the  presence  of  (he  debond  has  no  effect.  Simple 
"composite"  solutions  (Budiansky  et  al..  1986) 
then  obtain  at  :>  I. 


3.  Crack  opening  displacements 

With  the  simplification,  used  above,  that  the 
crack  surfaces  be  planar,  the  crack  opening  u  can 
be  estimated  from  the  difference  in  the  axial  elas¬ 
tic  strains  between  the  fib:r  and  matrix  as 

«' mfVn “C)d*.  (ID 

■'O 

where  y  is  either  the  slip  length,  when  /  <  d,  or 
the  debond  length.  The  axial  strains  may  be  ob¬ 
tained  as 

<;,-er[F+W'-2*,e]-«,A7\  _ 

<?,  -  Art "  W+  2n.fi]  V(  1  -/)  -  «m  AT. 

(12) 

Substituting  for  <„  from  eqn.  (12)  into  eqn.  (11) 


and  integrating,  the  non-dimensional  crack  open¬ 
ing  becomes 

{/■tt/erfl-xl(l +  ')/*•)  -(1  -»n(\ 

x[exp(2M.V*)-lj/2M*e.  (13a) 

with  x  "  //<»  (Appendix  l)  when  /<«/  and  x" 
d/a  otherwise.  For  small  p.V.  eqn.  (13a)  reduces 
to 

u/aX  ■  er[l  +  F+  2i>$(1  -  pF)).  (13b) 

Some  crack  opening  trends  predicted  by  eqn.  (13) 
with  x  given  by  eqn,  (A3).  Appendix  l,  arc  com¬ 
pared  with  numerical  results  in  Fig.  7.  Again,  the 
correspondence  is  good,  except  for  small  openings, 
wherein  the  behavior  is  strongly  influenced  by  the 
concentrated  radial  stress  near  the  crack  plane. 
General  trends  in  crack  opening  obtained  from 
the  analytical  solution  (Fig.  8)  reveal  that  three 
basic  regions  exist.  For  small  stress  levels  (region 
I).  where  /  <  d,  the  behavior  is  strongly  non-linear 
because  /  varies  with  P  (eqn.  A5).  and  is  greatly 
influenced  by  the  friction  coefficient.  At  inter¬ 
mediate  stress  (region  II).  /  is  limited  by  d  and 
linear  behavior  occurs  with  the  slope  now  governed 


Non-Dimensional  Crack  Opening,  u/tTa 

Fi|.  7.  T  i.tls  in  non-dimensional  crack  opening  with  nen-di- 
mension  applied  stress:  £(  -  Em.  c,  -  r„,  /-  0.3.  n  ■*  005 
and  il/a  « 10. 
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Fig.  X.  C«iwulii«l  crack  opening  behavior  inJicaiing  three 
regtoni:  i I/a  - 10.  /-  0.3  ami  £,  -  £„. 


by  both  the  friction  coefficient  and  the  debond 
length.  Finally,  at  large  stresses.  F>  1 1/a*  |  (re* 
gion  III),  the  interface  separates  and  the  debond 
extends  unstably  (Section  4),  resulting  in  a  non* 
unique  relation  between  u  and  F. 


4.  The  debond  length 

The  debonding  process  can  be  explored  by 
noting  that  the  extension  of  a  debond  by  Id  is 
accompanied  by  free  energy  changes  (Marshall  et 
al..  1985;  Marshall  and  Oliver,  1987),  including 
A Ut,  the  strain  energy,  BIF,,  the  work  done  by  the 
forces  on  the  fibers  between  the  crack  and  b,W, 
the  energy  dissipated  by  frictional  sliding.  Each  of 
these  terms  is  evaluated  upon  extending  a  debond, 
subject  to  the  condition  that  the  slip  length  l>  d, 
whereupon  a  stress  concentration  exits  at  the  de* 
bond  tip. 

The  relevant  strain  energies  can  be  estimated 
by  noting  that  the  e„  stresses  are  appreciably 
larger  than  the  and  a„  stresses  (Figs.  3-5)  and 
then  calculating  the  strain  energies  in  the  fiber 


and  matrix  associated  with  o„.  This  procedure 
gives 


(14.) 


such  that. 
aiE,<irld 

■■  -  {  -  4p{/)F(l  -  vF) 

+4[M^(l-*r£)):(l+X/V(l“/):)}. 

(Mb) 

or  for  small  p<//a, 

«(/.  nF : 


id  2 


(14c) 


This  estimate  ignores  the  contribution  from  the 
singular  field  at  the  debond  tip.  which  is  assumed 
to  be  small. 

The  work  don *  during  crack  opening  upon  de* 
bond  growth  at  constant  F  is 

8H/, » irasoiu,  (15a) 

where  8 u  is  the  relative  displacement  of  the  de* 
bonded  surfaces,  as  governed  by  eqn.  (11).  Insert¬ 
ing  8u  derived  from  eqn.  (13a),  the  work  done 
when  \id/a  is  small  becomes 

bW 

(1  +  F+  2r+(l  -  >F)l 

aiE,tj-od 

(15b) 


The  energy  dissipated  by  frictional  sliding  is 
SH'f-  -2nlua*neTEffJ/"\Q\  dr.  (16a) 

Inserting  8 u  from  eqn.  (13a)  gives  for  small  n d/a 

6W, 

a%t\ld 

*  — 2ir(l  -  S'fjf  1  +  F+  2v£(l  -  vF)Jdp{. 

(16b) 


I 
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Fi$.  9.  Trandi  In  w»k«  debond  len|lh  J  wnh  ih«  slrtii  on  the 
fiber!.  Alio  ploued  ii  ths  ilip  length,  I  end  the  creek  front 
debond  lcn|th  id. 


The  strain  energy  release  for  debond  growth  can 
be  expressed  in  terms  of  the  energy  changes  as 
(Marshall  et  al.,  1985). 

G«(5yi  +  5W'  +  5W',]/2ff«8</.  (17a) 


which  for  small  pd/a  becomes 

G/e\E,a  m  F*/4  +  F/2  -  p(D{\  -  *F),  (17b) 


where  D-d/a.  Equating  G  to  the  mode  II  frac¬ 
ture  resistance  of  the  interface  G|Ic.  the  debond 
length  becomes 


pd  Fl  +  F-4F0' 
a  "  4{(l-j >F) 


(18) 


Since  debonding  is  subject  to  l>d,  it  is  also 
necessary  to  plot  I/a  on  Fig.  9.  using  eqn.  (AS). 
Furthermore,  crack  front  debonding  should  be 
superposed.  The  essential  debonding  behavior  then 
exhibits  four  regions.  Crack  front  debonding 
governs  the  actual  threshold  stress  F (>  F0)  at 
which  debond  extension  initiates  in  the  wake. 
Debonding  at  F>  F,  then  occurs  subject  to  eqn. 
(18).  Thereafter,  al  F,,  the  slip  length  diminishes 
to  the  debond  length  and  continued  debonding  is 
limited  by  the  slip  length  (eqn.  A5).  Finally,  at 
F*  \/».  debonding  becomes  unstable. 


5.  Pull-out 


When  a  fiber  fails,  the  traction  on  the  fiber  end 
drwps.  because  the  axial  stress  on  the  fiber  is 
eliminated  at  the  fracture  site.  With  the  boundary 
conditions 


at  r  «  0.  and 


at  a  -  h.  where  h  is  the  pull-out  length,  the  trac¬ 
tions  can  be  derived  from  eqn.  (10),  as  plotted  on 
Fig.  10.  The  result  for  small  ph/a  can  be  ex¬ 
plicitly  derived  by  noting  that,  for  uniform  shear 
stress  along  the  fiber. 

Frm -2nQ(h-u)/a.  (19) 

Inserting  Q  with  R  «  0  then  gives, 


where 
F0  m 


u  m  h  Fp 

a”a~  2ji((l  -  pFp)  ' 


(20) 


represents  a  threshold  condition  below  which  de¬ 
bonding  does  not  occur  in  the  crack  wake.  Trends 
in  d/a  with  F  are  schematically  illustrated  on 
Fig.  9:  notably,  an  absence  of  debonding  below 
the  threshold,  followed  by  a  linear  region  with 
slope  inversely  dependent  on  the  friction  coeffi¬ 
cient.  Finally,  as  F~*  1  />,  the  behavior  is  strong';1 
non-linear  and  d/a  —  x  (but  the  details  are 
poorly  described  by  eqn.  (18)  which  is  restricted  to 
small  pd/a). 


The  pull-out  force  is  thus  non- linear  (Fig.  10). 

The  pull-out  length,  h,  is  itself  a  function  of  p 
and  tT.  Rigorous  analysis  of  pull-out  is  beyond 
the  scope  of  the  present  study.  However,  when 
hp/a  is  small,  insightful  analytical  solutions  are 
possible.  As  already  noted,  for  this  condition,  the 
pressure  along  the  fiber  is  essentially  uniform  (eqn. 
9b)  and  the  axial  stress  in  the  fiber  is  approxi¬ 
mately  linear.  The  available  statistical  analysis  of 
pull-out,  by  Thoulcss  and  Evans  (1988)  which  is 
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Fie.  10.  Variation  m  pull-out  Mini  unit  cutV.  opening;  r,  • 
Em>  0.25.  and  / - O.J. 


also  based  on  a  linearly  varying  fiber  stress  may 
thus  be  utilized.  This  analysis  uses  the  fiber  stress 
distribution, 

°/j  *•  °(1  “  2tZ/o),  (21) 

where  r  is  the  constant  shear  stress  at  the  inter¬ 
face.  Consequently,  by  equating  eqn.  (21)  to  eqn. 
(10c),  it  is  possible  to  derive  an  effective  shear 
stress  for  the  present  problem  as 

T(,-£(erMf(l- »-,£).  (22) 

This  effective  shear  stress  can  be  incorporated  into 
the  Thouless  and  Evans  (1988)  analysis  by  noting 
that  it  is  only  necessary  to  consider  that  length  of 
fiber  subject  to  txia!  tension,  Z  <  Z0  (with  Z0 
given  by  eqn.  lOe).  The  bo'-ic  statistical  relation  is 

^0*^0  •'O 

X  /  az(e  -  2T„r/o)m-1  dr  do  (23) 
Jo 

for  6  <  Ettr/» ,  where  nt  is  the  shape  parameter 
and  S0  and  Aa  are  the  scale  parameters  that 
govern  the  weakest  link  fiber  strength  statistics 
(Thouless  and  Evans.  19C3)  and 

r,m~l-A0S?r„(m+l)/2z,u\ 


Integration  of  eqn.  (23)  with  respect  to  :  gives 

A(S)  m _ wef _ 

a  "  (m+l)^"(£ferMOl 

x  ,’Qm"  d«  (24) 

Jo  (1  -  »a/E,fT)1 

This  integral  can  be  reexpressed  in  me  non-dimen¬ 
sional  form 

h{v)  m  B  r  p—1 
u  "  2»-,^/0  (1  _„)2 

Xexp(-flt>"*,/(l  -  t>)]</u.  (25) 

where 

n  2ga:( E,er/S„)  ' 

"  (m  +  l ) * 1  ’ 


and  i/»SK/£(er.  If  all  of  the  fibers  fail  before 
interface  separation  occurs  (i.e.,  £<l/*>),  the 
average  pull-out  length  is 


Lhl 


2m  fl  vm~' 

{m  +  l)n(vJ0  (1  -u)J 
Xexp( -£u",,"1/(l  -u))  du 

exp[-£u"*'/(l  -t/))  d" 


26a) 


Fig.  11.  The  non-dimensional  pull-out  function. 
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or 

<A> 


2maH{  B,  m) 
(w+lJMt'  ’ 


(26b) 


where  H  is  (he  function  plotted  in  Fig.  11.  For  an 
interesting  range  of  composite  properties,  H 
satisfies  the  approximate  form 

//»  l/2fi  +  «i/(l  +  fl).  127) 

The  function  //  can  thus  be  used  in  conjunction 
with  eqn.  (26b)  to  obtain  the  mean  pull-out  length 
(h).  The  pull-out  length  can.  in  turn,  be  used  to 
estimate  the  pull-out  contribution  to  the  com¬ 
posite  toughness,  as  elaborated  in  the  following 
section. 


6.  Pull-out  toughening 


Toughening  of  brittle  matrix  composites  has 
contributions  from  bridging,  debonding,  residual 
strain  and  pull-out.  The  latter  is  the  most  im¬ 
portant  in  high  toughness  composites  (Thoulcss 
and  Evans.  1988).  For  long  cracks,  the  steady-state 
pull-out  toughening  is  given  by  (Thouless  and 
Evans.  1988) 

AG"-2/jT<idi/.  (28) 


An  insightful  estimate  of  A (7“  may  be  derived 
from  the  present  analysis  by  adopting  various 
hypotheses.  It  is  assumed  that  G|u.  for  the  inter¬ 
face  is  sufficiently  small  that  crack  front  debond¬ 
ing  occurs,  followed  by  additional  wake  debond¬ 
ing.  It  is  also  assumed  that  fiber  failure  occurs 
within  the  zone  of  axial  tension  (Fig.  5).  Based  on 
these  conditions,  a  result  for  AG“  may  be  derived 
by  allowing  all  fibers  to  have  a  pull-out  length 
equal  to. the  mean,  < h ),  and  then  ev.-.luating  A Gp" 
usin^  (h)  as  the  upper  integration  limit  in  eqn. 
(28). 

From  eqns.  (20)  and  (28)  it  follows  that 


a  a; 


fE,eTa  rV  FpdFP 

(1-vF-p)2’ 


(29) 


where  the  limit  Fp*  may  be  obtained  from  eqn. 
(20)  by  setting  u  ■*  0  and  h  -  ( h ),  giving 


f.,-  m±. 

p  [1+2m€<*H’ 


Integration  of  eqn.  (30)  then  gives  for  small  r/J,*. 

AG"«2/£(er<AJ>M</a.  (31) 

Introducing  (h)  from  eqn.  (26b),  the  toughening 
becomes 

_  *tl£i±rl!hJL  mk i  02) 

p  («i+D‘pti,: 


A  general  sensitivity  study  of  AG"  is  difficult, 
because  of  the  number  of  variables  involved. 
However,  when  eqn.  (27)  adequately  describes 
trends  in  H,  the  pull-out  toughening  has  a  rela¬ 
tively  simple  form  (when  m  <  1  /II)  given  by 


AG"- 


*  i  Sir*  1  * 

2rr\r(£,er) 


(33) 


The  only  unexpecud  feature  of  this  prediction 
concerns  the  appearance  of  n  in  the  numerator. 
However,  it  is  recalled  that  the  result  only  applies 
for  small  p(h)/a.  Indeed,  given  the  complexity  of 
the  full  solution,  a  systematic  experimental  study 
of  trends  in  toughening  with  ;x  and  er  that  aug¬ 
ments  the  present  analysis  would  be  most  insight¬ 
ful. 


7.  Matrix  cracking 

Various  solutions  for  steady-state  matrix  crack¬ 
ing  can  be  derived,  depending  upon  the  debond 
resistance  of  the  interface.  A  comprehensive  study 
of  the  spectrum  of  matrix  cracking  behaviors 
would  be  useful,  but  is  not  attempted  here.  In¬ 
stead  the  bound  for  small  Gj,c  is  presented.  In  this 
case,  /  and  d  essentially  coincide  (Fig.  9)  and  only 
slip  needs  to  be  included  in  the  analysis  of  the 
loads  supported  by  the  fibers.  The  analysis  must 
then  take  the  same  form  as  that  derived  for  a 
constant  shear  stress  interface  (Budiansky  et  al„ 
1986),  but  with  r  replaced  by  eqn,  (1).  giving  the 
following  expression  for  the  cracking  stress,  o0, 

£o  « m  (  W^rGw  ),/}(  q  \l/* 

E  -f)Em  Ea  I  UJ 


(30) 


(34) 
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where  GnK  is  the  matrix  toughness  and  a*  the  previous  solutions  for  matrix  cracking  obtain.  Most 

axial  residual  stress  in  the  matrix  as  governed  by  interestingly,  an  optimal  residual  strain  exists  at 

<r,  /  and  A  (Budiansky  et  a)..  1986).  An  explicit  which  the  matrix  cracking  stress  is  a  maximum 

solution  to  eqn.  (34)  can  be  derived  subject  to  (Budiansky  et  a!..  1986). 

matrix  cracking  occurring  when  £<  1/*.  viz.  Further  progress  on  the  above  problem,  given 

the  complexity  of  the  full  solutions,  involves  pull* 
Pa  ;  om  m  .  .  ^t»i  \j  out  experiments,  as  well  as  crack  growth  expert- 

£  £m  r  '  '  **  ments  on  composites,  as  needed  to  provide  insight 

capable  of  elucidating  the  bounds  wherein  stnt* 
This  result  confirms  that  an  optimum  residual  p|ified  $0|u,j0ns  have  validity, 
strain  exists  that  gives  the  maximum  possible  ma¬ 
trix  cracking  stress,  as  elaborated  elsewhere 
(Budiansky  et  a!..  1986).  Acknowledgements 


8.  Implications  and  conclusions 

The  mechanical  properties  of  composites  sub¬ 
ject  to  residual  compression  at  the  fiber/matrix 
interface  involve  interactions  between  interface 
debonding,  frictional  sliding  along  debonds,  statis¬ 
tical  fiber  failure  and  pull-out.  These  processes 
have  been  modelled  in  the  presence  of  a  matrix 
crack.  The  solution  provides  insights  concerning 
the  matrix  cracking  stress,  the  evolution  of  de¬ 
bonding  and  the  fracture  resistance  of  the  com¬ 
posite.  In  particular,  trends  in  these  important 
properties  with  such  variables  as  the  residual  stress, 
the  friction  coeflieicnt,  the  fiber  strength  and  the 
matrix  toughness  are  predicted. 

The  full  solutions  for  each  of  these  processes 
have  unwieldy  forms  that  obscure  the  essential 
trends.  Several  insightful  bounds  have  thus  been 
identified  and  emphasized,  all  applicable  when  the 
friction  coefficients  is  small,  p  Z  0.1,  typical  of 
high  toughness  composites  (Marshall  and  Oliver, 
1987;  Budiansky  et  al.,  1986;  Anderson).  One 
bound  obtains  when  the  residual  strain  is  also 
small,  such  that  the  mean  fiber  strength  £» 
E,*t/v.  Then,  the  interface  separates  provided 
that  <7jlc  is  quite  small,  whereupon  solutions  de¬ 
rived  for  a  constant  shear  strength  interface 
(Budiansky  el  al.,  1986)  afford  a  reasonable  de¬ 
scription  of  composite  behavior.  Another  bound 
obtains  when  the  residual  strain  is  quite  large, 
such  that  the  matrix  cracking  stress  o0  «  £(er»». 
Then,  matrix  cracking  occurs  subject  to  an  essen¬ 
tially  constant  interface  sliding  stress,  pq,  and 
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Appendix  1 


1.  Initial  stress  In  the  composite 

When  matrix  cracking  occurs,  the  relaxation  of 
the  axial  matrix  stress  at  the  crack  plane  causes 
the  crack  to  open  (Fig.  6)  and  modifies  the  stress 


u 
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in  (he  fiber.  A  convenient  reference  stress,  R,  is 
the  non-dimenrional  axial  stress  in  the  fiber  along 
the  crack  surface  plane,  when  the  crack  surfaces 
(assumed  flat)  just  begin  to  open.  Clearly,  an 
applied  compression,  Rf,  exists  on  (he  compostit 
element  at  this  stage.  Along  this  plane,  o"  ■  0  and 
thus,  from  eqn.  (9a)  with  P  m  0. 

Q--t[\+>R]  (Al) 

At  the  onset  of  matrix  crack  opening,  the  boundary 
conditions,  subject  to  the  assumption  that  the 
crack  opens  uniformly  are:  Then,  from 

cqn.  (3) 

(2-(l-*)*/2*  (A2) 

By  eliminating  Q  from  eqns.  (Al)  and  (A2).  R 
becomes; 


1  +  2«> 
1  -2  y<j> 


(A3) 


2.  The  slip  length 

For  slip  lengths  l<d.  the  load  transfer  from 
the  fiber  to  the  matrix  dictates  that 

/>-  ( A4) 

Jo 

Integration  and  rearranging  yields 
I/a  -  ln[l  +$/y£(l  -  »,F))/2m<>  (A5a) 

which  for  small  pl/u  becomes 
l/amP/2pl(\-yF)  (A5b) 


As  the  stress  increases.  I  approaches  d  and,  at 
/-•</,  part  of  the  load  transfer  begins  to  take  place 
along  the  ideally  bonded  interface  beyond  the 
debond.  Thereafter,  /  is  limited  by  d,  until  further 
debonding  occurs. 


Appendix  2 


The  finite  element  scheme 


The  finite  element  calculations  were  performed 
using  a  mesh  described  elsewhere  (Churalambides 
and  Evans,  1989).  The  calculations  were  per¬ 
formed  for  debond  ratios  ranging  from  5  <  d/a  < 
20.  The  load  was  applied  in  accordance  with  the 
following  steps.  Firstly,  with  full  bonding  between 
matrix  and  fiber  along  the  future  debond  length, 
cooling  over  a  temperature  range  \T  was  simu¬ 
lated  with  the  outer  surface  of  the  cylinder  con¬ 
strained  to  remain  vertical  and  zero  net  force 
normal  to  this  surface.  In  the  next  step,  a  matrix 
crack  was  introduced  by  setting  the  normal  and 
shear  stress  on  the  crack  plane  to  zero  and  inter¬ 
face  debonding  was  allowed  by  deactivating  the 
interface  elements  and  changing  the  boundary 
conditions,  in  order  to  satisfy  eqn.  (1)  along  the 
debond  and  elasticity  beyond  the  debond,  Exter¬ 
nal  load  was  then  applied  by  uniformly  displacing 
the  upper  boundary  of  the  model. 
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The  pullout  ol  fiber*  in  the  creek  wake 
meke*  *n  Important  contribution  to  the 
toughness  ol  ceramic-matrix  compos¬ 
ites.  The  pullout  is.  In  turn.  Influenced 
by  the  properties  ol  the  fibers  end  by 
the  sliding  resistance  ol  the  Interlace. 
Basic  relationships  governing  the  pull¬ 
out  are  developed  analytically  and  in¬ 
vestigated  experimentally  using  a 
lithium  aluminum  sillcaie/stlicon  car¬ 
bide  (LAS/SiC)  composite  subjected  to 
various  heat  treatments.  The  experi¬ 
ments  Involve  determining  the  strengths 
ol  single  fibers  and  then  measuring  the 
pullout  distributions.  The  results  are 
used  to  provide  a  consistent  view  ol  the 
pullout  process  and  rotated  changes 
'In  mechanical  properties.  [Kay  words: 
composites,  mechanical  properties.  In¬ 
terlaces,  silicon  carbide,  fibers.) 


I.  Introduction 

Fibers  typically  tail  at  appreciable 
distances  from  the  crack  plane  in  a 
ceramic  composite  »hat  exhibits  a  high 
toughness  (Fig.  t) ,_5  The  broken 
fibers  slide  agamsl  the  matrix  and 
enhance  the  toughness  by  resisting 
crack  opening,’  *  The  location  ol  (he 
liber-lractute  site  with  respect  to  the 


crack  plane,  h.  and  the  mterlaciai  slid¬ 
ing  resistance,  r.  ore  therefore  critical 
roughening  parameiets  *  An  existing 
analysis  ol  (his  phenomenon  ot  pullout 
in  ceramic-matrix  composites*  as¬ 
sumes  that  the  libers  fracture  in  the 
crack  wake  and  that  mere  is  negligible 
liber  ladure  ahead  of  the  crack  One 
intention  ol  the  oresent  study  was  an 
evaluation  ol  this  premise  achieved 
by  comparing  presided  trends  in  the 
distribution  ol  the  lengths  ol  broken 
libers  with  experimental  observations 
made  on  a  heat-treated  0790*  lami¬ 
nated  lithium  aluminum  sAcate/siiicon 
carbide  (LAS/SiC)  composite.* 
Companion  studies  ol  the  mterlac- 
jai  microstrueturo  in  the  LAS/SiC 
composites  have  revealed  that  the 
interlace  .s  often  partially  debondeo.* 
This  debonding  occurs  upon  cooling 
because  ol  a  thermal  expansion 
mismatch  between  the  liber  and  the 
matrix  Further  depending  caused  by 
the  passage  ol  a  matrix  crack  can  be 
anticipated.5'  resulting  in  appreciable 
debond  lengths  over  which  liber  slid¬ 
ing  can  occur  Fiber  bridging  and  pu’i- 
out  occurring  at  a  constant  value  ol  r 
therelcre  appear  to  ptovide  a  ration- 
able  preliminary  hypothesis  lor  a 
toughening  model  *  The  mechanical 
properties  of  composites  of  this  type 
can  be  related  to  the  net  tractions  ex- 
erted  on  Ihe  matrix-crack  surface  by 
both  the  intact  libers  bridging  the 
crack  and  fractured  fibers  pulling  out 
ol  the  matrix  (Fig,  1).'  The  tractions 
are  a  function  ol  crack  opening  and 
depend  upon  a  broad  range  ol  mate¬ 
rial  properties.  The  overwhelmingly 
important  variables  are  r  and  the  sia- 
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t'shcat  parameters  mat  govern  the 
•ber  strength* 

The  present  study  emphasizes  ex¬ 
perimental  approaches  tor  evaluating 
the  interlace  and  liber  parameters 
by  examining  mtchamcal  propei  • 
changes  associated  with  heat  treat¬ 
ment  m  *r  As  shown  in  the  compan¬ 
ion  study.1  such  heat  traatment  causat 
the  original  carbon  layer  at  the  liber/ 
matrix  interface  to  be  replaced  by 
silica.  The  SiO}  layer  formed  alter  a 
relatively  brief  heat  treatment  ol  ~2  h 
and  thickened  with  exposure  time 
to  eventually  fill  the  gap  left  by  re¬ 
moval  ol  the  carbon  The  associated 
changes  in  the  important  composite 
guanine*  were  evaluated  and  the  re¬ 
sults  correlated  with  the  mtr/rrgce  ob¬ 
servations*  and  the  Iriicture  properties 
Finally,  the  implications  ol  tno  obser¬ 
vations  and  annyses  for  the  role  of 
interlaces  m  ihe  mechanical  proper- 
ties  of  ceramic-matnx  composites  a’o 
briefly  summarized 

II.  Theory 

The  liber  failure  analysis  uses  a 
strength  distribution  that  satisfies 
weakest-imk  statistics,  T h&  explicit 
form  is  given  c-/  the  two-parameter 
Weibui'  distribution,  m  which  the 
probaa:  ty  -S(ul  that  the  haws  <n  a  sur¬ 
face  area  of  Msers.  A:.  nave  a  strength 
<tr  u  given  by 


gtSldSuur/S-r/Aj  0) 


where  St  and  A3  are  the  scale  pa¬ 
rameters  and  m  is  the  shape  parame¬ 
ter  a4  ■%  a  quantity  of  area  which  is 
introduced  lot  dimensional  purposes 
For  Simplicity.  A;  w,n  be  later  equated 
to  t  m*  but  it  must  be  appreciated 
mat  Sj  depends  co  the  choice  o!  A} 
The  probability  density  (unction. 
iU.T).  for  weakesMink  failure  of  a 
fiber  occurring  behind  ihe  crack  tip  at 
a  distance  z  from  the  crack  plane  can 
then  be  derived  with  the  assumption 
mat  r  is  constant;* 


<6{z,7}>« 


Zrrflm 


tr-rMf*' 


x-expH^r’l 


(2a) 
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7  is  the  maximum  stress  in  the  fiber 
between  the  crack  surfaces  and  R  is 
(he  fiber  radius.  The  probability  that  a 
fber  will  fail  m  the  crack  wake,  at  a 
location  between  z  and  r-5z  from  the 
crack  plane  when  the  tractions  are 


between  7  and  87  >s  equal  to  of;  7j 
dz  d7  Consequently  ter  f'xed  7  the 
cumulative  probabiity  that  the  pu'Qjt 
length  will  be  at h  is 

*Hft,7}d7«2[  ^z.7)dzd7  tfl<X7l 
7{ 

flt 

■2  d{z,7}dzd7  (ni\7) 
vo 

(2d) 

*M-7)  d7-^~I2  expC-ir/v*— ] 
1_h-.iL) 

x*  *  \r 

I  ihKA’i 
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The  (actor  2  m  Eq  (2M  arises  because 
tne  liber  is  stressed  on  bom  s>ocs 
of  the  crack  piano  Integration  >:» 
*[hj)  over  an  possible  values  o' 
T  (Gifs*)  yields  the  cumutoive 
probability  for  the  pullout  lengths 
which  vnii  be  observed  on  a  fracture 
surface; 


mini *j  min  7j  or  iJ-f 

when  may  ce  eonvon-ertv  expressed 
n  a  ncndimensicrai  -'o»m  as 

q.10-1-1'  (i ”T 
1 1- 

x  ex  pi -d  i  d/f  til*  i 

where  p-tT/S)"'  ana  (*Sf  Nu¬ 
merical  integration  c!  Eq  (30  yie'fls 
the  nonjimensionai  cumulative  distri¬ 
butions  plotted  m  F,g.  2  Note  that  as 
m  increases,  the  pullout  lengths  de¬ 
crease  and  become  zero  when  m  —  * 
it  is  also  possible  to  calculate  the 
mean  pullout  length  from  Eq  (lr 


Debonding  and  Sliding  Processes 


e  Depending  >$  a  prerequisite  for 
toughening, 

e  Sliding  governs  toughening. 

Crsck  propsgsllon  and  fracture  in 
cersmic-matrix  compositss  Involve 
debonding  end  sliding  processes. 


April  1949  Hjf«t  of  tnitr/uce  Mixhonlcol  Propcritts  on  Pullout  in  o  SiC'lilxr'Ntinforml  LAS  GhuS’Ctninue 


iV 


whore  I'  ts  iho  gamma  function  Tne 
distribution  ol  tho  pullout  lengths 
therefore  contains  mlormation  about 
tne  parameters  r.  Sg,  and  m. 

The  above  analysis,  at  well  as  that 
conducted  by  Thouless  and  Evans.4 
assumes  that  the  failure  ol  one  liber 
does  not  affect  the  stresses  in  neighbor¬ 
ing  libers,  except  through  changes  m 
the  stress  T  between  the  crack  sur¬ 
faces  induced  by  such  failures.  Conse¬ 
quently.  the  results  are  only  applicable 
when  the  sliding  resistance  ol  the  in¬ 
terlace  and  the  volume  fracture  of 
libers  are  sufficiently  small  that  fiber 
breaks  do  not  cause  stress  concentra¬ 
tions  in  surrounding  libers.  Interactive 
effects  would  cause  fiber  failure  and 
pullout  lengths  that  exhibit  significant 
spatial  correlation  Consequently,  one 
measure  of  the  applicability  of  the 
above  statistical  results  is  the  spatial 
randomness  of  pullout  length,  as 
elaborated  below 

A  second  distribution  ol  interest  in¬ 
cludes  measurements  made  of  mirror 
•adu  on  the  fracture  surfaces  of  the 
fibers  These  measurements  enable 
the  local  stress  at  which  the  fiber  fails. 
S.  to  be  determined.  It  is  noted  that  T 
and  S  are  related  by 


ported  by  mo  fibers  At  tms  stage  the 
macroscopic  fracture  process  should 
change  to  one  with  a  tow  failure  strain 
An  approximate  statistical  analysis  of 
fiber  failure  in  the  presence  of  steady- 
state  cracking  with  multiple  cracks  has 
shown  that  the  peak  stress  supported 
by  the  fibers  is  given  by” 
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H  is  the  specimen  length  and  the 
crack  spacing  d  is* 


(") 


r»S+2rh/fl  (5) 

Consequently,  il  simultaneous  meas¬ 
urements  are  made  of  h  and  S.  the 
mean  value  ol  T  can  be  found  from 

<D-(S)+2r(h/fi)  (6) 

From  £q,  (t).  this  is  equal  to 

<n-2f  **  f‘  r«jir,2}dzdr 


*  1,1 

where  /}„«,- (r(.„/ir,\  r_„  is  the 
largest  value  ol  T  represented  by  (he 
test  population,  and  y  is  the  incom¬ 
plete  gamma  function.  A  comparison 
of  Eqs.  (6)  and  (7)  can  be  made  in  or¬ 
der  to  independently  check  the  magni¬ 
tudes  of  r.  Sq.  and  m 
The  transition  between  steady-state 
cracking  and  fracture  from  a  dominant 
flaw  is  one  of  the  most  fundamental 
changes  in  mechanical  properties. 
Steady-state  cracking  occurs  at  an 
applied  stress*’’0 

<xl»[6rA”/(l-/)(1+ {)//?]'*  (8) 

where  K„  is  the  matrix  toughness 
Gcod  experimental  confirmation  of  this 
stress  has  been  obtained  on  several 
composite  systems.'0"  As  r  increases. 
<r9  increases  so  that  the  steady-state 
cracking  stress  eventually  exceeds 
the  maximum  stress  that  can  be  sup* 


When  <>„  becomes  less  man  <r,.  ab¬ 
rupt  fracture  is  predicted  to  occur  a: 
the  matrix-cracking  stress,  resulting  m 
a  low  failure  suein 

III.  Experimental  Procedure 

(1)  Mechanical  Properties 

Test  specimens  of  a  0790’  cross- 
pry  laminated  lAS/SiC-  with  a 'liber 
volume  fraction  of  0  «  were  prepared 
for  tensile  and  flexural  testing,  as  de- 
scnocd  elsewhere  ’*  Four-pomt  flexure 
tests  were  performed  with  the  loading 
axis  normal  to  the  laminate  plane.  The 
test  dimension  (4  mm  x  3  mm  with  inner 
and  outer  spans  ol  6  and  25  mm,  re¬ 
spectively)  provided  a  ratio  ol  tensile 
to  shear  stress  >10.  The  specimens 
were  heat-treated  in  air  at  800*C  for  2, 
4.  8.  16,  and  100  h.  because  prior  re¬ 
search'4  had  indicated  that  heat  treat¬ 
ment  at  this  temperature  caused 
systematic  changes  in  the  mechanical 
properties.  The  principal  results  of  the 
mechanical  tests  (Fig.  3)  concerned 
the  change  in  fracture  strain  that  oc¬ 
curred.  alter  even  brief  heat  treat¬ 
ments.  This  change  coincided  with  a 
transition  from  steady-state  matrix 
cracking  to  a  more  brittle  failure  from  a 
single  dominant  flaw.  This  transition 
has  a  profound  effect  on  the  structural 
utility  of  the  composite. 

(2)  Single-Fiber  Tests 

Single  fibers  with  a  gauge  length  of 
10  mm  were  tested  in  uniaxial  tension 
Tests  were  conducted  on  Nicalon 
fibers  that  had  been  heat-treated  in  air 
at  800*C  for  4, 8.  and  16  h.  The  result- 


Ok*  won 


locut 


Fig.  1.  Scnemnic  >'!ustrat>on  o<  l.bet  fail¬ 
ure  oceumng  away  from  in*  matrix  crack 
P'ane 


Non-Orfwi^nfl  Ur  null 


Fig.  7.  Trenos  in  tne  predicted  cumulative 
pullout  distributions  witn  the  statistical  pa¬ 
rameter.  m 
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am  cumulative  sninjiti  distributions 
are  p’-ottea  in  F.g  and  the  statistical 
parameters  m  and  Sj  (with  At  equatec 

10  i  m1)  ar«  summarized  in  Table  I 

11  it  apparent  that  bom  m  and  di¬ 
minished  systematically  upon  heat 
treatment 

The  fracture  surfaces  ot  aach  fiber 
wa»a  examined  by  scanning  alactron 
microscopy  (SEM)  so  that  the  Iractura 
origin  and  the  mirror  dimensions  could 
ba  determined  (taa  Fig  6(A)).  Almott 
without  exception,  lha  libart  tailed 


l _ i  <  i  !■ 

a  j  <  n  n  ]• 

Itpaa.m-oiN 


P»g.  I.  Mechanical  property  results  on  heat-treated  composites  (A)  tactile  tattt.  (B)  Ilex* 
urai  tattt. 


♦ 


Iron  surface  Haws.  The  formulation  for 
Eq.  (i)  in  which  surface  flaws  ware  at¬ 
torned  to  be  critical  therefore  appears 
to  be  justified  The  mirror  radius,  a.,,  is 
expected  to  be  proportional  to  the 
critics'  flaw  radius.  a(.  whan  the  ratio 
a JR  is  small  The  two  quantities  are 
governed  by  the  relationships’* 

K.-SVW  3.5  (12) 

and 

«c/a„»0.22  (13) 


The  Most  Probable  Failure  She 


a  Because  of  flaw-size  (attribu¬ 
tion,  failure  of  the  fibar  does 
not  occur  at  the  location  of 
maximum  stress, 
a  The  stress  field  seeks  out  the 
largest  flaws  within  the  decay¬ 
ing  stress  field. 

e  Weakest-link  statistics  allows 
the  most  probable  site  to  be 
determined. 

Fiber  Mure  is  statistical,  leading  to  me 
concept  ot  the  most  probable  fiber  fail¬ 
ure  site  (Eq.  (26)), 


appreciable  scatter  exists,  the  rela¬ 
tionship  between  the  two  quantities 
is  consistent  with  expectations.  The 
fracture  toughnesses  of  the  fibers 
were  estimated  using  Eq.  (12)  (Table  » 
Tho  resultant  values  (K,»  1  MPa  m,J) 
seem  reasonable  lor  such  a  line- 
grained.  nonstoichiometric  material  • 

(3)  Pullout  Measurements 
The  fracture  surfaces  of  the  four- 
point  flexure  specimens  were  exam¬ 
ined  by  SEM  (Fig.  6)  The  pullout 
lengths  were  measured  by  using  one 
fiber  as  a  reference,  measuring  an  pro¬ 
jected  lengths  with  respect  to  that 


Table  I.  Composite  Properties  Obtained  for  Single-Fiber  and  Pullout  Tests* 


Heat-treatment 

time’ 

(h) 

m 

So  (MPa)' 

K, 

(MPa-mw) 

r  (MPa) 

/, 

4 

4.2 

80 

1.03  * 

30 

0.91 

8 

3.0 

17 

0.79 

30 

0.65 

16 

1.7 

0.33 

0.76 

200 

0,54 

•Mean  radius  ol  fibers  fl  »  7  nm.  ’At  #00*C  'A0  ■  1  trf 


Fig.  4.  Cumulative  strength  distributions 
obtained  from  single-fiber  tests.  Results  art 
shown  (or  tests  on  fibers  heat-treated  for  4 
and  16  h  at  800*0 


Fig.  8.  Relationship  between  mirror  and 
daw  radii 


where  K,  is  the  fracture  toughness  of 
the  fiber  and  S  is  the  stress  on  the  fiber 
at  the  flaw  plane. 

A  plot  of  am/R  against  a  JR  with 
the  predicted  slope  of  0.22  superim¬ 
posed  (Fig.  5)  reveals  that,  although 


•Noli  mat  Ks  lor  oGlyctyitalime  SIC  it 
•  2  MPa  m'*  While  mat  lor  most  amorphous 
ceramics  is  -05 10 1  MPa  m'1 


fiber,  and  then  tilting  the  specimen 
to  measure  the  actual  length  of  the 
reference  fiber.  A  certain  degree  of 
ambiguity  exists  concerning  the  meas¬ 
urements  of  small  pullout  lengths.  In 
some  cases,  the  crack  appears  to 
have  simply  deflected  at  the  fiber  or 
not  interacted  at  all  with  it,  whereas 
other  examples  exhibit  pullout  charac¬ 
teristics  (Fig.  6(A)).  A  quantitative  esti¬ 
mate  of  the  relative  occurrences  of 
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putout  and  crack-front  failure  can  be 
established  by  analysts  as  elaborated 
m  me  next  section  The  resultant  his¬ 
tograms  of  the  putiout  lengths  are  pre¬ 
sented  in  Fig,  6(A)  it  is  evident  (hat 
white  an  abrupt  change  m  the  put'out 
distribution  occurred  upon  initial  heat 
treatment  (4  h  at  600*C).  more  modest 
changes  occurred  during  subsequent 
annealing  (up  to  16  h)  However,  it  is 
worth  noting  that  the  sample  that  was 
heat-treated  tor  100  h  showed  no  putt- 
out  and  the  fracture  surface  was  es¬ 
sentially  featureless 


E fleet  of  Sliding  Stress  on 
Fiber  Failure 

A  Weakest-Unk  Failure  Problem 


Largo  r  Case 


Small  pullout  length,  n 


The  most  probable  fiber  failure  site 
is  close  to  the  matrix  crack  be¬ 
cause  the  axial  stress  in  the  fiber 
drops  rapidly  with  z. 

Small  t  Case 

e  Stress  transfer  from  intact  fiber 
to  matrix  occurs  gradually, 
e  or,  decreases  slowly  with  z. 

•  The  fiber  failure  sue  is  remote 
from  the  matrix  crack. 

The  failure  site  is  strongly  influenced  by 
the  sliding  stress  r. 


In  order  to  address  correlations 
among  fiber  fracture  sites  and  thus 
pullout  lengths,  the  dependence  of  the 
pullout  distribution  on  lateral  location 
has  been  examined.  At  the  simplest 
level,  the  existence  of  extensive  inter¬ 
active  effects  can  be  discounted  on  the 
basis  that  pullouts  do  not  exhibit  local 
"dumping",  i.e ,  patches  that  have  many 
targe  or  small  pullouts  are  not  evident 
(Fig  6(B))  A  more  rigorous  analysis  of 
possible  interaction  effects  and  their 
importance  awaits  further  study 


’Crwncii  so'uienj  when  ai>ew  C'tso'ulon  cl 
”i«  maim  (t  g  HFj  aso  remove  me  SO:  t 'm 
on  me  i  oiis  m  me  neat-neaiea  maltha's  ana 
mgs  suen  a  procedure  lot  asceua  n  ng  n  s>tu 
•ce<  sutngin  otgiagaiioo  woo  a  ot  cl  outsi-on- 
as  t  mem 


The  fracture  surfaces  of  the  fibers 
from  the  four-pomt  bend  specimens 
were  also  examined  by  SEM  Where 
possible,  the  effective  racu  ot  the  frac¬ 
ture  mirrors  were  measured  (Fig.  6(C)) 
and  related  to  the  corresponding  pull¬ 
out  length  h  The  mirror  sue  directly 
corresponded  to  the  local  stress.  S.  at 
which  the  fiber  failed  Eq.  (12).  The 
fracture  mirrors  always  initiated  at  the 
fiber  surface,  as  for  single  fibers,  Fur¬ 
thermore.  only  relatively  targe  mirror 
radn  could  be  accurately  measured. 
The  population  ot  strengths,  S.  repre¬ 
sented  by  these  measurements  is  thus 
censored  to  include  about  half  the 
population  and  ts  limited  to  relatively 
tow  values  S-t.-t  t  GPa  The  rela¬ 
tionship  between  n  and  $  (Fig.  8)  re¬ 
veals  that  the  distribution  ot  S  <s 
independent  of  ft  and  insensitive  to 
heat-treatment  time,  Such  behavior  is 
consistent  with  a  spatially  random  dis¬ 
tribution  of  flaws  in  the  fibers. 

IV.  Analysis  of  Results 

The  assumed  fiber-fracture/ 
toughening  model  has  three  unknown 
material  variables  the  statistical 
parameters  for  fiber  failure  S;  and  m 
and  tne  interface)  shear  resistance  r 
These  parameters  also  govern  the 
fiber  strengths  and  the  pullout  distribu¬ 
tions  it  should  therefore  be  possible 
to  determine  them  from  the  experi¬ 
ments  described  m  the  previous  sec¬ 
tion  They  cannot  be  independently 
evaluated  from  each  set  of  experi¬ 
ments  so  the  results  had  to  be  ana¬ 
lyzed  with  the  assumption  that  the 
values  of  m  and  5?  determined  from 
the  single-fiber  tests  were  appropriate 
for  the  fibers  in  the  matrix  Values  of  r 
could  men  be  estimated  from  the  other 
measurements,  and  a  consistency 
cneck  mace  by  comparing  the  differ¬ 
ent  values  of  r  This  approach  relies 
on  the  assumptions  that  the  character¬ 
istics  of  the  fibers  do  not  change  upon 
incorporating  them  into  the  composite 
and  that  the  effects  of  heat  treatment 
do  not  change  substantially  when  the 
fibers  are  surrounded  by  a  matrix.  This 
premise  is  difficult  to  verify,  because 
of  the  problems  involved  in  extracting 
undamaged  fibers  from  the  compos¬ 
ite.  especially  when  the  SiO>  caused 
by  oxidation  is  present.'  Careful  ex¬ 
traction  studies  conducted  on  the  as- 
ceramed  composite'*  (no  SiO?  layer) 
have  indicated  that  some  fiber  degra¬ 
dation  is  possible  during  processing, 
probably  associated  with  Al  and  Mg 
diffusion  into  the  liber  However,  the 
effect  is  relatively  small  Furthermore, 
it  is  not  clear  whether  the  degradation 
caused  by  oxidation  would  be  influ¬ 
enced  by  such  processing  effects. 

The  first  estimate  of  r  was  obtained 
from  the  measured  pullout  distribution 
(Fig.  7).  using  Eq.  (3b).  as  elaborated 
in  the  Appendix  For  this  purpose,  the 


Ftg.  *.  Scanning  electron  micrographs  ot 
f A)  liber  pu"Ovt  Showing  some  libers  that 
tail  at  the  crack  front  (arrowea).  (B)  me  ac* 
o!  obvious  spatiai  cor'e'aton  between  f.bur 
failure  sues.  (C)  me  fracture  mirrors  ob¬ 
served  on  two  libers  (arrowed) 


Fig.  7.  Frequency  distribution  of  pullout 
lengths:  measured  and  predicted  values 
maicating  the  fibers  that  fail  at  the  crack 
front 


PuH  Out  length.  h  (fim) 
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I-..  I.  Helilionship  between  pullout 
length  »ra  i.tx  ta.iur*  stress  obiemea  Irom 
measurement*  cl  the  minor  (>:• 


Quality  in  liber  failure  was  recognized 
The  values  ol  m  and  obtained  Irom 
the  single-fiber  test  (Table  I)  were 
used  to  determine  the  magnitude  ol  r 
that  gives  a  best  lit  to  the  pullout  distri¬ 
butions  lor  h> 5  ftm  The  comparisons 
are  shown  in  Fig.  6(C)  and  the  associ¬ 
ated  values  ol  r  are  summarized  in 
Table  I.  It  Is  apparent  from  these  com¬ 
parisons  that  the  percentage  of  fibers 
in  the  0-  to  5-Mm  interval  found  experi¬ 
mentally  exceeds  that  expected  by  ex¬ 
trapolation  of  the  pullout  data  obtained 
Irom  h>5  Mm.  It  it  is  assumed  that  this 
excess  arises  Irom  libers  that  tail  at 
the  crack  tip.  then  a  reduced  volume 
fraction  ol  libers  that  pullout.  I,,  can 
be  deduced  (Table  I)  It  is  supposed 
that  the  fraction  given  in  Table  I  repre¬ 
sents  that  proportion  ol  libets  that  do 
not  lari  at  the  crack  front  and  therefore 
contribute  to  the  toughening  process. 
Evidently,  this  traction  decreases  with 
increase  in  heat-treatment  time. 

A  useful  check  on  the  magnitude  ol  r 
can  be  achieved  by  using  Eqs  (6) 
and  (7)  in  conjunction  with  the  results 
presented  in  Fig.  8  Fust.  (7)  was  ob¬ 
tained  Irom  Eq.  (6)  by  using  the  test 
data  and  the  values  ol  r  deduced  Irom 


In-Sku  Fiber  Strength 


e  Calibration  has  shown  that  the 
stress  S  on  the  liber  when  it 
fails  Is  related  to  mirror  radius 
a*  (Eq.  12). 

e  Therefore,  the  liber  failure 
stress  in  the  composite  can  be 
evaluated. 

In-titu  fiber  strengths  can  be  assessed 
Irom  fracture  mirrors. 


the  pullout  measurements  (Table  I). 
Second,  using  the  same  initial  choices 
lor  r.  T„„  was  determined  Irom  the 
datum  on  Fig.  8  that  gives  the  larg¬ 
est  value  of  7  A  corresponding  value 
ol  (7)  was  calculated  Irom  Eq.  (7).  The 


Streea-Straln  Curve  ter  Composite 


e  (t0  Increases  as  r  Increases, 
e  The  material  Is  macroscop- 
tcally  brittle  when  v«>iru. 
e  This  happens  In  Fig.  5  after  a 
heat  treatment  longer  than  4  h. 

The  composite  stress-strain  curve 
is  elfected  by  the  interlace  sliding 
resistance. 


magnitude  of  r  was  then  changed  and 
the  process  iterated  until  similar  val¬ 
ues  of  (T)  were  obtained  Irom  both 
Eqs.  (6)  and  (7)  This  analysis  is  sensi¬ 
tive  to  7W  and  therefore  the  accuracy 
ol  this  method  was  'united  by  the  rela¬ 
tively  small  number  ol  measurements 
obtained  m  the  present  study  Never¬ 
theless.  the  analysis  revealed  that  r 
was  of  the  order  30  to  40  MPa  in  spec¬ 
imens  annealed  for  either  4  or  8  h  and 
100  to  200  MPa  in  those  specimens 
annealed  for  16  h  Such  values  of  r  are 
m  agreement  with  those  determined 
Irom  the  pullout  distribution  (Table  l) 

V.  Discussion 

Trends  in  the  steady-state  cracking 
stress  tr,  can  be  predicted  using 
Eq.  (8)  with  /  replaced  by  I,.  In  the  as- 
ceramed  composites  cr,  is  predicted 
to  be  -100  MPa,  consistent  with 
measurements  (Fig,  3)  A  much  higher 
value.  >500  MPa.  is  predicted  after 
heat  treatment  when  the  original  car¬ 
bon  layer  is  replaced  by  SiOj.5  based 
on  the  r  given  in  Table  I.  Estimates 
of  the  ultimate  strength.  given 
by  Eq.  (9)  indicate  that,  m  the  as- 
ceramed  state,  this  strength  should  be 
-300  MPa.  decreasing  slightly  to 
-250  MPa  alter  8-h  heat  treatment 
Such  predictions  would  therefore 
imply  that  a  transition  to  a  low  strain 
failure  mode  should  occur  after  heat 
treatment  of  -4  h  Such  behavior  is 
consistent  with  the  mechanical  prop¬ 
erty  measurements.  It  should  be  noted 
that  this  transition  does  not  corre¬ 
spond  to  the  criterion  suggested  else¬ 
where54  in  which  the  libers  bridging  a 
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Initial  Oebooding 


Carbon  Coatings  on  Nicalon 
Oabond 


No  Dabondmg 


•  This  explains  liber  failures  on 
the  matrix  crack  plane  as 
noted  by  an  arrow  in  Fig,  6(A) 

Debcnang  is  governed  by  the  proper¬ 
ties  ol  the  i  ber  coat<ng. 


smgie  matfx  crack  are  incapable  of 
Supporting  the  app’ied  'oao  Ration¬ 
alization  of  this  point  >s  the  subject  C 
'ufther  study 

The  systematic  reduction  m  pui'out 
length  with  heat  treatment  clearly  indi¬ 
cates  that  r  and  h  are  interrelated 
Prediction  ot  trends  in  pullout  toughen¬ 
ing,  being  governed  by  the  product 
rh  V  *  thus  requires  that  the  interrela¬ 
tionship  h(r)  be  rigorously  established 
The  original  hypothesis  concerning 
h(r).  that  hber  failures  occur  in  the 
crack  wake,  is  qualitatively  supported 
by  the  good  correspondence  between 
measured  and  predicted  pullout  distri¬ 
butions  (Fig,  7) 

Based  on  limited  data,  it  appears  as. 
it  the  sliding  resistance  is  character¬ 
ized  by  three  regimes  Originally 
when  carbon  is  present,  r  is  small  and 
of  order  2  MPa1'0  Upon  heat  treat¬ 
ment.  when  the  carbon  is  removed 
and  replaced  by  silica,  r  increases 
substantially.  Since  the  debond  gap  >s 
simitar  m  the  two  instances  *  this 
change  m  r  is  presumed  to  be  associ¬ 
ated  with  an  increase  in  Inchon  coeffi¬ 
cient.  m  Notmg  that  n  for  the  carbon 
layer  has  been  estimated  as  -0.01 
an  increase  :n  r  by  over  an  order  of 


n'jgniude  s-ggests  mat  n  shcu'o  bo 

O'  «r.e  O'SO'  O'  Uf  V  n  TO  piOSOnCO  O' 
s  ca  consistent  w  in  measured  val¬ 
ues  (h«*03  to  08) ,f 

VI.  Concluding  Remarks 
Measurements  of  mechanical  prop¬ 
erties  and  ot  fiber  pullout  lengths  used 
m  conjunction  with  statistical  analysis 
of  fiber  failure  provide  a  consistent  de¬ 
scription  of  the  behavior  ot  a  model 
ceramic-matrix  composite.  Most  im¬ 
portant.  the  transition  fiom  steady- 
state  cracking  to  brittle  fracture  from  a 
single  dominant  flaw  that  occurs  upon 
heat  treatment  m  air  has  been  inter¬ 
preted  <n  terms  ol  changes  that  occur 
at  the  fiber  matrix  interlace  Specifi¬ 
cally  the  replacement  of  a  carbon  layer 
by  a  si'-ca  layer  causes  the  Incnonai 
sliding  of  unbonded  fibers  over  the 
matrix  to  become  substantially  more 
difficult  resulting  >n  fiber  failure  closer 
to  the  crack  plane  The  increase  m 
s  o-ng  resistance  has  been  attributed 
to  an  increase  *n  the  Inchon  coeffi¬ 
cient  Tne  importance  ot  interfaces 
having  a  'ow  Inchon  coefficient  thus 
emerges  as  a  major  conclusion  of  this 
research 


Pullout  Toughening 


e  The  material  is  more  brittle  as  r 

increases. 

e  This  happens  when  SIO* 
replaces  C  at  the  Interface 
(Fig.  2). 

e  Frictional  sliding  along  the 
debonded  interlace  ia  a  major 
contrrbutlon  to  toughness, 
which  varies  as  rh*/R. 

•  Energy  is  dissipated  (as  heat) 
by  frictional  sliding;  this  is  a 
large  effect. 

•  As  r  decreases,  h  increases 
rapidly  and  toughness 
increases. 

Tne  sliding  resistance  r  influences  tne 
pui'out  length  h  end  this  controls  the 
toughness. 
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APPENOIX 

Method  tor  Obtaining  r  from 
PuNout  attribution 
To  (Kilitatt  iht  tvaluation  ot  r  from 
tht  pullout  distribution.  th«  following 
statistical  rasults  art  uaslul.  For  the 
tmgl«*libtr  tansila  lasts,  tha  failura 
probability  can  bt  rspratsntsd  by 

what  L  it  ih*  gauge  length.  The  me¬ 
dian  strength  S,  If  thus  related  to  the 
statistical  parameters  by 

A0S?-2irflf.$7/tln  2)  (A-2) 

Substituting  tor  AcS#  m  Eq.  (4)  then 
gives 


2{m+1)r” 


'[G^MEt] 


Rearranging  Fq.  (A-3)  io  give  r  re¬ 
sults  m 


where  (h)  represents  the  mean  pullout 
length,  excluding  the  fibers  that  failed 
at  the  crack  front  Equation  (A-4)  pro¬ 
vides  a  preliminary  estimate  of  r. 
which  may  be  refined  by  small  itera¬ 
tions  that  provide  the  best  fit  to  the  full 
distribution  at  h>5  jam. 
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Trturi*  In  Inltrfect  dtbonding  hive  been  calculated  during 
fiber  pullout  fur  composites  with  interface*  subject  to  miduni 
inn  via*.  The  debond  behavior  h  shown  lo  depend  sensitively 
un  Ok  thermal  expansion  mismatch.  The  results  ere  uud  u 
Ok  bust*  fur  dutigning  n  pulluul  test  specimen  suitable  fur 
maturing  the  mixed-mode  fracture  energy  of  blmnltriai 
Interfaces.  Tb«  solution*  also  provide  Ok  background  needed 
lu  kin  Ok  rote  of  debondlag  In  Ok  luughuning  of  ctr amici 
by  flbun.  (Key  words:  compoaitet,  fracture,  interfneet,  me* 
ebaakei  properties,  fibers.) 

I.  Introduction 

E.xKjumextaL  observations  reported  in  companion  studies1'’ 
suggest  that,  in  an  important  dart  of  tough  ceramic  compos¬ 
ites,  a  low  fracture  resistance  interface  exists  with  interfaces  sub¬ 
ject  to  residual  tension,  such  that  partial  -.'.sbonding  occurs  on 
cooling.  When  the  matrix  crack  front  s;, roaches  the  fiber,  the 
initial  debonds  extend  along  (he  interface  (Appendix  A)  and  in¬ 
hibit  fiber  failure  (Fig.  I).’  Many  of  the  fibers  thus  remain  intact 
and  allow  toughening  by  bridging  and  pullout/ 

Understanding  of  the  subsequent  events  Involved  in  fiber  fail¬ 
ure  can  be  achieved  by  analyzing  the  behavior  of  debond 
cracks,  as  the  intact  fibers  are  axially  loaded  in  (he  crack  wake 
between  the  crack  surfaces  (Fig.  I).  One  of  the  important  issues 
concerns  the  ability  of  the  interface  to  further  debond  in  the  crack 
wake.  The  incidence  and  extent  of  such  debonding  has  a  strong 
influence  on  the  stress  In  the  fiber  and  thus  on  pullout  toughen¬ 
ing,  through  the  influence  of  (his  stress  on  the  location  of  fiber 

G.L  com»Wu«|  wUor 


failure/  In  order  to  address  this  issue,  the  stress  and  displace¬ 
ment  fields  near  the  debond  tip.  as  well  as  relationships  with 
the  critical  values  for  debond  growth,  are  required.  Some  baste 
mechanics  of  interface  cracks’7'  (Appendix  B1  indicate  that  this 
problem  can  be  studied  by  using  the  crack  (ip  stresses  and 
displacements  to  calculate  the  strain  energy  release  rate  *$  and 
the  phase  angle  of  loading,  4>.  at  the  debond  (Appendix  B).  The 
latter  is  a  measure  of  the  mixity  of  opening  and  shear  along  the 
surface  of  the  debond  crack.  A  numerical  method  it  used  in 
the  present  study  to  cakulau  both  '&  and  4>. 

Further  background  is  provided  by  recent  investigations  of  the 
fracture  energy  of  interfaces,’''  which  indicate  that  such  frac¬ 
ture  can  be  characterized  by  a  locus  Involving  %  and  <b.  More¬ 
over,  for  all-brittle  constituents,  typically  becomes  large  as 
<b  —  ir/2  (Fig.  2).'  because  of  asperity  contacts  on  the  debond 
surfaces  within  a  bridging  zone  near  the  debond  tip.  Evaluation 
of  the  phase  angle  thus  emerges  as  a  vitally  Important  aspect  of 
the  study.  Such  analysis  is  performed  in  the  conventional  manner 
by  ignoring  the  shear  tractions  that  exist  along  asperity  contacts 
In  the  bridging  zone.  Then  the  frictional  contacts  govern  the  frac¬ 
ture  'S.ld),  but  do  not  enter  the  mechanics. 

Several  other  phenomena  having  importance  for  composites 
are  alfo  examined  using  the  present  analysis.  First,  the  calcula¬ 
tion  of  'i  and  d>  can  be  used  to  interpret  pullout  experiments 
which  are  designed  to  measure  the  debond  fracture  energy,  *$,,  at 
large  values  of  the  phase  angle.  Furthermore,  (he  magnitudes  of 
'i  and  also  provide  the  basis  for  determining  whether  fibers  are 
able  to  fail  from  the  end  of  the  debond  rather  than  within  the 
debond  length,  by  weakest-link  statistics.  Understanding  of  these 
fiber  failure  possibilities  is  critical  to  the  analysis  of  pullout  tough¬ 
ing/  Finally,  analysis  of  the  compliance  of  debonded  fibers  pro¬ 
vides  new  insight  about  the  bridging  contribution  to  toughness. 
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II.  Debonding  Mechanics 
ll)  Stress-Free  Composites 

The  stress  on  a  debonded  fiber  caused  by  matrix  opening  re¬ 
sults  in  a  stress  intensification  at  the  end  of  the  debond  such  that, 
in  the  absence  of  contacting  asperities,  steady-sute  conditions 
C4  independent  of  debond  length)  must  obtain  when  the  debond 
length  is  somewhat  larger  than  the  fiber  radius.  Furthermore,  In 
the  absence  of  residual  stress,  the  approximate  steady-sute  strain 
energy  release  rate  *4  can  be  analytically  derived.  This  is  achieved 
for  the  composite  cylinder  shown  in  Fig.  2(A)  by  noting  that  the 
axial  stresses  are  substantially  larger  than  the  radial  and  tangen¬ 
tial  stresses,  whereupon  *4  is  closely  related  to  the  strait.-  energies, 
U,  in  regions  (i)  and  (ii)  of  Fig.  2(B)  by 

<4  «  (U,  -  UDI’lnaut  (I) 

where  a  is  the  fiber  radius  and  Af  is  an  increment  in  debcr.d 
length  (Fig.  2(B)).  it  is  straightforward  to  derive  the  strain  ener¬ 
gies  as 


(2o) 


U, 


ira’Af 

2£> 


i  -/g/ArJ 

/  Eu\t, 


(2b) 


rn.  i.  Schematic  diagram  indicating  crack  front  and 
wake  debonding  in  fiber-reinforced  ceramics. 
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(*»  W  («> 

Fig.  2.  (A)  The  composite  cylinder  used  for  analysis  and  (B)  the  regions  of  uress  release  In  steady  state. 


where  £  It  Young's  modulus,'  and  (he  stresses  or/  and  or.  are 
given  by 

<r,m/+iv I  “/)' 

C“mfrl( I  -/)' 

with  I.*  £./£/.  Inserting  U  from  Eqs.  (2)  into  £q.  (I)  gives 


25 

r'a 


(3) 


It  Is  noted  that  in  bimaterial  systems  with  equal  Poisson's  ratios 
(i.e.,  vj  -  v.)  loaded  with  an  axial  stress  r,  the  interface  pressure 
and  therefore  the  radial  and  tangential  stresses  arc  zero.  In  this 
Instance,  the  expression  for  'i  given  by  Eq.  (3)  Is  exact.  The 
trends  in  nondimcnslonal  'i  are  plotted  in  Fig.  3. 

Further  progress  Is  achieved  by  numerically  evaluating  the 
strain  energy  release  rate  and  the  phase  angle  at  the  debond  front, 
using  a  finite -element  procedure  developed  for  interface  cracks' 
(Appendix  C).  The  finite-element  equations  were  solved  for  the 
fiber/matrix  unit-cell  boundary  value  problem  shown  In 
Fig.  2(A).  Because  of  the  axisymmetry  of  the  problem,  it  is  suffi¬ 
cient  to  solve  the  finite-element  equations  in  only  a  radial  plane 
of  the  unit  cell.  A  typical  finite-element  mesh  with  the  boundary 
conditions  is  depicted  in  Fig.  4.  The  results  of  the  finite-element 
calculations  are  summarized  in  Figs.  3,  5,  and  6.'  Steady-state 
conditions  are  confirmed  when  the  debond  length  (aa 
(Fig.  2(A))  such  that  the  steady-state  nondimcnsional  strain  energy 
release  rates,  f/S/l’a,  agree  closely  with  the  analytical  solutions 
(Fig.  3).  The  steady-state  phase  angles  are  strong  functions  of  the 
relative  modulus,  £//£„,  and  of  the  relative  Poisson  ratio  sy/v. . 
It  is  convenient  to  express  these  trends  by  means  of  a  nondimen- 
sional  phase  angle,  <!>’  (Appendix  B),  as  depicted  in  Fig.  6  and 
Table  I.  The  phue  angle  is  typically  large  (<|i*  >  I),  indicative 
of  large  relative  shear  displacements  along  ihe  ucbor.d  surfaces 
It  is  also  noted  that ‘S  has  a  finite  value  at  f  ■  0.  governed  by 
the  matrix  crack  singularity.  The  associated  nondimcnsional  <9  for 
the  homogeneous  material  is  0.06, 14  consistent  with  the  present 
calculations  (Fig.  3). 


tinofatfe,  dw  wtaenpu/wd  at  will  be  used  to  represent  quantities  rekviat  to 
Ac  fiWt  mi  mMni,  respectively. 

Thant  results  com  mood  to t  crock  tip  lytttnt  (sac  Fig.  II)  whore  the  atutrtr  U 
lohort  to  mmritl  I  mi  OajUtru  mtttritl  2. 


Fiber  Volume  Fraction  I 

Fig.  3.  Trends  in  steady-state  strain  energy  release  rate  with 
volume  fraction:  both  approximate  analytical  and  numerical 
results  are  plotted.  The  numerical  results  were  obtained  for 
Poisson's  ratios  v,  ■  s-„  ■  0.23:  X  ■  EJ£t 
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!  V  Creek  Tip  Region 

d)  Up  •  o  Metrlx 


Conatent  Surfece 


Fig.  4.  Typical  finite -element  mesh  and  the  boundary  conditions  used 
in  solving  the  problem  shown  in  Fig.  2(A). 
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Fig.  J.  NondlRMiKtonil  strain  (n<r|y  relent  rale 
' itf/r *  sod  nondimentiwul  phase  angle.**:  trends  with 
debond  Itneth  (/a  for  i  fibei  volume  fraction/  ■  O.IJ 
end  Potseons  ratio*  ty  •  h„  «  0.25. 


0  12  3  4 


Modulus  Ratio  Em/Ef 


Fig.  i.  Noodimensional  strain  energy  releases  nit  and 
shate  angle:  trends  with  modulut  ratio  sad  volume  fraction 
for  */  m  v.  m  0.25. 


Tehk  I.  Mam's  RaiW  Effects  <M  the  Slrw  Intenaieies  at 
the  Crack  T»  ef  a  Dthsadid  Fiber,  EJE,  m  I 


/ 

if  uy> 
|V* 

ha  (*4*1 

TvT 

£! 

«< 

1> 

« 

O.IJ 

0.3 

0.2 

0.132 

0.461 

0.215 

10.5 

O.IJ 

0.25 

0.25 

0.117 

0.463 

0.214 

10.5 

0.15 

0.2 

0.3 

0.104 

0.467 

0.214 

10.5 

0.30 

0.3 

0.2 

0.112 

0.419 

0.176 

10.2 

0.30 

0.25 

0.25 

0.094 

0.421 

0.175 

10.2 

C.J0 

0.2 

0.3 

0.079 

0.426 

0.175 

10.3 

0.J0 

0.3 

0.2 

0.079 

0.357 

0.125 

9.9 

0.50 

0.25 

0.25 

0.060 

0.351 

0.124 

10.0 

0.50 

0.2 

0.3 

0.044 

0.362 

0.124 

10.0 

(2)  If  uUmeJIy  StntttJ  Compotius 
When  the  thermal  expansion  coefficient  o l  the  fiber.  o>y,  ex* 
eecds  that  of  the  matrix,  ol.,  the  Interface  is  subject  to  residual 
tension  upon  cooling  and  the  debond  energy  release  rates  are  en¬ 
hanced.  These  energy  release- rates  can  be  calculated  by  noting 
that  the  stress  intensities  from  the  applied  loads,  and  from  the  re¬ 
sidual  field,  can  be  linearly  superposed.  The  stress  intensities  In 
Steady  state  provided  by  the  residual  and  applied  fields  have  thus 
been  calculated  using  finite  elements'  (Appendix  C)  with  the 
boundary  adjusted  to  enturt  that  the  shrinkage  of  the  unit  cell 
shown  in  Fig.  2(A)  is  compatible  with  its  neighboring  celts.  For 
an  elastically  homogeneous  composite  (I  »  I),  the  net  stress  in¬ 
tensities  K  r  on  the  stressed  fibers  in  the  matrix  crack  wake  are 


aSr?.-***™’ 

ssvr-'-51*0-4* 


(■hi) 

(4*) 


where  Aa  *■  oy  -  a.  and  AT  is  negative  and  r  ■  r/£AaAT. 
Corresponding  results  for  composites  having  inhomogeneous 
clastic  properties  can  be  expressed  in  general  by 


Re  (Arfa“) 
fyAaATVn 
Lm  {Kra“) 
f/AaArVa 


C,  +  C,fy 
C,  +  C,fy 


(Jo) 

(5*) 


where  Ty  ■  r/FyAoAT,  Re  and  lm  refer  to  the  teal  and  imaginary 
components  of  K,  respectively  (Appendix  B),  and  the  coefficients 
r,  depend  on  the  elastic  properties,  as  summarized  in  Table  II. 
The  results  cad  now  be  expressed  in  terms  of  a  strain  energy  re¬ 
lease  rate  <ir/£/o(AaAT)>  and  the  noodimensiooal  phase  angle, 
(Appendix  B),  as 


MAoAD1  “  +  +  *,T/1 

..  TRo  \Af . 


with  k,  being  the  coefficients  presented  in  Table  II,  leading  to  the 
trend  in  *4r  plotted  in  Fig.  7(A);  is  the  function  plotted  in 
Fig.  7(B).  Several  aspects  of  the  results  are  noteworthy.  Before  a 
stress  r  is  applied,  *4  has  a  residual  value  and  a  large  negative 
phase  angle.  Application  of  stress  initially  causes  <4  to  decrease, 
because  the  phase  angle  governed  by  the  applied  loading  and  the 
residual  field  have  opposite  sip.  Consequently,  d>*  changes  sign 
from  negative  to  positive  at  a  stress  r  ~  EyAoAT.  As  r  becomes 
larger  than  £/AaAT,  *4  increases  monotonically  with  r,  and  when 
t  2  Jf/AaAT,  <4  has  essentially  the  value  expected  from  the  ap¬ 
plied  load  atone  (Eqs.  (6)). 
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HI.  Crack  Surface  Cowythacw 

The  relationship  between  the  Tibet  sractioAS,  I,  and  the  crack 
opening,  u,  which  go  verm  the  bodging  contribution  to  tough* 
nett4  can  alto  be  deduced  from  the  numerical  retulu,  at  tumma* 
rued  in  Fig.  t.  Linear  behavior  obtain!,  at  expected  foe  steady 
wait,  wch  tkat  in  the  absence  of  tetidual  tntt 

^-W.D  +  XAJ.j  (9) 

m  C 

when  M/  -  1.2)  are  coefficients  that  vary  minimally  with  Z 
and/ (Fig.  I  and  Table  HI).  Upon  asperity  contact,  smaller  val¬ 
ue!  of  X  obtain  and  arc  subject  to  further  study. 

A  generalised  expression  for  the  tout  matrix  crack  Opening  wr 
produced  by  the  applied  loads  <  and  thermal  stress  E/AoAT  can 
alto  be  obtained  using  the  finite-element  results  as 


ur  -  oAnATCf,  +  gxr,) 

m 

where 

Xl  "  X|(/,I)  +  X;(Z)  — 
a 

(4b) 

ft  ■  Xj(/,  Z)  +  X«(Z)  •— 

a 

(4c) 

with  X,  (f  -  1,4)  given  in  Table  III  (see  also  Fig.  t).  These  re¬ 
sults  will  be  used  below  to  discuss  toughening. 


IV.  Fiber  Cracking 

Some  understanding  of  fibtr  cracking  can  be  achieved  by  esti¬ 
mating  the  strain  energy  release  rates,  <r,  associated  with  a  small 
kink  crack  in  the  Tiber,  at  the  end  of  the  debond.  For  a  kinked 
crack  in  a  homogeneous  clastic  body  (I  «  l)  the  stress  intensity 
factors  at  the  kink,  A,  and  Aj,  are 


A|  *  C11A1  +  C|jA« 

(9o) 

A,  -  Cj,A,  +  CaA« 

(9b) 

where  A(  and  A'a  refer  to  the  primary  crack  and* 

C„  -  -j-^3  cot  y  +  cos  yj 

(10a) 

C„-  -~(smY  +  sin  yj 

(106) 

Table  II.  Energy  Rrienee  Hate  and  Phase  Angle 
Parameters  for  K  arid  unity  Stressed  Campaeltee  (/  ■  1.2), 
_ *)»«..»  >.25 _ 


t.ir. 

c. 

C,  c. 

C. 

*.  »» 

r. 

0.4 

1.0 

2.3 

OOO 
U»J  — 

MwlwJ 

Ctbfo 

0.021  -0.296 
0.1 10  -0.301 
0.233  -0.771 

0.307 

0.449 

0.544 

0.119  -0.240 
0.314  -0.370 
1.446  -0.4)0 

OOO 

£85 

(10c) 

C|J  «  -J^CM  y  m  3  COS 

(1 W) 

with  p  being  the  kink  angle  (Fig.  9).  The  energy  release  rale  *4* 
of  the  kink  crack  is  thus 

*  -  —HKj  +  A*i) 

■  £ — [(C„X-|  +  C„tf«)s  +  (Cj|A,‘i  +  C-jA'a)5] 

1  -  us 

--j-faiKi  +  ^iKe  +  ajA'J)  (II) 

or 

*4*  _  <t.  +  d)  arcun  (<W  +  a  Jarctan  (*)F 

? - r+iwcunw)F -  t,2) 

where 


fli  ■  7  +  -7  cos’  -f-  +  T  C01  Z1  +  V  C01  ^ 

*2  <<  1  o 

Ul  -  -sin  p  -  7  sin  1(i 

5  ^  I  ,  .  P  A  3  „  3 

a‘ "  T  +  T In"  T  +  7  C0‘  ^  ~  J  C<H  ^ 


Differentiation  to  obtain  the  maximum  in  the  fiber  gives 


d# 

dp 


m  0  - 


(13) 


Fig.  7.  (A)  Variations  in  total  nondimensionsl  debond  strain  energy  release  rate  with  nondimensionsl  applied  stress  for  several 
clastic  modulus  ratios  and  Ttxed  Poisson's  ratios,  sy  ■  v.  «  0.25.  (B)  Trends  in  phase  angle  with  nondimensional  stress  for  several 
elastic  modulus  ratios. 
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n*.».  TrtsJs  la  nooJimtniwnjI  wmaliinet  »uh  ikboaJ 
Ur.jih  for/  «  0.1}  and  v,  «  tr„  «  O.IJ 


where 

~  *  impel  ♦  cot  ft) 

~  »  I  -  coipO  +  Icoip) 

“  -  -y  sin  0(1  -  3co *p) 

The  resultant  maximum  It  plotted  in  Fif .  9.  It  if  apparent  (hit  *5 
foe  ihc  lank  crack  U  only  slightly  larger  than  that  for  ih«  Interface 
crack  at  all  r.  indicating  that  Jtbondt  art  not  aptettd  to  teuit 
fiber  trading.  Thti  cooclujion  haf  been  confirmed"  by  further 
studies  for  the  general  caic,  I  >*  I  The  problem  of  fiber  failure 
in  (he  wake,  at  it  relates  to  toughening,  thus  appears  to  be  domi- 
luted  «y  statistical  considerations,  as  elaborated  below. 

V.  Wake  D< bonding 

The  trends  in  '4  with  the  traction  t  excited  by  the  extending 
matrix  crack  provide  insight  concerning  debonding  in  the  crack 
wake.  First,  it  is  noted  that  for  the  case  of  tensile  residual  stress 
at  the  interface,  the  steady-state  nature  of  4  would  cause  the 
debond,  once  critical,  to  extend  a  considerable  distance  along  the 
interface.  However,  in  many  eases  such  extensive  debonding 
would  be  inhibited  either  by  friction  at  asperities  on  the  debond 
interfaces  (which  causes  *4  to  become  smaller  than  indicated 


by  the  present  calculations)  or  by  fiber  failure,  as  elaborated 
below.  It  1$  also  evident  from  the  nondimensiooa!  parameter  '</ 
£foUaA7’)>  that  debonding  is  more  likely  T9  increases)  as  the 
fiber  radius,  the  fiber  stiffness,  and  the  misfit  strain  increase. 
Furthermore,  since  *4  initially  decreases  upon  fiber  loading 
(r  >  0),  a  threshold  stress  mutt  be  involved  in  debond  extension 
in  the  crack  wake.  Specifically,  *4  must  at  least  exceed  the  value 
at  r  ■  0  before  the  debond  extends. 

A  quantitative  assessment  of  debonding  would  require  know), 
edge  of  the  interface  fracture  locus  1,(4)  as  wtU  as  the  fiber 
bundle  strength  5„  given  by11 

S>  -  (Ml 

where  S*  and  f*  arc  the  teak  parameters  and  m  is  the  shape  pa¬ 
rameter.  at  governed  by  the  fiber  strength  distribution.  Specifi¬ 
cally.  the  competition  between  debonding  and  fiber  failure  in  ihc 
wake  may  be  addressed  if  r  in  Eq.  6(u)  is  replaced  by  (Eq.  (14)) 
and  'S'  equated  to  %  at  the  relevant  d.  In  particular,  the  magni¬ 
tude  of  the  tkbood  length  l*  at  which  fiber  failure  occurs  in  pref¬ 
erence  10  further  debonding  can  be  readily  derived  at 

_  (WE.ArUTT _ _ 

If 

115) 

Debonding  would  proceed  until  t  reaches  (*,  whereupon  fiber 
failure  would  occur.  The  actual  locations  of  the  fiber  failures  art 
given  by  statistical  arguments.1 


f  *:  I 

Ts;T5S 


*i + ■«, 


(*' "  5JwoIr?) 


VI.  Toughening 

When  the  composite  is  subject  to  tensile  residual  stress  at  the 
interface,  the  present  analysis  has  revealed  that  a  potitivt  mode  I 
exists  along  the  debond.  Consequently,  sliding  and  classical  pull¬ 
out  contributions  (0  toughness  only  exist  if  ihc  fibers  arc  rough 
and  fnciion  is  provided  by  asperity  contact.  In  practice,  fibers  arc 
not  straight  and  debonded  interfaces  arc  not  smooth.1  \  sliding 
resistance  thus  usually  exists.11  having  magnitude  governed  by 
the  frictional  characteristic  of  the  debonded  interface. 

When  conditions  of  debonding  without  friction  exist,  the  fibers 
primarily  contribuic  to  toughness  through  crack  bridging.  The 
bridging  contribution  to  roughness  can  be  derived  from  the  com¬ 
pliance  relations  derived  in  Section  HI  by  noting  that  the  asymp¬ 
totic  toughening  is11 

r‘ 

XS,  -  2/  Au)Ju  (16) 

where  5  is  the  axial  stress  of  which  the  fibers  fail.  This  topic  Is 
elaborated  elsewhere. 11 


Table  III.  Coefficients  A'  (f  ■  1.4)  Used  in  the  Interpolation  of  the  Matrix  Crack  Opening 


Kii.n 


T 

/- 005 

/•O.l 

/«  OJ 

/-0) 

/•04 

r*Qi 

/  ■  0.6 

/-  07 

0.4 

3.22 

3.42 

2.04 

1.76 

1.55 

1.40 

1.28 

1.19 

1  A 
•  tv 

1.85 

1.96 

1.30 

1.14 

1.00 

0.87 

0.75 

Wm 

2.5 

0.96 

1.01 

0.72 

0.64 

0.57 

0.49 

0.41 

T 

/-00J 

/•01 

/•  02 

/»  01 

/- 04 

/«  OS 

/•  0.6 

/-  0.7 

0.4 

2.59 

2.75 

1.64 

1.42 

1.25 

1.12 

1.03 

UliMF  TBfel 

1.0 

1.73 

1.84 

Mila  P 1  iHiJi 

1.07 

0.94 

0.81 

0,70 

2.5 

1.05 

III 

r  .-■£ 

071 

0.62 

0.54 

0.44 

5®Bl  L 

T 

A-(Il 

-x.tl) 

0.4 

0.838 

1.062 

1.0 

0.910 

1.058 

2.5 

0.964 

1.043 
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Subsequent  to  Tiber  failure,  some  closure  of  ihc  debonJ  surface 
generally  occurs  and  the  pullout  motion  of  the  fibers  is  typically 
resisted  by  frictional  contact  at  asperities,  as  expressed  by  a  shear 
resistance,  r„  Pullout  then  hat  a  profound  effect  on  the  mechani¬ 
cal  properties.  Thf*  phenomenon  intimately  involves  statistical 
considerations  through  the  location  of  Tiber  failure.4  However, 
fiber  failure  and  pullout  based  on  a  comma!  shear  resistance  r,4 
is  clearly  an  oversimplification,  especially  prior  to  fiber  failure 
when  asperity  contact  can  be  affected  by  openinc  of  the  de- 
bond  surfaces.  A  more  complete  analysis  of  the  pullou*.  that  in¬ 
corporates  these  effects  U  in  progress. 

Ml.  Closure 

The  present  article  has  provided  rigorous  solutions  for  the  me¬ 
chanics  of  debonded  interfaces  in  composites  with  interfaces  sub¬ 
ject  to  residual  tension.  Steady-state  behavior  at  the  debonds  has 
been  demonstrated  with  a  phase  angle  that  depends  sensitively  on 
the  rcsidual/spplicd  stress  ratio  and  on  the  elastic  properties  of 
the  fiber  and  the  nutria.  The  results  of  this  analysis  have  been 
used  to  derive  conditions  for  fiber  tkbonding  in  the  crack  wake, 
to  ascertain  fiber  failure  criteria  pertinent  to  fiber  pullout  and 
toughening  and  to  examine  the  role  of  debonding  and  residual 
stress  In  fiber  bridging  toughness. 

The  actual  fiber  response  in  Ihc  crack  wake  is  undoubtedly 
more  complex  than  the  symmetrical  debond  configuration  con¬ 
sidered  In  the  present  analysis.  However,  debonding  should  pro¬ 
ceed  in  a  manner  that  restores  symmetry,  since  asymmetric 
debonds  are  subject  10  antiplane  shear  as  well  as  in-planc  shear 
i.«i  opening.  Consequently,  while  more  complex  calculations 
would  be  envisioned,  it  does  not  appear  that  additional  Insight 
would  emerge. 


APPENDIX  A 


Crack  Front  Debonding 


In  a  composite  containing  fibers  with  partial  thermal  debonds 
(Fig.  Al),  growth  of  the  debonds  can  occur  upon  passage  of  the 
matrix  crack.  Specifically,  the  debond  experiences  a  biaxial 
stress,  in-planc  strain,  from  the  approaching  matrix  crack  given  by 


<rM 


(A-ln) 


(A-IM 


t/E(Aor  AT 


FI*. ».  Variations  in  nondimensional  maximum  energy  release  rate  for  a 
kink  crack,  with  nondimensional  applied  sliest;  homogeneous  system 
(2  «  I);  comparison  wiih 


«■  ■  9  +  Yf<r-  + 


(A-0 


whereupon  Eq.  (A-3)  becomes 


Jfl. 

*  |{a) 


"*  **£?*■ 


(A-J) 


The  quantity  [A]  attains  a  maximum  as  r  —  a.  While  not  strictly 
valid  in  this  limit,  it  is  insightful  to  obtain  the  maximum  from 
Eq.  (A-3)  as 


*.l(«)  "  K.  2V2 


(A-6) 


It  is  apparent  from  the  functional  form  of  g(a)  depicted  in 
Fig.  Al  thru  a  tower  bound  condition  exists  below  which  debond¬ 
ing  cannot  occur.  This  condition  involves  the  peak  value  of  g(a) 
that  occurs  when  a  “  0.3rr 


where  AT.  is  the  matrix  roughness,  and  r  is  the  distance  from  the 
crack  front.  The  stress-intensity  factors  at  a  debond  subject  to  bi¬ 
axial  stress  <r  art14  (2  -  1) 


A, 

oVm 


*B 

oVwfl 


'1  1w 

-  sic  'x{I  +  cos  a) 

,  1 -  —  - ■*— 


[ 


1  +  —  sin’  a 
Y  sin  a(l  -  cos  a) 


ut 


1  +  y  sin’  a 


(A-2n) 


(A-2i) 


where  2a  Is  the  angle  included  by  the  debond  (Fig.  Al).  The 
modulus  of  A  is  ihus 


1*1 

aVira 


.  1 

sin  —  a 
2 


l  +  y 


j(a) 


(A-3) 


iia)  »  0.76 


(A-7) 


where  g(a)  is  plotted  in  Fig.  Al.  Noting  that  <r  derives  from  both 
the  crack  tip  field  and  die  residual  stress  q  gives 


Fig.  Al.  Normalized  modulus  |K|  of  the  stress  intensity  factor  it 
fiber  thermal  debonds  due  to  the  presence  of  the  matrix  crack. 
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Intarlact 


>2)  Ej, Mj  <5 ■tan*1  (v/u) 

FI*.  >1.  DisplKtmrnl  ftt.’J  associated  with  a  crack  it  1  bimi- 
lend  Interface. 


Consequently,  by  equating  [A1-*  to  the  fracture  resistance  of  the 
interface  |X*|(sk),  the  lower  bound  debonding  condition  becomes 


rl  +  2v 

JT7T 


+ 


?Vtra\ 

*.  1 


(A-8) 


This  result  is  used  in  Section  V  to  conclude  that  wake  debonding 
is  preferable  to  Tiber  failure  at  the  end  of  the  debond  (recognizing 
that  the  critical  values  of  K  for  the  Tiber  and  matrix  are  typically 
of  similar  magnitude). 

Another  important  feature  of  the  debonding  problem  evident 
from  Fig.  A1  is  the  realization  that  complete  circumferential 
debonding  is  unlikely  to  occur,  because  g(a)  -*  0  as  a  —  it. 
Consequently,  the  matrix  crack  is  unlikely  to  encounter  a  fully 
debonded  Tiber.  This  realization  emphasizes  the  importance  of  the 
conclusions  reached  In  Section  V  that  wake  debonding  occurs 
mete  readily  than  Tiber  failure  when  condition  (A-8)  is  satisfied. 

An  analysis  similar  to  that  presented  in  this  appendix  has  been 
independently  conducted  by  Nix." 


APPENDIX  B 

Mechanics  of  Interface  Cracks 

The  small  strain  linear  elasticity  singularity  solution  in  the 
crack  tip  region  can  be  developed  using  the  bimaterial  constant  c, 
which  for  plane  strain  is  defined  following  Rice  and  Sih*  and 
Rice4  as 


c 


±tai±£ 

2ir  1  -  ft 


(B-l) 


where 

fi  -  -  2*7)  -  (I  -  2k,)]/ 

Jjjjo  ~  S«j)  +  (I  ~  v,)j 

is  one  of  the  plane  strain  Dundurs  parameters11  and  Gt  and 
«',((•*  1,2)  are  the  shear  modulus  and  Poisson’s  ratio  for  ma¬ 
terials  I  and  2,  respectively.  The  traction  at  a  distance  r  ahead 
of  the  crack  tip  is  then  given  by 


era  +  (or,,  -  (B-2) 

where  l  **  V-7  and  K  =  Re  (X)  +  l  im  fK)  is  the  complex 
stress  intensity  factor  introduced  by  Rice*  and  Hutchinson  et  al.u 
Furthermore,  the  relative  plane  strain  displacements  of  (wo  points 
at  distance  r  behind  the  crack  tip  on  (he  top  and  bottom  crack 


surface*.  Au,  and  Au,  (Fig.  Bl),  art  also  given  In  term*  of  the 
•ornplex  A,*  and  the  bimaterial  constant  «  a*  follows: 


Am,  +  (Am,  ■  - G>  ■  . /  jL.f" 

'  ‘  (1  +  2 It)  coth  (tr«)  V  2* 


(B-3) 


The  energy  release  rate  per  unit  of  new  crack  area  1  in  terms  of 
the  complex  stress  intensity  factor  K  it 


1  - 


I  ~  f|  +  I  ~  Mi 

wb 

4  cosh*  (ire)  11 


(B— I) 


where  (XIs  ■  KV  is  the  modulus  of  the  complex  stress  intensity 
factor,  X. 

The  complex  stress  intensity  factor  AT  can  be  expressed  In 
terms  of  its  modulus  |A'|  and  phase  angle  d>: 

A.'  ■  [ATI***  (B-5) 

When  alt  complex  quantities  are  expressed  in  polar  form, 
Eq.  (B-3)  yields  an  expression  for  the  phase  angle  ♦.  such  that 

«k"$  +  B-  elnr  (B-6) 

where  4  «  arctan  (Am, /Am,)  and  B  “  arctan  (2c)  arc  both 
uondimensional,  whereas  the  c  In  r  term  Is  unit  sensitive.  This 
peculiarity  of  the  phase  angle  has  been  recently  examined  by 
Rice1  with  the  conclusion  that  provides  a  proper  characterizing 
parameter,  provided  that  lengths  arc  measured  using  consistent 
units  (typically  micrometers).  While  it  is  important  to  use  d>  to 
describe  fracture  data,  it  is  convenient  to  present  calculated  phase 
angles  using  a  scale-invariant  form: 

Ka-  -  !AV  (B-7) 

where  +  e  In  a  with  a  being  a  characteristic  dimension, 

in  this  case  the  Tiber  radius. 


APPENDIX  C 


A  known  finite-element  solution  to  a  linear  elastic  boundary 
value  problem  which  involves  a  crack  with  traction-free  surfaces 
can  be  used  in  conjunction  with  Parks’  stiffness  derivative  method5® 
to  evaluate  with  sufficient  accuracy  the  associated  energy  release 
rale  <i."  In  summary,  ‘S  is  given  by 


<1 


1 

7 


2 


(C-l) 


where  {u*}  denotes  the  nodal  displacement  vector,  (5]  the  stiff¬ 
ness  matrix,  and  9/i(  differentiation  with  respect  to  crack 
length.  The  symbol  2  implied  summation  over  all  the  distorted 
elements  during  the  virtual  crack  extension.  The  method  is  still 
valid  in  the  case  of  bimaterial  crack  problems  as  long  as  the  crack 
surfaces  remain  traction  free. 

Consider  a  bimaterial  problem  for  which  it  is  desired  to  com¬ 
pute  Re  (X )  and  Im  (X).  First,  solve  the  boundary  value  problem 
by  the  finite-clement  method  and  find  {u*}.  From  this,  compute 
*8  by  the  virtual  crack  extension  technique  summarized  by 
Eq.  (C-l).  Then  add  to  {u,v}  the  displacements  {Awl}  for  a  prob¬ 
lem  in  the  same  geometry  but  for  which  Im  (AT)  ■  0  and  Re 
(X)  -  A  Re  (X). 

A  new  value 'S  +  A|*8  can  now  be  obtained  through  Eq.  (C-l) 
for  the  nodal  displacements  {w,v  +  Au*}.  The  result  for  this  cal¬ 
culation  can  be  shown  to  be  such  that  the  change  in  the  value  of 
<8  is 


A, <8  -  -j-[A  Re  (X)5  +  2  Re  (X)A  Re  <X)]  (C-2) 

H 

Solving  for  Re  (X)  gives 
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The  second  term  can  be-  neglected  compared  with  the  first  tf 
A  Re  (AT)1  it  aelected  to  be  jmall.  The  procedure  can  be  repeated 
for  an  added  vector  (Au?)  such  that  Re  (AT)  »  0  and  im  <A‘)  - 
A  !m  (Af),  in  which  cate  an  expression  for  Re  (AC)  can  atio 
be  derived. 

The  vector*  (AwJ,}  and  (AuJ)  compote  let*  of  virruai  displace* 
menu  and  can  represent  any  problem.  Funhermort,  it  should  be 
noted  that  the  virtual  field  is  needed  only  for  the  nodes  associated 
with  the  distorted  ring  of  elements.  In  view  of  this,  the  asymp* 
totic  crack  tip  displacements  can  be  used  everywhere  as  a  suit¬ 
able  field. 

When  Im  (AT)  ■  0  and  Re  (AT)  -  A  Re  (AT) 


A  Re  (AT) 


sr  I  +  C 


whereas  when  Re  (A')  «  0  and  im  (AT)  "  A  Im  (A') 

.  q  A  Im  (A")  [7  t M  ,9,  .  . 

^  "  IcT  '<■'*'*>  «C~« 

whem 

f[[r,i,t.pi)  ■  Dy  +  25y  sin  4  sin  d> 

/J(r.4.c.Mi)  ■  ~C,  -  2«y  sin  4  cos  A 

/ffr.d.e.fty)  ■  -C,  +  2Sj  sin  4  cos  A 

/1(r,6,c,p,)  -  -D,  +  25;  sin  4  sin  A 

The  constants  C,,D,,6,,  and  A  arc  functions  of  the  material  con¬ 
stants  and  location  In  the  continuum.  They  are  given  as  follows: 

a,  «  t 

S,  -  «•«”"* 


A  ■  e  In  r  +  — 

_  6-6 

C,  -?y/Cosy-/3y  sin- 

9—6 

0/ "/ty cosy +  ?y  sin  Y 

„  0.3  cos  (e  In  r)  +  e  sin  (e  In  r) 

p - - - 

-  0.5  sin  (e  In  r)  -  e  cos  (e  In  r) 


0.23  +  e1 


y,  -  pf  S,  -  - 

Y,  -  Pfi,  +  7 


13  -  4t»y  plane  strain 

Y>  (iJ  ~  Vy)/(1  +  Vf]  plane  stress 

In  the  above  equations,  J  is  a  material  Index  which  takes  the 
values  I  and  2  for  materials  I  and  2,  respectively  (Fig.  Bl). 
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Abstract 


The  competition  between  initial  fiber  debonding  versus  fiber  failure  marks  a  crucial 
event  of  the  microatructural  failure  process  in  fiber  reinforced  brittle  matrix  composites. 
In  this  study,  the  role  of  a  thermal  residual  stress  field  on  the  debonding  conditions  is 
examined  theoretically  and  analytically.  The  analysis  is  based  on  two  critical  observations, 
the  first  being  that  the  mechanics  at  the  tip  of  a  kink  crack  are  driven  only  by  the  singularity 
at  the  main  crack  tip.  Following  from  the  first  is  the  second  observation  that  any  thermal 
stress  effects  on  the  debonding  criteria  should  enter  only  through  the  phase  angle  of  the 
total  stress  intensity  factor  at  the  main  crack  tip.  In  general,  this  stress  intensity  factor  has 
a  thermal  as  well  as  a  mechanical  load  contribution.  It  is  shown  that  when  the  thermal 
and  mechanical  stress  intensities,  KR  and  A'1  respectively,  are  in-yAwe,  i.e.  \&R  = 
the  existing  debonding  conditions  arc  universal  and  can  be  used  even  in  the  presence  of 
thermal  loads.  On  the  contrary,  when  KR  and  A'1  are  out  of  phase,  i.e.  jh  events 
such  as  the  delamination  of  thick  films  or  debonding  of  inclined  aligned  fibers  in  brittle 
matrix  composites  become  sensitive  to  the  presence  of  the  thermal  stresses. 

« 

1.  Introduction 


The  “ductility”  and  toughness  of  brittle  matrix  fiber  reinforced  composite  systems 
crucially  depend  on  the  competing  effect  of  initial  fiber  debonding  versus  fiber  failure 
(1,2).  The  choice  of  the  favored  event  is  made  at  the  microstructural  level  by  the  matrix 
crack  early  on  in  the  failure  process  of  the  composite.  Initiation  of  matrix  cracking  marks 
the  first  step  of  failure  of  the  composite.  The  mechanics  for  this  phenomenon  have  been 
extensively  analyzed  in  recent  years  (3-5).  Subsequent  to  matrix  cracking  initiation,  the 
matrix  crack  driven  by  the  mode  I  (6)  stress  intensity  factor,  A'/,  propagates  through 
the  matrix  and  intercepts  the  fiber  reinforcements  (Fig.  la),  an  event  that  signifies  the 
beginning  of  the  second  step  of  microstructural  failure.  At  this  configuration  (Fig.  la),  the 
matrix  crack,  still  dominated  by  the  opening  mode  (mode  /),  eventually  favors  one  of  two 
virtual  crack  paths:  the  mode  I  straight-forward  path  (Fig.  lb)  or  the  mixed  mode  (7-11) 
interface  path  (Fig.  lc).  In  the  first  case,  if  the  available  energy  release  rate  at  the  0° 
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fiber  kink  crack  (Fig.  lb)  exceeds  the  fracture  toughness  of  the  fiber  £/e,  the  matrix  crack 
encounter*  no  further  resistance  and  thus  propagates  catastrophically  through  the  fiber 
reinforcements  triggering  a  brittle  tyge  failure  of  the  composite  resulting  in  minimum  or  no 
macroscopic  “ductility”  and  composite  toughness.  On  the  other  hand,  if  the  crack  kinks 
at  a  90*  angle  relative  to  the  initial  matrix  crack  plane,  i.e.,  fiber  ieboniing  along  the  fiber 
matrix  interface  (Fig.  lc),  substantial  toughening  can  occur  due  to  fiber  bridging  and/or 
subsequent  frictional  fiber  pull-out  as  discussed  elsewhere  [7,12-15).  Thus,  in  optimally 
designed  high  toughness  fiber  reinforced  systems,  initial  fiber  debonding  is  a  salient  feature 
of  the  composite  microatructural  failure  and  marks  the  activation  of  various  toughening 
processes  in  the  composite.  Despite  its  importance,  rigorous  solutions  pertinent  to  initial 
fiber  debonding  conditions  were  unavailable  until  recently. 

In  characterizing  the  debonding  process,  He  and  Hutchinson  [9],  Evans  et  al.  [10] 
and  Thouless  et  al.  [11],  derived  conditions  for  fiber  failure  versus  initial  fiber  debonding 
pertinent  to  the  competing  fracture  processes  depicted  in  Figs,  lb  and  lc  respectively. 
Such  debonding  conditions  were  obtained  [9,10]  for  a  wide  range  of  bimaterial  systems, 
interface  characteristics  and  fiber  orientation.  In  their  studies,  He  and  Hutchinson  [9]  were 
concerned  with  two  competing  incipient  kink  cracks  (cracks  of  infinitesimal  length),  i.e., 
the  fiber  and  the  debond  kink  cracks  shown  schematically  in  Figs,  lb  and  lc  respectively. 
To  assure  generality  of  their  solutions,  the  energy  release  rates  and  the  phase  angles  at  the 
tip  of  each  of  these  incipient  cracks  were  obtained  from  an  existing  singular  stress  field  at 
the  tip  of  the  main  matrix  crack  and  the  corresponding  kink  angle  relative  to  the  matrix 
crack  plane.  Subsequently,  fiber  debonding  conditions  were  derived  from  the  ratio  Gk/GT, 
where  Gk  and  GT  are  the  computed  energy  release  rates  at  the  tip  of  the  interface  (Fig.  lc) 
and  fiber  (Fig.  lb)  kink  cracks  respectively.  In  summary,  for  a  homogeneous  composite 
system  and  for  a  network  of  reinforcements  aligned  in  the  direction  of  the  applied  loads  at 
90*  from  the  matrix  crack  plane  (Fig.  la),  fiber  debonding  was  found  to  be  favored  over 
fiber  failure  when  Gie/Qfe  <  1/4  is  satisfied,  where  Gu  and  G/c  are  the  fracture  toughnesses 
of  the  interface  and  the  fiber  respectively.  In  this  particular  example,  the  matrix  crack  is 
dominated  by  a  mode  I  stress  intensity  factor  even  in  the  presence  of  thermal  loads.  To 
the  extent  of  the  above  assumptions,  the  existing  criteria  [8-11]  for  cracks  kinking  out  of 
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interfaces  or  cracks  deflecting  along  weak  interfacial  paths  are  general  and  can  be  used  to 
study  fiuer  deboading  in  brittle  matrix  composite  systems.  However,  recent  discussions 
yielded  an  additional  need  to  assess  and  clarify  the  role,  if  any,  of  a  thermal  residual  stress 
field  on  fiber  debonding. 

Composite  systems  develop  thermal  residual  stresses  during  processing  due  to  ther* 
mal  expansion  mismatches  between  the  fiber  and  the  matrix.  These  stresses  are  known  to 
substantially  influence  the  mechanical  properties  and  toughness  in  these  composites.  For 
example,  Charalambidea  and  Evans  (7j,  from  a  finite  element  analysis  in  composites  with 
interfacial  residual  tension,  found  that  the  mechanics  at  the  tip  of  a  debond  crack  (kink 
crack  of  finite  length)  sensitively  depend  on  the  thermal  stresses.  In  light  of  this,  a  funda¬ 
mental  question  is  put  forward.  The  findings  of  He  and  Hutchinson  are  for  a  kink  crack 
of  infinitesimal  length:  Can  these  results  be  used  to  predict  fiber  debonding  conditions  in 
the  presence  of  appreciable  thermal  residual  stresses? 

In  this  work,  a  theoretical  argument  and  analytical  considerations  in  the  case  of  a 
homogeneous  system  are  employed  to  clarify  the  stated  question.  The  analysis  employed 
in  this  study  is  general  and  applies  to  systems  with  main  cracks  under  out  of  fhajc  complex 
stress  intensities  caused  separately  by  the  thermal  and  mechanical  loads.  Special  cases  of 
practical  interest  arc  presented  as  examples  such  as  fiber  debonding  in  unidirectionally  fiber 
reinforced  composite  systems  and  delamination  of  thick  films  subjected  to  both  mechanical 
and  thermal  stresses.  Furthermore,  some  of  the  issues  presented  in  this  analysis  arc  similar 
to  those  encountered  in  the  analysis  for  continuing  fiber  debonding  versus  fiber  failure  at 
the  tip  of  a  finite  debond  crack,  an  equally  important  step  in  completing  our  understanding 
of  the  microstructural  failure  process  in  brittle  matrix  composites.  This  phenomenon  is 
taken  on  in  the  discussion  section  of  the  present  study. 

2.  Debonding  Mechanics 

For  the  sake  of  the  analysis  let  us  consider  the  cylindrical  unit  cell  shown  in  Fig.  2. 
This  configuration  corresponds  to  a  fully  cracked  matrix  while  the  crack  is  bridged  by  the 
intact  fiber  reinforcements.  The  stresses  and  strains  in  the  crack  tip  region  (homogeneous 
system)  are  dominated  by  the  singularity  of  the  main  matrix  crack.  Due  to  the  symmetry 
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of  the  unit  cell  and  for  both  the  applied  and  thermal  load  cases,  the  matrix  crack  is 
constrained  to  a  symmetrical  relative  crack  surface  opening  such  that  only  A'/,  the  mode  I 
stress  intensity  factor  is  non-zero.  These  observations  essentially  determine  the  mechanics 
of  fiber  debonding.  In  particular,  the  competing  effects  of  initial  fiber  debonding  versus 
fiber  failure  can  be  examined  by  comparing  the  energy  release  rate  {?*  at  the  tip  of  the 
kink  crack  (kink  angle  90*),  to  that  of  the  main  crack  QT  due  to  the  combined  effects 
of  applied  and  thermal  loadings.  However,  as  discussed  by  CottercU  and  Rice  (16),  the 
stress  intensity  factors  at  the  tip  of  an  infinitesimal  kink  crack  depend  only  on  the  original 
singular  stresses  at  the  main  crack  tip.  Any  non-singular  stress  terms,  including  thermal 
stresses  and  contacting  asperity  tractions,  cancel  out  or  if  introduced  on  the  kink  crack 
surfaces,  will  give  zero  contribution  to  the  kink  crack  stress  intensities  and  energy  release 
rate.  Moreover,  as  indicated  above,  both  the  applied  and  thermal  loads  give  rise  only 
to  a  mode  I  stress  intensity  factor.  Thus  the  stress  intensities  at  both  kinds  of  kink 
cracks  are  proportional  to  the  main  crack  A'/,  and  the  ratio  GR  /GT  is  that  which  would 
be  produced  by  mechanical  loading  alone.  It  follows  that  under  these  assumptions,  the 
conditions  derived  by  He  and  Hutchinson  (8,9),  Evans  ct  al.  (10)  and  Thouless  cl  al.  (11) 
can  be  used  to  predict  which  of  the  critical  events  would  occur  first  even  in  the  presence  of 
thermal  loads.  However,  there  is  an  additional  interest  in  cases  wherein  the  assumption  is 
violated  that  the  mechanical  and  thermal  loads  produce  only  mode  I  matrix  crack  stress 
intensities.  Such  conditions  for  instance  prevail  during  delamination  of  thermally  bonded 
thick  films  and  possibly  during  debonding  of  inclinci  aligned  fiber  reinforcements.  For 
these  systems,  a  more  rigorous  analysis  is  needed  in  order  to  clarify  the  thermal  effects  on 
initial  dcbonding/delamination  conditions.  Such  analysis,  based  on  near-tip  mechanics  is 
presented  below. 

2.1  Cracks  kinking  out  of  a  mixed  mode  crack  lip 

In  this  section  the  analysis  is  extended  to  include  the  thermal  effects  on  debonding  or 
crack  kinking  at  the  tip  of  a  mixed  mode  crack.  To  be  more  specific,  consider  a  situation 
in  which  an  applied  load  t  and  a  thermal  load  <rR,  with  <rR  =  being  a  residual 

stress  measure,  are  imposed  on  the  composite.  There  are  then  two  contributions  to  the 
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complex  stress  intensity  factor  A‘r  at  the  main  matrix  crack  tip  (Fig.  2):  i)  A*'  due  to  the 
applied  loads  t  and  ii)  K*  being  the  contribution  of  the  thermal  loads  cr*.  From  existing 
solutions  (6,7]  and  dimensional  analysis,  the  above  stress  intensities  can  be  written  in  a 
complex  form  as, 


A*‘  =  A*}  +  iKfi  —  ta^Ft(c<Mfpt  +  tsin^  (la) 

Kr  =  A f  +  i  Kft  =  FR  (cos  + « »n  (16) 

Then,  the  combined  total  complex  stress  intensity  factor  A'r,  at  the  tip  of  the  main  crack 
is  obtained  via  linear  superposition  as  follows, 


The  total  energy  release  rate  at  the  matrix  crack  tip  is  obtained  in  terms  of  |A'T|,  the 
modulus  of  A't,  via  Irwin’s  relationship  for  cracks  in  homogeneous  bodies,  i.e., 

eT  =  ((A'/Y + (AT)1)  =  i^t  AT)3  (i  + i*>’  i’T)  (3) 

with  E  being  the  Young’s  modulus  and  u  the  Poisson’s  ratio  of  the  material.  Following 
Cotterell  and  Rice  (16],  the  combined  stress  intensity  factor  at  the  tip  of  the  kink  crack 
has  two  components,  A'*  and  A*  and  can  be  obtained  from  KT  the  total  stress  intensity 
factor  at  the  tip  of  the  main  crack,  as  follows, 

A'f  =  c\\Kj  +  chKJj  (4a) 

AT*  =  C21  Kj  -f  cj2  Kj[  (46) 

where  c,-/,  (i,  j  =  1,2)  are  geometric  factors  which  for  a  homogeneous  system  are  given  in 
terms  of  the  kink  angle  9  (Fig.  3)  and  coincide  with  Cotterell  and  Rice  values  (16]  for  low 
values  of  9.  From  Irwin’s  relationship  and  in  light  of  the  above  equations,  the  total  energy 
release  rate  at  the  kink  crack  Qk  becomes, 
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(5) 


where 


C(c,i(0) .^T)  =  c’,  +c|,  +2^cjiC|3  +cjscji)  tanV>r  +  (c?j  +  c|,)  tim’ V>r  (6) 

and  tan^T  =  Kfi/Kf  is  the  phase  angle  for  the  total  stress  intensity  factor  at  the  tip  of 
the  matrix  crack  and  is  obtained  from  equation  (2)  as  follows, 


11 

r+ 


f*  MR  ** 

T 

f*  COR 

TT"coT*r 


(7) 


2.2  Debonding  conditions 


The  competing  effects  of  crack  kinking  (fiber  debonding,  Fig.  lc)  versus  fiber  failure 
(Fig.  lb)  can  be  established  using  equations  (3)  and  (5)  to  obtain  a  condition  for  the 
toughness  ratio  Gie/Gfe  which  is  the  fracture  toughness  of  the  interface  to  the  fracture 
toughness  of  the  fiber.  Such  an  analysis  is  based  on  the  implicit  assumption  that  the 
system  is  ideally  brittle  and  that  fracture  at  the  tip  of  the  competing  kink  cracks  is  driven 
by  the  energy  release  rate  alone.  Also  implicit  in  the  analysis  is  the  assumption  that 
any  poasible  increases  in  Gic  due  to  the  increased  mode  mixity  v>*  at  the  kink  crack  tip 
(t/>*  a  42*,  (9))  are  neglected.  However,  as  discussed  by  Evans  and  Hutchinson  [17),  non 
unique  values  for  Gu  are  obtained  at  non-zero  phase  angles  \f>  jL  0.  The  increase  in  Gic 
with  rp  is  primarily  due  to  contacting  asperities  on  the  crack  surfaces  behind  the  crack  tip 
as  discussed  elsewhere  [17].  In  the  case  of  an  incipient  kink  crack,  i.e.,  a  kink  crack  of 
infinitesimal  length,  such  effects  are  minimal  and  therefore  an  energy  release  rate  criterion 
can  be  used  to  predict  kink  crack  initiation  as  implemented  by  He  and  Hutchinson  (8, 9], 
Evans  et  al.  [10]  and  Thouless  et  cl.  [11].  Thus,  in  the  absence  of  any  shielding  effects 
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at  the  kink  crack  tip  dye  to  contacting  asperities  and  in  an  ideally  brittle  environment, 
fracture  occurs  when  Qk  >  Gic{rpk  =  0*),  with  £,-e(\&k  =  0*)  being  the  mode  I  fracture 
toughness  of  the  interface.  In  particular  when  the  competition  is  between  a  kink  crack  at 
00*  from  the  plane  of  the  main  crack  (Fig.  lc)  and  fiber  failure  (Fig.  lb),  fiber  debonding 
is  favored  when 


:ti  +  c|,  +2^cnc»  +cjtcj2)  tant&T  + 

1  +  tan2  $T 

On  the  other  hand,  if  kinking  occurs  at  ait  angle  other  than  90*  with  respect  to  the 
plane  of  the  main  crack  such  as  the  case  of  debonding  along  the  interface  of  inclined  fibers 
(Fig.  4),  the  favored  event  is  obtained  by  comparing  the  solutions  for  the  energy  release 
rate  at  the  tip  of  two  competing  inclined  kink  cracks  as  shown  in  Figs.  4b  and  4c.  In  this 
instance,  fiber  debonding  is  favored  over  fiber  failure  if 


(cn  +c2,)tan2  ^T]#> 


sr/3 


IS) 


[c2,  +c3,  +2| 

(cuC|3  +C2|Cjjj 

( tand»r+  1 

[cii  +c3i] 

|  tan2  V»T 

i*  it 

[c?i  +cjj  +2^cnCja  +  Cj|Cjij 

|  tan  d»T  +  | 

(cii  +  c3i) 

|  tan2 

Imtj 

(9) 


where  0,-  and  dj  are  the  kink  angles  for  the  debond  and  fiber  kink  cracks,  and  arc  shown 
schematically  in  Figs.  4b  and  4c  respectively.  It  becomes  clear  from  equations  (8)  and 
(9)  that  the  thermal  loads  influence  the  debonding  condition  via  the  phase  angle  \&r  only 
which  is  given  by  equation  (7).  To  be  more  specific,  when  \}>R  —  \£>f,  i.e.  in-phase  thermal- 
mechanical  stress  intensities,  equation  (7)  yields  that  rpT  =  and  the  thermal  effects  do 
not  enter  the  conditions  given  by  equations  (8)  and  (9).  On  the  contrary,  when  ^ 
the  above  conditions  become  sensitive  to  the  thermal  loads  via  equation  (7)  in  which  case 
additional  analysis  is  needed  in  order  to  clarify  the  thermal  effects. 

To  further  explore  and  quantify  each  of  the  above  possibilities,  studies  pertinent  to 
debonding  in  homogeneous  systems  with  interfaces  is  presented  below  for  two  special  cases. 
Initially,  we  consider  the  case  in  which  the  thermal  and  mechanical  loads  when  applied 
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independently  give  rise  to  in-pAaie  stress  intensities  at  the  tip  of  the  main  crick  so  that 
=3  if>*  *  »nd  the  thermit  effects  drop  out  of  the  debonding  conditions.  Subsequently, 
we  consider  the  cate  in  which  the  thermit  ind  raechinicil  stress  intensities  ire  out  of  phut, 
i.e,  ind  debonding  does  depend  on  the  thermit  toids. 

3.  Debonding  independent  of  thermit  loads 
3.1  In-phut  mcchenicel  uni  thermul  touting s 

In  the  cise  where  the  mechinicil  ind  thermit  loids  independently  give  rise  to  in-phue 
stress  intensities  at  the  miin  crick  tip,  i.e.  =  0*,  equation  (7)  yields  \f>T  =  =  y*.  As 

a  result,  the  debonding  conditions  expressed  vii  equations  (8)  and  (9)  become  independent 
of  the  thermal  loads  and  can  be  determined  from  the  mechanical  toads  alone.  Some  of  the 
conditions  derived  by  He  and  Hutchinson  and  Evans  et  el.  implicitly  assumed  in-phase 
mode  I  thermal  and  mechanical  stress  intensities  and  are  universal  to  the  extent  of  the 
above  assumption.  To  demonstrate  the  validity  of  those  results,  we  shall  now  consider  the 
fiber  debonding  processes  for  the  composite  unit  cell  shown  in  Fig.  2.  As  discussed  earlier 
in  this  work,  the  matrix  crack  (Fig.  2}  is  dominated  by  a  mode  I  stress  intensity  factor  due 
to  either  mechanical  or  thermal  loading  and  thus,  \J>T  =  =  0.  These  conditions 

prevail  at  the  tip  of  matrix  cracks  in  systems  such  as  fiber  reinforced  composites  with  the 
network  of  fiber  reinforcements  aligned  in  the  direction  of  the  applied  stress  at  90*  relative 
to  the  matrix  crack  plane  (Fig.  1)  or  composite  systems  reinforced  by  a  randomly  oriented 
network  of  chopped  fibers,  (Fig.  4)  where  on  the  average  the  thermal  shear  stress  goes 
to  zero.  Also  similar  mode  I  conditions  due  to  thermal  and  applied  loads  exist  at  the 
tip  of  the  notch  in  the  plane  strain  mode  /  pre-notched  bimaterial  beam  shown  in  Fig. 
5.  Therefore,  in  these  systems  and  in  light  of  equation  (8)  fiber  debonding  or  onset  of 
delamination  of  the  top  layer  (Fig.  5)  will  be  favored  if 


which  is  a  universal  constant  independent  of  thermal  stresses.  Furthermore,  by  using  the 
approximate  values  for  cn  and  C2j  obtained  by  Cotterell  and  Rice  [16]  in  the  case  of  a 
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homogeneous  system  and  for  a  kink  angle  $  =  90*,  the  condition  for  fiber  debonding  given 
by  equation  (10)  take*  the  form,  GiJG/c  <  1/4  first  reported  by  Thoulea*  et  aL  (11). 

4.  Debonding  dependent  on  thermal  toad* 

4.1  Out  of  phase  mechanical  and  thermal  loadings 

In  the  general  case  when  the  stress  intensity  factor  at  the  main  crack  tip  due  to 
the  thermal  loads  is  out  of  phase  with  that  due  to  the  mechanical  loads,  i.e  tfi*  0', 
the  debonding  conditions  (equations  (S)  and  (0))  are  indeed  sensitive  to  the  presence  of 
the  thermal  stresses  via  equation  (7).  To  demonstrate  the  thermal  effects  on  the  above 
conditions  we  shall  consider  the  example  of  the  plane  strain  pre-notched  delamination 
four-point  flexure  specimen  shown  in  Fig.  5.  Without  loss  of  generality,  let  us  assume 
that  the  system  is  elastically  homogeneous,  i.e.  Et  =  £j  and  i/,  =*  vj,  with  E  and  v 
being  the  Young’s  modulus  and  Poisson’s  ratio  respectively  and.  the  sub«cripts  1  and  2 
denoting  quantities  for  the  lop  and  bottom  layers  respectively,  (Fig.  5).  For  the  sake  of 
the  analysis  let  us  also  assume  that  the  twa  thermally  bonded  layers  have  different  thermal 
expansion  coefficients,  i.e.  a,  and  0t2.  Under  these  conditions  and  for  the  special  case  of  a 
specimen  with  layers  of  equal  thickness,  h\  =  fij,  analytical  solutions  exist  for  the  steady- 
state  delamination  mechanics  [18-20]  due  to  the  applied  and  thermal  loads.  In  particular, 
Chnralambides  et  al.  [18]  and  Suo  and  Hutchinson  [19],  found  that  the  mechanical  complex 
stress  intensity  factor  due  to  the  applied  loads  P  is  given  by, 

k'  =  =  «4\ /p1-*9*'  (») 

where  t  =  ZPifhh\  is  the  maximum  normal  stress  due  to  bending  of  the  bottom  layer 
alone.  Thus,  in  this  example  the  mechanical  loads  are  characterized  by  a  phase  angle 
such  that  tan0‘  =  >/3/2  or  ip*  =  0.4089?r/1.8(rad)  which  is  to  a  good  approximation 
equal  to  40.89®.  In  addition,  the  corresponding  stress  intensity  factor  due  to  the  thermal 
loading  =  E(a 2  —  a ,)AT,  was  found  by  Charalambides  et  al.  [20]  to  be  a  pure  mode 
II ,  and  ia  given  below, 
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(12) 


Jf*=. •!»**}  =.i<r*»)e‘» 

The  thermal  phaae  angle  U  =  x/2  and  thus  the  thermal  and  mechanical  loads  give  rise 
to  out  of  phase,  i.e.  =*  stress  intensities  at  the  delamination  craclc  tip.  In  light 
of  equations  (11)  and  (12),  the  expression  for  the  phase  angle  of  the  total  stress  intensity 
factor  obtained  from  equation  (7)  reduces  to 

tan^r  =  ^y(l  +  r)  (13) 

with  r  =  aRft.  Farther  progress  is  made  in  the  analysis  by  adopting  for  c (i,j  =  1,2) 
the  approximate  expressions  derived  by  Cottereli  and  Rice  (16).  Following  Charalambidcs 
and  Evans  (7)  and  with  the  aid  of  equation  (S),  fracture  at  the  tip  of  an  incipient  kink 

crack  inclined  at  an  angle  0  from  the  delamination  crack  plane  (Fig.  3)  is  favored  over 

further  delamination  when^ 

£/«  ^  **i(/3)  +  aj(^)tan^T  +  o3(^)tan2^T  ,,|V 

K  ~  (14) 

with 

«i(0)  =  c?i  +  Cjj  =  j  +  j  cos2  |  +  \  cos0  +  A  cos 20 

«t(0)  =  2^Cj|C|j  +  cj|C2j^  =  —  sin0  —  5  sin  20  (15) 

Oj(0)  sa  C^2  +  C2J  =  I  +  ^  sin2  |  |  COS0  -  |  cos 20 

and  0  is  the  value  for  the  kink  angle  0  for  which  £?*(0)  given  by  equations  (5)  and  (15) 
becomes  maximum.  That  is  to  say,  from  all  virtual  kink  cracks  the  one  with  the  maximum 
energy  release  rate  is  activated.  This  is  usually  assumed  in  the  case  of  cracks  kinking 
out  of  an  interface  (8j  (Fig.  5).  Thus  the  situation  considered  here  is  somewhat  different 

f  Equation  (14)  in  this  article  is  identical  to  equation  (12)  in  reference  (7)  where  tan 
was  erronously  replaced  by  arctan. 
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from  those  considered  in  the  previous  sections  in  this  study.  In  those  cases,  e.g.  fiber 
debonding,  the  angle  0  was  fixed  and  taken  to  be  equal  to  the  interface  orientation  angle 
relative  to  the  matrix  crack  plane  (Fig.  1).  On  the  contrary,  the  crack  deflection  angle 
in  this  analysis  is  unknown  and  is  obtained  as  a  part  of  the  solution  through  an  energy 
maximizing  process.  The  maximum  in  Qk  is  obtained  by  first  combining  equations  (5)  and 
{ 15)  and  then  differentiating  with  respect  to  6  such  that, 


where 


=> 


d»T  + 


day 

~d0 


tan2  ifiT  =  0 


(16) 


%■  =  ~|sin/j(l  +  coa)?) 

^  =  1  -  cos/?(l  4-2cos£)  (17) 

^  =  -^s\n0{\ -Z  cos  0) 

The  trends  for  the  total  phase  angle  and  the  kink  angle  0  with  the  thermal  to 
mechanical  stress  ratio  <7!t/t  for  which  a  maximum  in  is  observed  are  shown  in  Fig.  6 
in  dash  and  solid  lines  respectively.  The  corresponding  trend  in  the  ratio  QT /Qk  is  plotted 
on  Fig.  7.  It  i3  of  interest  to  observe  some  limiting  cases.  For  example,  as  shown  in  Fig. 
6  the  phase  angle  of  the  total  stress  intensity  factor  tfrr  becomes  negative  for  r  <  -1.0 
which  is  consistent  with  equation  (13).  When  the  stress  ratio  r  =  —1.0,  the  total  phase 
angle  takes  the  value  i,T  =  0  in  which  case  the  delamination  crack  is  dominated  by  only 
the  mode  I  component  of  the  applied  stress  intensity  factor  given  by  equation  10.  In  this 
instance,  the  maximum  kink  energy  release  rate  occurs  straight  ahead  of  the  delamination 
crack  ,  i.e.,  0  =  0  (Fig.  0),  and  the  energy  release  rate  ratio  takes  the  value  QT /Gk  =  1.0. 
Thus  under  ideally  brittle  conditions  and  when  r  =  —1.0,  the  oniy  favored  fracture  event 
is  the  failure  of  ti.e  interface  under  the  influence  only  of  the  mode  I  component  of  the 
applied  stress  intensity  factor.  On  the  other  hand,  as  the  ratio  r  =  cR/t  increases,  failure 
of  the  bottom  layer  is  favored  over  further  delamination,  as  indicated  by  the  failure  map  in 
Fig.  7.  As  shown  in  this  figure,  the  competition  between  further  delamination  and  failure 
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in  one  of  the  two  layers  is  most  sensitive  to  the  thermal  stresses  for  small  values  of  r,  i.e. 
-2.0  <  r  <  2.0.  Outside  this  interval  the  thermal  effects  become  minimal. 

5.  Biasaasiaa 

In  this  work,  the  effects  of  thermal  stresses  on  the  conditions  for  fiber  debonding  in 
brittle  matrix  composites  and  on  the  delamination  criteria  for  thermally  bonded  plane 
strain  layers  have  been  examined.  The  ar.alysis  assumed  elastically  homogeneous  systems 
but  can  be  extended  to  include  bimaterial  cases.  Departing  from  the  observation  that  the 
mechanics  of  incipient  kink  cracks  are  driven  only  by  the  singular  stresses  at  the  main 
crack  tip,  two  distinct  situations  were  examined  in  regard  to  the  thermal  effects  on  the 
debonding  criteria.  The  first  is  the  case  when  the  thermal  and  mechanical  loads  give  rise 
to  in-phase  stress  intensities,  i.e.,  \f)R  =  in  wh?  case  the  criteria  for  crack  kinking 
are  independent  of  the  thermal  loads.  On  the  contrary,  when  the  stress  intensities  are  out 
of  phase ,  i.e.  ipR  yt  the  criteria  for  delam—ation  of  thermally  bonded  layers  and  in 
some  special  cases  the  conditions  for  fiber  debonding  in  brittle  matrix  composites,  become 
sensitive  to  the  presence  of  the  thermal  stresses. 

In  general,  in  fiber  reinforced  brittle  matrix  composites,  matrix  cracking  is  a  mode  I 
process  and  remains  as  such  even  in  the  presence  of  thermal  stresses.  Thus  the  existing  (8* 
10)  debonding  criteria  derived  from  a  mode  I  matrix  crack  singularity  can  be  used  even  in 
the  presence  of  thermal  loads.  For  example,  earlier  in  this  work,  it  was  demonstrated  that 
systems  reinforced  with  an  aligned  fiber  network  oriented  at  90*  from  the  crack  plane  (Fig. 
1)  experience  an  in-phase  mode  I  stress  intensity  at  the  matrix  crack  tip  due  to  independent 
application  of  the  applied  and  thermal  loads.  Thus  the  condition  for  debonding  reduces 
to  equation  (10)  which  is  indeed  independent  of  the  thermal  loads. 

By  analogy,  the  same  conclusion  must  apply  to  systems  reinforced  with  randomly 
oriented  chopped  fibers.  Again  in  those  systems,  due  to  the  randomness  of  the  fiber 
orientation  a  mode  I  stress  intensity  is  induced  at  the  matrix  crack  tip  by  both  the  thermal 
and  applied  loads.  Thus  the  debonding  condition  remains  unaffected  by  the  presence  of 
thermal  loads  even  if  the  fiber  is  intercepted  at  an  angle  by  the  matrix  crack.  Results  for 
such  systems  are  reported  in  the  article  by  Evans,  He  and  Hutchinson  (10). 
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Unlike  the  previous  two  cases  a  somewhat  more  complex  situation  is  encountered  in 
systems  where  the  fiber  reinforcements  arc  both  inclined  and  aligned  relative  to  the  matrix 
crack.  For  example,  consider  the  near  tip  schematic  shown  in  Fig.  8.  If  the  composite 
system  is  brittle,  such  that  fiber  failure  (Fig.  Sa)  at  the  matrix  crack  surface  is  favored 
over  fiber  debonding  (Fig.  8b),  the  stress  intensity  at  the  mechanically  mode  I  matrix 
crack  tip  must  remain  mode  I  even  in  the  presence  of  thermal  loads.  This  is  especially 
true  for  long  matrix  cracks  (cracks  extending  over  a  substantial  number  of  fibers),  where 
the  average  thermal  shear  traction  acting  on  tho  crack  surfaces  over  the  total  crack  length 
must  be  zero.  As  a  result,  a  fibti  tailure  criterion  independent  of  thermal  stresses  must  be 
obtained.  On  the  other  hand,  when  fiber  debonding  occurs  prior  to  fiber  failure  (Fig.  Sb), 
the  inclined  fibers  would  bridge  the  crack  over  a  certain  distance  from  the  matrix  crack  tip, 
as  shown  schematically  in  Fig.  Sb.  Furthermore,  debonding  of  inclined  fibers  is  most  likely 
geometrically  asymmetric  and  thus  a  mode  II  thermal  component  at  the  otherwise  mode 
I  matrix  crack  tip  may  exist.  Under  these  conditions,  fiber  debonding  would  be  influenced 
by  the  presence  of  thermal  stresses.  However,  further  studies  are  needed  to  clarify  this 
case. 

Finn*  nple  o(  thermally  dependent  kinking/dclnmination  conditions  was  pre¬ 

sented,  via  -  > ,  thickness,  elastically  homogeneous  four-point  flexure  beam  specimen 
shown  in  Fig  .he  delamination  process  is  primarily  mixed  mode  (18-21]  and  in  cases 
other  than  the  thin  film  decohesion  process  [21],  the  thermal  and  mechanical  stress  intensi¬ 
ties  are  not  in-phase.  Thus,  the  dclamination  process  in  such  systems  must  indeed  depend 
on  the  thermal  stresses  as  demonstrated  earlier  in  this  work  and  fracture  maps  similar  to 
that  shown  in  Fig.  7  are  needed  to  study  these  phenomena. 

In  light  of  the  above  observations,  we  now  proceed  to  examine  the  processes  of  initial 
fiber  debonding  and  further  debond  extension  (delamination)  in  fiber  reinforced  brittle 
matrix  composites.  In  doing  so,  we  employ  the  aid  of  Fig.  9  where  the  phase  angles  at 
the  debond  tip  due  to  the  applied  load  t  and  thermal  load  aR  are  plotted  as  a  function 
of  the  debond  crack  length.  The  curve  for  the  phase  angle  due  to  the  applied  loads, 
was  obtained  numerically  by  Charalambides  and  Evans  (7  ]  using  finite  elements.  The 
curve  for  tpR  (the  thermal  phase  angle)  is  representative  of  composite  systems  stressed 
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rcsidually  with  their  interfaces  in  tension  and  is  qualitatively  correct  in  the  sense  that  only 
the  steady-state  result  is  reported  in  the  literature  (7).  Thus  knowing  the  steady-state 
result  (7]  together  with  the  kink  crack  solution  (9),  i.e.  ($*)«■  o  ~  42.2*,  the  transient 
branch  for  is  plotted  qualitatively  as  shown  in  Fig.  9.  However,  the  shape  of  this  part 
of  the  curve  is  of  no  significance  to  the  present  analysis. 

As  shown  in  Fig.  9,  at  the  limit  a  -+  0,  the  phase  angles  at  the  90*  debond  kink  crack 
due  :o  the  thermal  and  applied  loads  are  equal,  i.e.  =  0*.  This  is  obtained  due  to  the 
dominance  of  the  mode  I  singularity  at  the  main  matrix  crack  tip.  Thus,  using  this  result 
and  by  the  virtue  of  earlier  observations,  initial  debonding  is  insensitive  to  the  presence  of 
thermal  stresses  and  the  criteria  for  this  process  to  occur  arc  given  by  He  and  Hutchinson 
(9]  and  Evans  et  al.  [10].  On  the  contrary,  as  the  debond  crack  grows  and  enters  the  steady- 
state  regime,  i.e.  a  >  5.0 R  [7],  the  thermal  and  applied  debond-tip  stress  intensities  are 
out  of  phase  (Fig.  9)  and  the  delamination  process  (debond  extension)  becomes  indeed 
sensitive  to  the  thermal  stresses  as  discussed  elsewhere  [  7  ]. 

6.  Concluding  Remarks 

The  effects  of  a  thermal  residual  stress  field  on  the  condition  for  kink  crack  initiation 
relevant  to  fiber  debonding  in  brittle  matrix  composite  systems  and  on  the  delamination 
of  layers  in  plane  strain,  have  been  addressed.  The  analysis  in  this  work  is  based  on  two 
critical  observations.  The  singular  stresses  alone  at  the  main  crack  tip  drive  the  mechanics 
at  the  tip  of  all  virtual  kink  cracks  associated  with  that  main  crack  tip.  Given  the  above, 
any  thermal  effects  on  the  kinking  (fiber  debonding/  delamination)  conditions  enter  via 
the  phase  angle  V>r  of  the  total  stress  intensity  at  the  main  crack  tip.  In  particular,  when 
i/it  is  independent  of  the  thermal  loads,  i.e.  the  conditions  for  debonding  are  also 

independent  and  the  existing  criteria  for  fiber  debonding  can  be  used  even  in  the  presence  of 
thermal  stresses.  However,  when  rf>R  ^  the  coupled  phase  angle  ipT  does  depend  on  the 
thermal  stresses  and  the  criteria  for  crack  kinking  versus  further  delamination  or  debond 
extension  are  thermally  sensitive.  Thus,  such  competing  effects  can  only  be  studied  using 
fracture  maps  involving  the  thermal  stresses  as  well  as  the  relative  fracture  toughnesses  in 
the  directions  of  the  competing  fracture  events. 
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Figure  Caption* 

Fig.  1  A  schematic  of  composite  microstructural  failure: 

a)  The  Fiber  is  intercepted  by  the  matrix  crack 

b)  Fiber  failure.  For  a  homogeneous  system,  fiber  failure  will  be  favored  over 
initial  fiber  debonding  (Fig  lc)  if  &e/js«7  >  1/4,  as  discussed  in  Refs  (8-10]. 

c)  Onset  of  initial  fiber  debonding.  For  a  homogeneous  system,  if  Qic/gSi /  <  1/4 
(Refs  (8-10))  initial  fiber  Acbonding  is  favored  over  fiber  failure  (Fig  lb). 

Fig.  2  The  axisymmctric  cylindrical  unit  cell  wherein  the  matrix  crack  is  bridged  by  an 
aligned  network  of  fiber  reinforcements. 

Fig.  3  A  schematic  of  a  main  crack  kinking  under  mixed  mode  conditions. 

Fig.  4  A  schematic  of  competing  events  of  debonding  versus  fiber  failure  for  systems  with 
interfaces  inclined  relative  to  the  matrix  crack  plane. 

Fig.  5  The  four-point  delamination  flexure  specimen.  The  delamination  process  is  com¬ 
peting  against  incipient  kink  cracks  at  the  delamination  crack  tip. 

Fig.  6  The  trends  in  the  steady-state  phase  angle  (dash  line)  and  kinking  angle  0  for 
which  QK  is  maximized  (solid  line)  with  the  stress  ratio  aR/t}  for  the  special  case 
of  a  beam  with  hi  =  hj. 

Fig.  7  The  trends  in  the  ratio  Qk/QT  with  the  stress  ratio  <rw/t  in  an  otherwise  elas¬ 
tically  homogeneous  system  with  thermal  expansion  mismatches  between  the  top 
and  bottom  layers  (hj  =  /13). 

Fig.  8  Schematics  of  the  microstructural  failure  brittle  matrix  composites  reinforced  with 
an  aligned  and  inclined  fiber  network. 

a)  Fibers  failing  with  out  debonding.  Low  toughness  system. 

a)  Fibers  failing  after  debonding.  High  toughness  system. 

Fig.  9  The  trends  in  the  debond  tip  phase  angles  in  a  homogeneous  system  with  normalized 
crack  length.  The  curve  for  4>{  marked  by  the  solid  line  was  derived  numerically 
(see  reference  (7j)  via  the  method  of  finite  elements  for  the  case  of  an  applied  stress 
t  alone.  The  dash  curve  due  to  the  thermal  loads  (rR  was  interpolated  between  the 
steady-state  numerical  value  reported  in  reference  (7)  and  the  kink  crack  solution 
derived  in  reference  (9j. 
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AMrnrt— A  vrsvV,  impinging  an  interface  jewing  i»o  OimmiUr  material!  tray  arrest  or  wav 
advance  by  cither  penetrating  the  interface  «r  dertevtmg  into  ihe  intetfacc  The  eampetiiwn  beueen 
deiWetnw  and  peneitaiwn  u  evanurcvt  ia  ikn  paper  when  the  material*  nn other  i*de  >*(  <he  interface 
arc  ela«trc  and  inuti'pic  fhc  vnergv  rclca-c  raw  for  the  det\\tcd  crack  iv  urnipared  *uh  the 
mavtmum  energy  relcave  iaic  for  a  penetrating  eraeh  The  reiuliv  ean  be  u*ed  10  determine  ihe  range 
oi  interface  toughness  relative  to  bulk  maunal  toughness  whhh  ensure*  that  crack*  will  be  dertevted 
•mo  the  interface 


I  INTRODUCTION 

In  (hi*  paper  *cveral  problems  are  analyzed  which  provide  insight  and  quantitative  infor¬ 
mation  on  the  role  an  interface  between  dissimilar  elastic  materials  play*  when  approached 
by  u  crack.  At  issue  is  whether  a  crack  impinging  on  an  interface  will  pass  through  the 
interlace  or  he  deflected  into  the  interface.  Such  question*  are  of  importance,  for  example, 
in  the  design  of  the  interface  between  liber  and  matrix  in  liber  reinforced  ceramic  composite* 
where  it  is  desired  that  any  matrix  crack  approaching  a  fiber  deflect  along  the  interface, 
thereby  allowing  the  fiber  to  survive.  The  results  from  this  study  provide  estimate*  of  the 
relative  toughness  of  the  interface  to  that  of  the  material  on  the  uncracked  side  of  the 
interface  necessary  to  ensure  that  a  crack  will  deflect  into  the  interface  rather  than  pene¬ 
trate  it. 

The  four  sets  of  problems  analyzed  are  shown  m  Fig.  I.  In  set  A.  a  symmetrically 
loaded,  semi-infinite  main  crack  impinges  the  interface  at  a  right  angle.  The  three  problems 
analyzed  (problems  Al.  A2  and  A3)  permit  an  assessment  of  the  competition  between 
penetration  of  the  interface  and  deflection.  Set  B  in  Fig.  2  addressed  the  same  competition 
when  the  main  crack  impinges  on  the  interface  at  an  oblique  angle.  An  unusual  feature  of 
the  oblique  problem  for  the  main  crack  ( with  a  -  0)  is  the  Tact  that  there  is  a  singlt  dominant 
mode  of  deformation  at  the  crack  tip  when  the  materials  across  the  interface  are  dissimilar. 
Thus  the  asymptotic  behavior  at  the  crack  tip  is  influenced  by  the  remote  loads  only  through 
a  single  stress  intensity  factor.  The  competition  between  penetration  and  deflection  as  posed 
in  problems  Bl  and  B2  does  not  depend  on  the  nature  of  the  remote  loads  in  a  strict 
asymptotic  sense  when  the  braneh  length  a  is  arbitrarily  small  compared  to  the  length  of 
the  main  crack. 

A  consequence  of  the  existence  of  a  single  dominant  mode  of  the  main  crack  impinging 
the  interface  at  an  oblique  angle  is  a  tendency  for  a  crack  approaching  the  interface  to  turn 
cither  into  or  away  from  the  interface,  depending  on  the  relutive  stiffnesses  of  the  materials 
on  cither  side  of  the  interface.  In  problem  C  in  Fig.  I  the  behavior  of  a  straight  wedge- 
loaded.  semi-infinite  crack  is  determined  as  thecrack  approaches  the  interface.  This  problem 
gives  further  insight  into  the  tendency  of  a  crack  to  curve  into  or  away  from  the  interface 
when  it  approaches  at  an  oblique  angle.  Finally,  in  problems  Dl  and  D2  the  competition 
between  penetration  through  the  interface  or  deflection  into  it  is  analyzed  for  an  oblique 
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wedge-loaded  crack  These  problems  arc  solved  for  fume  v  .dues  of  o  l  w  here  I  is  the  distance 
of  the  wedge  loads  from  the  interface  The  behavior  as  o  /-*  0  u  discussed  in  relation  to 
the  problems  in  set  B, 

There  ire  a  number  of  earlier  studies  which  analyze  details  of  crack  penetration  and)  or 
d« (Section  at  an  interface  without  specifically  focussing  on  the  competition  between  the  two 
modes  of  cracking.  The  solution  procedures  used  in  the  present  study  are  similar  to.  or 
extensions  of.  the  integral  equation  methods  used  in  these  earlier  papers.  Cook  and  Erdogan 
(1972)  and  Erdogan  and  Birkikoglu  (1973)  investigate  the  behavior  of  a  crack  penetrating 
the  interface  at  right  angles.  Goree  and  Venezia  (197?)  analyze  several  problems  involving 
penetration  and  deflection  for  a  mam  crack  impinging  the  interface  at  right  angles. 
Additional  work  along  these  same  lines  is  reported  by  Luand  Erdogan  (1983).  The  tendency 
for  a  crack  approaching  an  interface  or  a  free  surface  at  an  oblique  angle  to  be  deflected 
one  way  or  the  other  has  been  elucidated  by  studies  of  Erdogan  and  Arm  (197})  and  more 
recently  by  Lardner  tt  nl.  tl9lS9). 

In  all  cases  the  materials  on  cither  side  of  the  interface  are  taken  to  be  elastic  and 
isotropic  with  shear  modulus  and  Poisson’s  ratio  »\  where  i  ■  I  and  2 correspond  to  the 
arrangement  shown  in  Pig.  1  For  the  plane  strain,  traction  boundary  value  problems 
considered,  the  solution  variables  of  interest  depend  on  only  two  non-dimensional  com¬ 
binations  of  the  material  parameters.  These  arc  the  Dundurs’  (1969)  parameters 

a  *  Ml  -v-)-pj(l  -v,))!(ji,{I  - v.)+p.(l  — v,))  (I) 

21!  ■  (/Ml  —  2v.)—jij(l  — 2«'I)),(y,(l  — v.)+|rs(|  — v.)).  t2l 


The  first  parameter  is  most  readily  interpreted  when  expressed  as  x  -  (£,-£»)i(£,  +  £.-i 
where  £  -  £.{l  -v:)  is  the  pf  me  strain  tensile  modulus.  The  solutions  to  the  four  sets  of 
problems  are  presented  and  dis  ussed  in  the  following  sections.  The  problems  are  formulated 
and  analyzed  in  the  Appendices. 


2.  DEFLECTION  VERSUS  PENETRATION  FOR  A  CRACK  PERPENDICULAR  TO  THE 
INTERFACE  (PROILEMS  A) 

In  the  set  A  of  problems  the  semi-infinite  reference  crack  with  »  ■  0  is  perpendicular 
to  the  interface  wtih  its  tip  at  the  interface.  A  symmetric  loading  with  respect  to  the  crack 
plane  is  applied  and  the  traction  ahead  of  (he  crack  in  material  I  is  characterized  by 


<r1.(0.y)-*l(2.V)" 


(3) 


where  7.  is  real  and  depends  on  a  and  / f  according  to  (2!ak  and  Williams,  1963) 


cos  7n 


1+/J 


(l  -7)!  + 


*+F 


A  plot  of  7  as  a  function  of  a  for  p  ■  0  is  shown  in  Pig.  2.  The  amplitude  factor  7‘i  is 
proportional  to  the  applied  load.  Explicit  knowledge  of  kt  is  not  needed  here.  The  reference 
crack  is  imagined  to  advance  in  the  three  ways  indicated  in  Fig.  I :  one  by  penetration 
straight  through  the  interface  (Al)  and  two  by  deflection  into  the  interface  (A2  and  A3). 

In  the  case  of  penetration,  the  stress  state  at  the  advancing  tip  is  pure  mode  I.  By 
dimensional  considerations  its  stress  intensity  factor  must  depend  on  k ,  and  a  according  to 

-  ctj.WJtiB11-1  (4) 


where  c  is  dimensionless.  The  energy  release  rate  is 
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The  traction  on  the  interface  directly  ahead  of  the  right-hand  tip  of  either  of  the 
deflected  cracks  (A2  or  A3)  is  characterized  by  (Rice,  1981) 

<r„(.v.0)+i<r,f(.v,0)  -  (A.-H*.)^)*  "V  (6) 


where  r  -  ,v-«,  t  -  ^-1,  and 


£  ■ 


17) 


In  these  cases,  dimensional  considerations  require 

A,  *1**3  -  *,«' :  *(«/(*./»)«'‘+e(a.//)u  “)  (8) 

where  </ and  e  are  dimensionless  complex  valued  functions  of  x  and  ft.  The  energy  release 
rate  of  the  deflected  crack  is 

•$,  **  (tl  -v,),j«,+(l  -V}j,/i.J(A*j ***{)•(•»  wsh!  sc)  l9) 

where 

A;+A*i  -  Aru,’:<(|«/i:+|elI+2Af(dr)).  (10) 

In  each  of  the  three  cases  the  energy  release  rate  goes  to  zero  or  becomes  unbounded 
as  a  -  0  depending  on  whether }.  is  less  than  or  greater  than  1/2.  But  the  dependence  ofif 
on  u  is  very  weak  sinee  ).  differs  only  slightly  from  1,2  except  for  x  <  -0.7  Ccf.  Fig.  2). 
More  importantly,  the  ratio  ‘iA.  'if,  is  independent  of  u  (and  A()  and  is  given  by 

W,  -  ((I -0J)|(I -x)](|d|: +!e|! +2/{,(dr))/c!.  (II) 

Thus  the  reltiilvt  tendency  of  a  crack  to  be  deflected  by  the  interface  or  to  pass  through  it 
can  be  assessed  using  this  ratio. 

integral  equation  methods  have  been  used  to  solve  for  the  function  c(x./f)  for  the  case 
of  the  penetrating  crack  and  for  i/(x./)j  and  e(x,/>)  for  the  two  eases  involving  deflected 
cracks.  The  details  of  the  solution  procedures  are  given  in  Appendices  I  and  II.  The  ratio 
'fjfl,  is  plotted  as  a  function  of  x  in  Fig.  3  for))  ■  0  for  each  case.  The  effect  of  ft  has  not  been 
systematically  explored  since  it  is  felt  that  x  is  the  more  important  of  the  two  parameters.  In 
any  case,  the  effect  of  ft  on  the  ratio  it  not  expected  to  be  large,  at  was  seen  in  a  similar 
problem  (He  and  Hutchinson,  1989).  Note,  for  example,  that  ft  appears  explicitly  in  (I  I) 
only  to  order  ft:.  The  relative  amounts  of  At  and  A-  at  the  right-hand  lip  of  the  deflected 
cracks  are  presented  in  Fig.  4  using  the  measure  ^  -  tan" 1  (A-/ A',). 

Let  'SH  be  the  toughness  of  the  interface  (which  may  depend  on  f)  and  let  ‘.f.  be  the 
mode  I  toughness  of  material  1.  The  impinging  crack  is  likely  to  be  deflected  into  the 
interface  if 


<fM,V.  <  (12) 

since  then  the  condition  for  propagation  in  the  interface  will  be  met  at  a  lower  load  than 
that  for  penetration  across  the  interface.  Conversely,  the  crack  will  tend  to  penetrate  the 
interface  when  the  inequality  is  reversed.  The  deflected  crack  branching  to  one  side  (as 
opposed  to  the  crack  with  the  double  branch)  generally  controls  the  condition  for  deflection 
into  the  interface  since  it  corresponds  to  the  highest  ratio  ^9,,  although  the  double 
branching  crack  could  control  if  V*  depends  strongly  on  For  x  not  too  different  from 
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zero.  the  critical  ratio  it  approximately  M.  It  tnereatet  to  approximately  1  2  when  a  «•  I  2. 
corresponding  to  a  plane  strain  tensile  modulus  of  material  I  ban#  three  timet  that  of 
material  2. 

The  analysis  has  not  addressed  the  question  of  the  toad  level  required  for  the  crack  to 
deflect  into  the  interface  or  to  penetrate  it.  Rather,  it  has  exploited  the  fact  that  the  energy 
release  rates  of  the  competing  crack  trajectories  depend  on  crack  advance  a,  in  exactly  the 
same  way.  Thus  the  relative  energy  release  rates  can  be  unambiguously  determined  and 
used  to  assess  which  of  the  competing  trajectories  will  be  selected.  When  /.  <  1.2  it  is 


Fig.  4.  Combination  of  interface  stmt  inientny  factors  at  right-hand  tip  of  deflected  crack. 
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necessary  to  invoke  intrinsic  daws  in  either  the  interlace  or  in  material  I  for  the  crack  to 
grow  from  the  tip  when  u  »  0  The  condition  (12)  implicitly  assumes  the**  intrinsic  Dawn 
of  comparable  sue.  The  above  conclusions  are  also  drawn  under  the  assumption  that  (he 
crack  approaches  the  interface  quanstatieally.  Dynamic  effects  may  alter  the  conclusions 
somewhat  when  the  impinging  crack  is  traveling  at  a  significant  fraction  of  the  elastic  wave 
speed 


J  CRACK  TERMINATING  at  AN  INTERFACE  AT  AN  OtUQUE  ANGLE 

There  is  a  peculiarity  to  the  problem  of  a  crack  impinging  on  an  interface  at  an  oblique 
angle  which  makes  a  discussion  of  the  relative  tendency  for  deflection  or  penetration 
somewhat  more  complicated  than  the  case  of  the  perpendicularly  impinging  crack.  The 
peculiarity  concerns  the  nature  of  the  singular  stress  fields  for  an  oblique  crack  terminating 
at  the  interlace  with  the  geometry  shown  in  the  insert  in  Fig.  } 

For  u  homogeneous  material  (a  *  ■  0)  or  for  the  erack  making  a  right  angle  with 
the  interface  between  two  different  materials  (<a,  ■  *  2),  the  most  singular  stress  fields  of 
phy  sical  interest  at  the  tip  can  be  written  as 

e„  -  WJW  (13) 

where  a  -  1/2  for  the  homogeneous  material  and  i  is  given  in  Fig.  2  for  (W|  ■  tt/2).  In 
these  cases,  the  eigenvalue  problem  for  the  exponent  i  has  a  double  root  yielding  two 
linearly  independent  fields  er^  and  «J|  which  can  be  taken  to  be  symmetric  and  anti-symmetric 
relative  to  the  crack  plane.  When  the  crack  lies  on  the  interface  (w,  -  0)  the  eigenvalue  is 
also  double  with ).  -  I  i2  when  0  -  0. 

For  values  of  w,  between  0  and  it/ 2  the  eigenvalue  problem  no  longer  ha^  double  roots 
when  the  materials  are  dissimilar.  Instead  of  (13),  the  two  most  singular  fields  of  interest 
are 


a.,«V-^V,W+*J'-V/'(0)  (Ml 

where  and  /.»  are  real  for  [i  *  0.  Corresponding  to  each  eigenvalue  is  only  one  eigen¬ 
function  instead  of  two.  The  two  exponents  /.( and  Aj  are  plotted  as  a  function  of  w:  in  Fig. 
5  for  x  »  ±0.5  with  [i  *  0.  If  is  identified  as  the  larger  of  two  exponents,  the  dominant 
singular  field  is 
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9.  -  k,r  (15) 

where  «;,"((/)  is  a  mixed  mode  ^-variation  which  depend!  on  w*  and  a. 

Thu*,  unlike  (he  problem!  mentioned  above— indeed.  unlike  mo»  linear  eraek  prob¬ 
lem!— the  oblique  crack  terminating  at  an  interlace  has  a  ftxtel  mixed  mode  li.e.  a  fixed  II* 
variation)  independent  of  the  remote  loading  combination!  acting  on  the  body.  The  /.one 
of  dominance  of  ( 1 5)  may  be  very  small  and  muil  vanish  a!  a  and  /I  vanish  since  then  the 
two-term  representation  (13)  holds.  Similarly,  dominance  muit  vnniih  as  w,  -  0  or  s  i  In 
spite  of  the  limited  range  of  dominance  expected  for  (15),  we  have  considered  the  com* 
petition  between  penetration  and  deflection  at  an  interface  for  an  oblique  eraek  where  (15) 
specifies  the  dominant  field  at  the  (ip  of  the  mam  eraek.  These  results  arc  discussed  in  the 
next  section.  In  the  last  two  sections,  we  circumvent  the  issue  of  limited  dominance  of  the 
asymptotic  problem  by  analyzing  an  oblique  crack  under  a  specific  wedge-loading. 


4  asymptotic  limits  for  deflection  versus  penetration  for  an  oiuquf. 

CRACK  (PROILEMS  II 


In  problems  Bt  and  B2  (cf  Fig.  I)  the  dominant  singularity  held  (15)  is  imposed  as 
the  remote  held  on  the  mam  semi-inhmte  crack.  The  competition  between  penetration  of 
the  interface  and  deflection  into  the  interface  parallels  that  discussed  in  Section  2  for  the 
perpendicular  crack  under  symmetric  load.  Now.  however,  the  direction  taken  by  the  crack 
penetrating  into  material  l.u,.  must  be  determined.  The  direction  chosen  will  be  that  which 
maximizes  the  energy  release  rate. 

The  stress  intensity  factors  at  the  tip  of  the  penetrating  eraek  are  related  to  k,  and  a 
by 

A'.+itf,,  ■  c(a.w„Wj)k,B,',”,‘  (16) 

where  c  is  a  dimensionless  complex-valued  function  and  attention  wit  be  focussed  on 
materia!  combinations  with  ft  ■  0.  The  energy  release  rate  of  the  penetrating  crack  is 
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(17) 


The  maximum  energy  release  rate  with  respect  to  u,  for  fixed  a  is  denoted  by  The 
interface  stress  intensity  factors  of  the  deflected  crack  can  be  expressed  as  (8)  with  c  *  0 
and  k,  and  /.  replaced  by  k,  and  /.„  respectively.  The  ratio  of  the  two  energy  release  rates 
is  again  independent  of  a  and  is  given  by 

-  (I  ~ *)  ‘ 1  (l</ll  +  if  I J + 2 A,(i/e)];|c| :.  (18) 

Numerical  results  for  this  ratio  as  a  function  of  a  are  shown  in  Fig.  6  for  the  case  where 
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m  4{  When  material  I  i*  stiff  compared  W  mating  2u>  «I  the  maximum  energy 
release  rale  of  ihe  penetrating  crack  is  only  slightly  larger  than  that  of  the  Jeflec'ed  crack 
In  fact,  when  a  u  greater  than  about  0.5  the  maximum  energy  release  rate  of  the  penetrating 
erack  is  attained  (otuf  0  w  that  the  critical  penetrating  crack  coincides  with  the  deflecting 
crack.  When  material  I  is  the  more  compliant  material  the  energy  release  rate  of  the 
penetrating  crack  significantly  exceeds  that  of  the  deflecting  erack. 

The  discontinuity  in  %  *?'  in  Fig.  6  at  *  -  0  is  associated  with  exchange  in  roles  of 
(A,.*.)  and  te*"{fl).  in  (Ml  as  a  changes  sign.  The  (^variation  of  the  dominant 
singularity  field  (15)  changes  discontinuous!)*  as  x  changes  sign.  As  has  already  been 
mentioned,  the  dominance  of  the  single  field  (151  vanishes  as a  —  0. 

We  proceed  from  here  by  considering  the  specific  wedge-opening  loading  indicated  in 
problems  C  and  D  in  Fig.  I  One  consequence  of  a  im*/<*  dominated  mixed  mode  for  the 
erack  terminating  at  the  interface  is  that  a  straight  eraek  approaching  the  interface  will 
necessarily  experience  a  mixed  mode  at  its  tip.  This  is  illustrated  by  example  in  the  next 
section  where  its  implications  are  discussed  In  Section  6  we  reconsider  the  competition 
between  penetration  and  deflection  for  the  oblique  eraek  under  the  wedge  loading  lor  finite 
values  of  a  / 


s  straight  crack  under  wedge  loading  approaching  an  interface 
at  an  oklique  ANGLE  iPROHLEM  Cl 

With  the  tip  of  the  crack  in  material  2.  the  near  tip  fields  are  a  combination  of  modes 
I  and  II  Here  wc  examine  the  history  of  A\  and  Ajt  for  the  semi-infinite.  s /r.nqfir  crack 
loaded  b>  the  opening  wedge  force*  per  unit  thickness  /*  shown  as  C  in  Fig  I  The  solution 
for  the  stress  intensity  factors  can  be  written  as 

where  /  is  the  distance  of  the  tip  from  the  loads  and  where  c  is  a  dimensionless,  complex 
function  of  j.  /f.  a;  and  l>U  When  /  is  small  compared  to  L  the  eraek  tip  is  in  mode  I  with 
the  well-known  result 
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As  /  increases  the  crack  tip  interacts  with  the  interface  and  some  amount  of  mode  II  is 
induced.  Plots  of  Kn  A'i  as  a  function  of  /  U  are  given  in  Ftg.  “  for  three  angles  of  approach 
tw: »  30 . 45  and  60  1  for  two  material  combinations  lx  ■  0.5  and  x  -  -0  5.  each  wuh 
fl  *  0).  These  results  have  been  computed  using  an  integral  equation  approach  given  in 
Appendix  B. 

When  the  crack  approaches  a  more  compliant  material  across  the  interface  (a  <  0}  X„ 
become  negative,  although  it  is  very  slightly  positive  for  an  initial  range  of  ///#.  If  it  were 
free  to  curve  following  a  path  with  Aflt  always  zero,  the  crack  would  curve  toward  the 
interface  since  the  straight  crack  has  A'u<0.  Conversely,  when  the  straight  crack 
approaches  a  suffer  material  across  the  interface  (a  >  0).  A'n  becomes  positive  suggesting 
that  an  actual  crack  trajectory  satisfying  A'n  ■  0  would  curve  away  from  the  interface. 
Conjectured  trends  are  sketched  in  Fig.  8.  Similar  conclusions  have  been  drawn  in  the 
studies  of  Erdogan  and  Arin  (1975)  and  Lardner  tt  al.  (1989). 

The  variation  of  the  energy  release  rate 
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wuh ///tt  is  shown  in  Fig.  9  for  w:  »  60  and  fora  ■  Oand  ±0.5  with//  ■  0.  These  variations 
reflect  the  behavior  that  is  well-known  fora  crack  approaching  an  interface  at  right  angles. 
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When  (he  material  across  the  interface  it  stiffer  than  that  where  the  craek  resides  (a  >  0). 
9  must  drop  to  mo  at  the  interface  it  approached.  But  note  from  Fig.  5  that  a,  it  only 
very  slightly  smaller  than  I  >2  for  oj<  -  60'  and  »  0.5.  and  thut  3f  hat  not  yet  started  to 
drop  steeply  even  when  ///*  -  0.95.  When  a  <*  -0.5.  corresponding  to  a  more  compliant 
material  across  (he  interface.  *»  0.67  and  the  increase  in  V  as  the  interface  it  approached 
it  more  dramatic. 


4.  DEFLECTION  VERSUS  PENETRATION  OF  A  WEDGE-LOADED  CRACK 
IMPINGING  AN  INTERFACE  AT  AN  OILIQUE  ANGLE  (PROBLEMS  Dl 

The  mam  semi-infinite  crack  in  Set  D  in  Fig.  I  it  subject  to  opening  wedge  loads.  P,  a 
distance.  /.  from  the  interface  along  the  crack  line.  Competition  between  penetration  (Dl) 
and  deflection  cD2)  is  unaided.  As  noted  in  the  previous  section  an  oblique  crack  under  the 
wedge-opening  loading  is  not  expected  to  approach  the  interface  as  a  straight  crack. 
Nevertheless,  the  problem!  analysed  in  thit  section  should  give  further  insight  into  the 
creek  deflection  process.  Moreover,  the  results  of  this  section  place  the  behavior  of  the 
perpendicular  crack  in  perspective. 

The  solution  for  the  stress  intensity  factors  in  problem  D I  can  be  written  as 
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where  cm  dimensionless  complex-valued  function  of  the  argument#  indicated  ifl  if  again 
taken  to  be  *ero).  The  energy  rcleafe  rate  if 
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The  maximum  value  of  4t  with  respect  to  u,  for  fixed  u.i  if  denoted  by  If'*' 
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Ft;.  t0.  Ratio  of  cnctgy  relate  rate  of  deflected  crack  to  maximum  energy  release  rate  of  penetrating 
crack  at  same  a  for  cuj  ■  45  and  0-0. 
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Wiih  £  « t).  the  interface  intensity  factors  for  ih<  deflected  crack  can  be  expressed  in 
a  manner  similar  Id  t22j.  l,c. 

A*.w».«./)W  1 !  (24) 


The  energy  release  raic  ef  the  deflected  crack,  f„.  is  again  given  b.v  (9)  (with  c  -  0)  where 
A’f-rAff  -  */  ->:  /. 

The  ratio  of  the  competing  energy  release  rates  is 
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This  ratio  t*  plotted  as  a  function  a  for  w} »  45  in  Fig.  10  for  all »  0.5  and  C.l ;  the 
asymptotic  limit  of  Section  4  for « /«  0  it  alto  included,  taken  from  Fig.  6,  Equation  (25) 
has  a  finite  lima  a*  a  —  U,  and  wc  believe  that  this  limit  must  be  the  asymptotic  result  of 
Section  4,  W<  have  not  attempted  to  compute  the  ratio  (25)  for  value*  of  a//  smaller  than 
0.1.  However,  we  conjecture  that  results  for  significantly  smaller  a;/  will  approach  the 
asymptotic  limit  in  the  manner  indicated  in  Fig.  10. 

Curve*  of  ‘Hj,  at  a  function  of  x  art  shown  in  Fig.  1 1  for  all  ■  0.)  and  w. «  30% 
45  ,  and  00  Included  also  is  the  curve  from  Fig.  3  for  the  singly  deflected  crack  with 
uj  *  90  The  associated  measurt  Oof  the  relative  combination  of  the  stress  intensity  factor* 
of  the  deflected  crack  u  given  in  Fig.  12.  As  one  would  expect  intuitively,  the  competition 
between  deflection  and  penetration  becomes  more  favorable  to  deflection  the  more  oblique 
is  the  crack  impinging  the  interface.  If  one  desires  to  design  the  toughness  of  an  interface 
such  that  a  crack  of  any  orientation  will  be  deflected,  then  the  results  for  the  perpendicularly 
impinging  crack  (w:  ■  90  )  control  the  choice  of  interface  toughness.  For  rvalues  in  the 
range  of  -0.5  to  about  0.25  the  toughness  of  the  interface  (measured  in  energy  unit?)  must 
he  less  than  about  one  quarter  of  the  toughness  of  the  material  across  the  interface  if  all 
cracks  arc  to  be  deflected. 
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APPENDIX  A:  INTEGRAL  EQUATIONS 

In  ibis  Appendix  vie  set  up  the  imefral  equation*  for  Ibe  ptane  strain  problem  tpaciAad  in  Fiy.  AI.  which  Is 

representative  ef  seven!  ef  the  various  prsbler.i. 

Lei  ir.Hii  end  l  be  the  r  and  l>  vvmppnenis  of  an  edpe  disiocaiion  located  on  the  radial  line  0  »  w,  ai 
/,  •  l.t'  .  and  lei  A.ltj.l  and  A. r <j ; )  be  the  r  and  0  component!  of  an  edpe  disiocaiion  loeatad  on  the  radial  line 
ii  «  s-w.  at  X:  «  v.-e"  The  siresset  induced  by  a  dislocation  can  be  obtained  using  the  Muskhclithsili 
method  and  are  |tven  as  folio**. 


Fi|.  A I .  Geometry  eonvemioni. 


Crack  deflection  at  an  interface  l**M 

Tlx  stress  component!  *«  am!  a,  at  *■  point  /.  «  r.c  ■•  on  the  radial  tnw  i*  *  *  *>•«•  induced  h  the 
dislocation  at  Zj  « arc  gtsen  by 

•rt+w*  « 21(7)1  e~  f),-r,)-J»t-,K?a<»!.iflTAyiK/:iy;.r.|  (All 


Similarly,  the  strevses  it  a  point  Z  » r,«~  on  the  radial  line  it  •  m,  induced  by  the  dislocation  at  Z,  * 
ln  given  by 

e^-rn* «  #(ij)A,,(y1.r,l+#tyj)/'.tij.fiJ  IA2» 

The  ttrtiwt  at  *  point  Z  «  M“  on  the  radul  line  0  ■  ty,  induced  by  the  dislocation  at  Z«  » iss“  arc  given 
by 
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The  stresses  at  a  point  Z  «  on  the  radial  line  tr »  mduocd  h>  the  dislocation  at  /,  -  o.e  aw 

goen  by 
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where  t  *  v'-l,t  )  denotes  the  complei  conjugate,  and 
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The  semi-mfimie  reference  crack  corresponding  to  0  <  <  x  is  represented  by  a  distribution  ordislocations 

i(ijj),  and  the  se|menl  of  crack  corresponding  to  0  <  7,  <  «  is  represented  by  a  distribution  ,4(7,)  The  BUh.) 
and  /t(7i)  a  re  chosen  such  that  the  net  tractions  resulting  from  eqns  (A  I ).  (A2).  (A3)  and  ( A4)  are  rcro  ever)  where 
on  the  crack  surface.  Since  the  u -dependence  of  the  solution  is  known  from  dimensional  considerations,  u  can  be 
taken  to  be  unity.  The  dual  integral  equations  are  then 
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where  /)({;)  **  #<■)>).  The  representations  ol  dt»),i  ar,d  /)(*.)  fur  the  different  problems  are  constructed  m 
Appendix  B,  The  stress  intensity  factor i  at  the  lip  or  a  deflected  crack  are  given  by 
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APPENDIX  ■■  DISLOCATION  REPRESENTATIONS 
The  representation  of  the  Allocation  distributions  for  the  different  problem!  are  lummarired  here. 

Pfobkmt  A I  anJB\ 

The  remote  Held  impoted  un  the  vtmi-inlinile  crack  li  ij)  in  Al  and  (1$)  in  1)1.  Let  J  -  u(r.  -n-iv;) 
-trir.x-rro.)  be  the  relative  displacement!  of  the  crack  facet  associated  with  there  licldt  From  the  singularity 
analytit  for  the  crack  terminating  at  the  interface,  the  remote  dislocation  distribution  can  he  obtained  Iroin 
b  m  dd/M: Jr|d  *dn  (A3)  at 
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where  k  » k,  in  Al,  and  k  ■  k,  and  /.  ■  a,  in  Bl  The  comple.v  constant  i ,  it  determined  hy  the  singularity 
analytit. 

The  mott  singular  stresses  in  the  vicinity  of  the  kink  of  the  crack  (at  ,v  ■  y  ■  0)  have  the  form  d  -»  r  M(d) 
where,  in  general,  pis  a  complex  number  depending  on  s.  /).iu,  andw:.  Hein  and  Erdogan  (1971)  have  obtained 
the  equation  far  p.  When  /) »  0.  p  it  teal.  In  the  neighborhood  of  the  kink  B-ni'  »nd  A  -t;e. 

The  representation  of  Of'.)  which  buildt-m  the  correct  singularity  at  the  kink  and  which  approaches  eqn 
(Bl)  remote  from  the  interface  is 
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where  the  tfs  are  complex  coefficient!  which  mutt  be  obtained  in  the  solution  and  process  and  r,(s':)  is  the 
Chcbyshev  polynomial  of  first  kind  of  degree/  The  representation  for  A(i)i)  is  taken  as 
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and,  by  (AI2).  the  stress  intensity  factors  at  the  tip  of  the  crack  are 
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By  substituting  (B2)  and  (B3)  into  the  two  integral  equation  (All)  one  obtains  the  two  equations. 
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»kw  integral  evpeenwom  fix  i"4.  f„.  ft,.  M,  and  t,  an  readily  tdentiM.  To  determine  the  m»n  complex 
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winded at n Oem*- Legendre point* iXt  tk  interval 0 < I.  <  I  On  tk buds of  nixixtK.il experimentation wnh 
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«Wan  rates  reported  m  tk  tiguro  ate  xeurate  to  within  about  one  pet  vent  lotk  caw  of  problem  A I .  symmetry 
imptxi  that  Ik  teal  parts  of  J,  amt  u  at e  act o 
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Tk  formulation  of  pfohkm  Ot  it  similar  m  moil  respects  to  VI  except  that  tk  concentrated  wedge  loads 
muvtkapplxit  Thu  isxcempfishex)  by  considering  tk  solution  for  aconcentraicd  force  fxttagon  an  otherwise 
tractiondrcc  boundary  ot  a  vcttiiotititwt*  plane  the  singular  behavior  ef  .%«•!  neat  tj » /  must  k  cauHtttm 
with  thtt  solution,  i  c 
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tthere  a*  it  the  eigenvalue  e(  tk  problem  m  Section  3  »hwh  it  tk  nett  larger  than  a,  and  a8  in  t)4).  Thu  exponent 
characterizes  tk  atxmptottc  outer  solution  to  tk  scmwnllmtc  crack  pro  Mem  for  a  loading  vthtch  it  con  lined  to 
thexKiniiyofihettp. 

A  representation  lor  0({  -t  consistent  tttth  the  al>ott  features  and  the  singularity  at  tk  kink  it 
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and  m  (I- 1)  (I-/)  The  repretentalion  for  dtiM  it  still  given  by  cqn  (B3)  Tk  integral equations  reduce  to 
tk  form  given  in  (85)  and  ( Ml.  and  the  solution  procedures  art  the  tame  at  described  above.  Tk  rtsulis  repotted 
Merc  computed  ttuh  m  -  n  »  $ 

PrM'mtA2'Ai.ntmilD2 

The  formulation  of  theie  problcmt  dilfcrt  from  their  counterparts  above  only  in  that  tk  portion  of  Ik  crack 
beyond  the  kink  lies  along  the  interface  Vvhen  <f «  0.  cqn  tA3)  gitct  the  traction  on  tk  interface  tvkn  to,  -  0 
withF,  -OandF.  «  -t.l, -dil  tr.-n.l  The  second  integral  equation  in  (Allireducct  to 
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The  rtprescntaiiont  for  A  11,1  and  are  still  given  by  tB2l  and  iB3).  and  the  interface  stress  intensity  factors 
arc  given  by 
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Problem  C 

The  integral  equation  governing  the  dislocation  distribution  H(n .)  for  tk  wedge  loaded  crack  approaching 
the  interface  is 

2^  ftlHl-ri"  e“»dgr  (8(<j)</,(*x.r)r  A(»j)(7j(*g.O)  dig  —  0  (BI3) 

where  i j  and  r  are  aero  at  the  crack  tip.  The  distribution  BO f)  must  be  consistent  with  tk  wedge  loading  (B7)  and 
a  square  root  singularity  at  the  crack  tip.  The  representation  used  is  tk  same  as  that  in  (B9)  and  (BIO)  with 
p  »  I  2.  The  integral  equation  is  red uced  to  algebraic  equations  for  ihe  m  complex  coefficients  J,  as  in  the  previous 
problems  The  results  reported  in  Figs  7  and  9  were  computed  wiihm  ■  20  for  ///,  <0.7  and  m  -  30  for  hi,  >  0.7 
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ABSTRACT 


Analyses  of  debonding  along  interfaces  and  of  the  kinking  of  interface  cracks 
into  a  fiber  have  been  used  to  define  the  role  of  debonding  in  fiber  reinforced,  brittle 
matrix  composites.  The  results  reveal  that,  for  aligned  fibers,  debonding  requires  an 
interface  fracture  Tj  energy  less  than  about  one-fourth  that  for  the  fiber,  Ff. 
Furthermore,  once  this  condition  is  satisfied,  fiber  failure  does  not  occur  by 
deflection  of  the  debond  through  the  fiber.  Instead,  fiber  failure  is  governed  by 
weakest  link  statistics.  However,  the  debonding  of  inclined  fibers/whiskers  is 
possible  when  H/Tf  is  larger  than  one-fourth  and  additionally,  debonds  can  deflect 
onto  the  fiber  and  cause  fiber  failure  at  inclinations  <  60°. 


2 


1.  INTRODUCTION 


Brittle  matrices  reinforced  with  brittle  fibers  exhibit  high  ".toughness"  when 
fiber  failure  is  suppressed  at  the  matrix  crack  front.1-5  This  process  involves 
interface  debonding  at  the  crack  front  and  probably  further  debonding  in  the  crack 
wake,  accompanied  by  frictional  sliding  along  the  debonded  interfaces  (Fig.  1).  Fiber 
failure  in  the  crack  wake  then  results  in  a  pull-out  contribution  to  toughness,  which 
becomes  large  when  the  distance  between  the  fiber  failure  site  and  the  matrix  crack 
plane  (i.e.,  the  pull-out  length)  is  also  large.  Consequently,  it  is  important  to 
understand  the  mode  of  fiber  failure  and  the  relationships  which  govern  the  fiber 
failure  site.  Existing  analyses  of  pull-out  toughening  have  assumed  that  fiber  failure 
involves  weakest  link  statistics,  whereupon  the  failure  site  depends  on  fiber 
strength  parameters.  Such  solutions  have  dictated  present  approaches  for  fiber 
development  which  emphasize  strength.  However,  implicit  in  these  analyses  is  the 
premise  that  fiber  failure  does  not  occur  by  kinking  from  the  debond  crack  tip  into 
the  fiber.  Clearly,  should  fiber  failure  instead  proceed  by  kinking,  the  relevant  fiber 
property  would  be  its  toughness  rather  than  its  strength,  resulting  in  very  different 
emphasis  for  fiber  development.  The  existence  of  a  kinking  mechanism  of  fiber 
failure  has  been  illustrated  in  SiC  whisker  reinforced  AI2O3  (Fig.  2),  albeit  at  a 
whisker  acutely  inclined  to  the  matrix  crack  plane. 

Analyses  that  contain  much  of  the  information  relevant  to  initial  debonding 
and  fiber  failure  by  kinking  have  been  completed  recently.6' 7  The  intent  of  the 
present  article  is  to  utilize  this  information  and  to  present  solutions  that  specifically 
address  these  issues. 
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2.  THE  BASIC  MECHANICS 

2.1  INITIAL  DEBONDING 


The  incidence  of  initial  debonding  at  the  matrix  crack  front,  rather  than 
failure  of  the  fiber,  can  be  obtained  from  a  comparison  of  the  strain  energy  release 
rate,  Q\,  for  a  small  kink  along  the  interface  emanating  from  the  matrix  crack,  with 
that  for  a  small  coplanar  kink  into  the  fiber,  (Fig.  3).  Specifically,  debonding  is 
expected  to  occur  when  §{/§{  is  larger  than  the  ratio  of  critical  values,  T\/T\,  at  the 
relevant  phase  angle  of  loading  at  the  interface  crack,  For  brittle  matrix 
composites  with  aligned  fibers,  the  relevant  debonding  diagram  considers  a  matrix 
crack  normal  to  the  interface  (Fig.  3).*  The  solution  indicates  that  high  modulus 
fibers  tend  to  encourage  debonding.  Furthermore,  it  is  noted  that  this  condition  for 
initial  debonding  is  not  affected  by  the  residual  strain. 

In  a  composite  with  randomly  oriented  fibers  and/or  whiskers,  Q\/ Qi 
increases  as  the  interface  angle  8  decreases,5  such  that  debonding  occurs  subject  to 
less  stringent  requirements  as  evident  from  Fig.  4. 


2.2  WAKE  DEBONDING 

When  the  condition  for  initial  debonding  represented  by  Fig.  3  is  satisfied,  the 
crack  can  only  deviate  from  the  interface  if  the  phase  angle  of  loading  at  the  debond 
changes.  Phase  angle  changes  become  possible  when  the  debond  length  exceeds  the 
fiber  radius.  Then,  crack  geometry  changes,  coupled  with  residual  strain  effects,  as 
well  as  changes  in  loading  on  the  fiber,  exert  an  influence  on  Yi.10  Good  insight 
into  these  effects  can  be  gained  by  examining  the  behavior  of  a  fiber  in  the 


*Delamination  by  matrix  crack  propagation  parallel  to  the  fibers  can  also  occur;4  this  problem  is  not 
addressed  by  the  present  study. 
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immediate  crack  wake  (Fig.  5).  For  this  case,  the  phase  angle  initially  increases  as  the 
debond  extends  (up  to  debond  lengths  of  ~  5R).10  More  significantly,  when  residual 
strain  exists,  the  phase  angle  changes  rapidly,  at  fixed  debond  length,  as  axial  loads 
are  exerted  on  the  fiber  between  the  crack  surfaces.  The  change  in  phase  angle 
between  the  crack  front  and  the  crack  wake  could,  in  principle,  cause  fiber  failure 
from  the  debond,  in  the  crack  wake,  ns  elaborated  below. 


2.3  FIBER  FAILURE 

The  problem  of  fiber  failure  from  the  debond  is  characterized  by  a  plane  strain 
crack  along  the  interface  with  a  kink  extending  into  the  fiber7  (Fig.  6).  Specifically, 
the  maximum  energy  release  rate  for  the  kink,  compared  with  the  energy  release 
rate  for  continued  extension  along  the  interface,  dictates  the  tendency  for  fiber 
failure.  Calculations  of  these  energy  release  rates  compared  with  critical  values  for 
the  fiber  and  interface,  as  a  function  of  the  phase  angle  for  the  debond  crack,  provide 
the  fiber  failure  diagram  indicated  on  Fig.  6.  In  this  diagram  the  locus  of  initial 
debonding  refers  to  debond  requirements  in  Ti/Tf  plotted  against  \J/  such  that  each 
point  refers  to  a  specific  OC.  Three  such  a  values  are  indicated  on  the  figure.  It  is 
now  vividly  apparent  that  fiber  failure  typically  requires  larger  values  of  than 
initial  debonding.  Consequently,  if  the  ratio  H/Tf  is  fixed  and  thus  independent  of 
the  phase  angle  \|/j,  a  debond,  once  initiated,  would  always  remain  at  the  interface, 
except  when  the  fiber  axis  is  within  ~  30°  of  the  matrix  crack  plane.  Possible  changes 
in  this  conclusion,  based  on  phase  angle  effects,  are  discussed  below. 
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2.4  THE  CRITICAL  ENERGY  RELEASE  RATE 


The  interface  fracture  energy  H  ,  is  often  influenced  by  the  phase  angle, 
as  illustrated  in  Fig.  7.  The  role  of  the  phase  angle  is  not  fully  understood;  one 
hypothesis  is  that  crack  surface  contact  at  asperities  on  the  interface  crack  surface 
becomes  increasingly  important  as  \|/|  increases,  causing  a  corresponding  increase  in 
Tj.  Alternative  mechanisms  that  could  cause  Tj  to  increase  with  have  yet  to  be 
explored. 

The  fracture  resistance  of  the  fiber  Tf  does  not  involve  similar  considerations 
of  the  phase  angle  in  the  fiber,  \}ff,  because  the  maximum  energy  release  rate 
essentially  coincides  with  the  orientation  at  which  \{/f  -  0,7  consistent  with  the 
condition  that  crack  propagation  in  homogeneous  brittle  solids  seek  the  trajectory 
having  v/  =  0.12 


3.  DEBONDING  AND  FIBER  FAILURE 

The  critical  property  requirement  for  good  composite  performance,  based  on 
the  need  for  debonding,  is  governed  solely  by  the  fracture  resistance  ratio,  H/Tf,  as 
summarized  by  the  debond  diagrams  (Fig.  3, 4)  at  the  appropriate  phase  angle,  \{/j. 
The  tendency  for  further  debonding  in  the  wake,  compared  with  fiber  fracture, 
depends  on  additional  variables.  The  basic  characteristics  are  summarized  in 
composite  diagram  (Fig.  8).  Such  diagrams  reveal  that,  when  Tj  is  independent  of 
the  phase  angle,  \J/|,  fiber  failure  can  never  occur  from  the  end  of  the  debond,  unless 
the  fiber  axis  has  an  inclination  with  the  matrix  crack  plane,  0  <  30°.  Instead,  fiber 
failure  must  be  statistical  in  nature.13  However,  when  Tj  increases  with  increase  in 
\j/i  as  encouraged  by  a  rough  debond  interface,  the  possibility  of  fiber  failure  from  the 
debond  extends  to  a  larger  orientation  range.  To  understand  this  possibility,  the 
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switch  in  phase  angle  yi  that  occurs  between  the  debond  at  the  crack  front  and  when 
the  debond  exists  at  an  intact  fiber  in  the  crack  wake  is  invoked.  The  relevant 
behavior  is  illustrated  for  the  case  a  =  0  (Fig.  8).  At  the  crack  front  yi  -  45°, 
whereas  in  the  crack  wake,  yi  varies  as  the  fiber  becomes  stressed  in  the  crack  wake 
and  a  maximum  steady-state  level,  yi  «  75°,  is  rapidly  reached.  The  change  in  T| 
between  this  range  of  phase  angles  is  thus  of  relevance.  Few  data  exist  regarding  the 
possibility  of  a  sufficient  increase  in  Fj  (over  this  range)  to  cause  the  fracture  energy 
path,  Fi(yi)  to  intersect  the  fiber  failure  boundary.  However,  it  is  noted  that  such  an 
intersection  becomes  more  likely  as  the  amplitude  of  the  interface  fracture  surface 
roughness  increases.11  It  is  also  reemphasized  that,  when  F*|  is  not  strongly 
influenced  by  phase  angle,  the  composite  diagram  (Fig.  8)  dictates  that  small  kinks 
near  the  debond  tip  will  not  propagate  in  preference  to  further  debonding  in  aligned 
fiber  reinforced  materials  having  fibers  coincident  with  the  stress  axis.  In  such  cases, 
fiber  failure  occurs  in  accordance  with  weakest  link  statistics.13 

As  the  fiber  axis  deviates  from  the  normal  to  the  crack  plane,  crack  front 
debonding  can  occur  at  larger  Tt/Tf  (Fig.  4).  Consequently,  inclined  fibers  that 
debond  could  experience  fiber  fracture  from  the  debond  tip  as  the  phase  angle  shifts 
upon  passage  of  the  matrix  crack.  Specifically,  fiber  fracture  can  occur  from  the 
debond  when  the  fiber  axis  orientation  0  <60°,  even  when  Tj  is  phase  angle 
independent  (given  a  sufficient  phase  angle  switch).  This  important  influence  of 
orientation  explains  the  observation  (Fig.  2)  that  inclined  whiskers  can  crack  from 
the  debond  tip. 
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4.  CONCLUDING  REMARKS 


The  preceding  discussion  suggests  that,  in  composites  with  aligned  fibers, 
interface  debonding  should  occur,  provided  that  the  fracture  resistance  of  the 
"weakest"  interface  (matrix/coating  or  coating/fiber)  satisfies  the  inequality, 
ryr7<l/4.  When  this  condition  is  satisfied,  further  debonding  can  occur  in 
preference  to  fiber  failure  from  the  debond,  unless  an  interface  mechanism  exists 
that  causes  Fj  to  increase  rapidly  with  increase  in  phase  angle,  vj/j.  Consequently,  the 
influence  of  the  mechanical  properties  of  the  fiber  on  composite  behavior  is 
contained  exclusively  in  the  statistical  parameters  that  govern  their  tensile  strength. 
A  rough  debond  interface  seems  to  be  one  important  way  in  which  T|  can  increase 
with  Vjq,  by  means  of  a  crack  surface  contact  mechanism  and  thereby  inhibit  further 
wake  debonding  and  violate  the  above  conclusion 

In  composites  with  randomly  oriented  whiskers  or  chopped  fibers,  debonding 
occurs  more  readily  at  the  more  acutely  inclined  reinforcements.  Then,  in  cases 
wherein  debonding  only  occurs  at  the  inclined  reinforcements,  fiber  failure  by  kink 
fracture  from  the  debond  is  seemingly  feasible.  For  such  materials,  toughness  rather 
than  strength  is  the  fiber  property  that  governs  the  composite  toughness.14 
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FIGURE  CAPTIONS 


Fig.  1.  A  schematic  indicating  the  debonding  and  sliding  behaviors  that 
accompany  matrix  crack  propagation  in  a  brittle  matrix  composite. 

Fig.  2  Debonding  of  an  inclined  SiC  whiskers  in  an  AI2O3  matrix.  A  thin 
(~  5nm)  amorphous  silicate  layer  at  the  interface  allows  debonding.  Also 
note  that  a  whisker  crack  has  formed  from  the  end  of  one  of  the  debonds. 

Fig.  3.  A  crack  front  debond  diagram  indicating  the  range  of  relative  interface 
fracture  energy,  Ti/Tf  in  which  debonding  occurs  in  preference  to  fiber 
failure:  a  is  a  measure  of  the  elastic  mismatch  (a  *  (Ef-En\)/ 
(Ef +  E,n),  where  E  =  E/(l  -G?)  is  the  plane  strain  tensile  modulus  — 
positive  CC  refers  to  a  fiber  having  higher  shear  modulus  than  the 
matrix). 

Fig.  *1.  The  effect  of  interface  orientation  on  the  debonding  requirements 

Fig.  5.  Trends  in  phase  angle  at  the  debond  for  a  fiber  loaded  in  the  crack  wake 

a)  effect  of  debond  length  when  mismatch  strain  is  zero 

b)  effect  of  positive  mismatch  strain  in  the  steady-state  region 

Fig.  6.  A  fiber  cracking  diagram  for  a  fiber  loaded  in  the  crack  wake,  for  three 
values  of  (X.  Also  shown  is  the  locus  for  crack  front  debonding,  over  the 
same  range  of  a.  This  locus  is  the  debond  boundary  in  Ti/Tf,  \j/  space 
with  each  point  on  the  boundary  referring  to  a  specific  CX:  for  reference 
purposes,  three  typical  values  of  a  are  shown.  This  figure  indicates  the 
extent  to  which  IV  Tf  must  increase  between  the  crack  front  and  the 
wake  in  order  to  have  debond  deflection  into  the  fiber. 

Fig.  7.  Some  trends  in  critical  energy  release  rate  for  interface  cracking,  H  with 
the  phase  angle  of  loading  j  obtained  for  a  model  system 
(glass/polymer).  Also  shown  are  predicted  values  for  a  rough  interface 
with  H  being  the  amplitude  and  L  the  wavelength  of  the  roughness. 
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Fig.  8.  Composite  diagram  concerning  fiber  failure.  Trajectories  of  Fj  with  \j/j 
that  lead  to  debond  deflection  into  the  fiber  and  debonding  without  fiber 
failure  (a  =  0).  To  obtain  this  result,  the  kink  angle  that  gave  the 
maximum  value  of  the  energy  release  rate  in  the  fiber  was  used  and  this 
energy  release  rate  was  equated  to  ff. 
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ThuwmiMioa  ckctroa  mknxcopy  studkx  hart  been  conducted 
on  Interfaces  In  ■  lithium  aluminum  slllcate/SIC-flber- 
reinforced  composite.  In  the  as-processed  slate,  Intcrphiscs 
of  amorphous  C  and  carbides  of  Nb  have  been  confirmed, 
with  circumferential  thermal  dtbonds  evident  in  the  C  layer. 

After  beat  treatment  In  air  at  800 'C,  the  C  Is  found  to  be  re* 
placed  by  amorphous  S(Ot,  and  the  carbides  of  Nb  rtplaced 
by  oaldcs.  The  SlOt  thkkens  with  exposure  time  and  typkally 
contains  circumferential  separations.  Some  Mg  and  Al  diffusion 
also  accompanies  the  Heat-treatment  process  and  eventually 
leads  to  the  formation  of  M|0  and  M*  silicates  In  the  Inter- 
facial  ions.  (Key  words:  composites,  mechanical  properties, 
interfaces,  mk restructure,  silicon  carbide.] 

I.  Introduction 

IT  IS  now  well  substantiated  (hat  ceramic  matrix  composites 
have  mechanical  properties  strongly  Influenced  by  the  sliding 
and  debonding  resistance  of  the  interfacial  region.1*’  In  the  ab¬ 
sence  of  Interfacial  bonding,  and  with  small  sliding  reslstanre. 
matrix  cracking  precedes  fiber  failure  and  the  resultant  com¬ 
posites  have  nonlinear  behavior  and  a  large  work  of  fracture. 

However,  an  increased  interfacial  resistance  causes  a  transition  to 
notch  sensitive  behavior,  wherein  Tiber  fracture,  pullout,  and  matrix 
cracking  occur  simultaneously.'  Then,  the  toughness  becomes  an 
appropriate  characterizing  parameter.’'*  The  conin'-  ..ton  to  the 


'^Muwtcnpt  .Vo,  199214.  RtccivtU  Ftbruuy  2).  1911;  Scpumbtr  I), 

SuwrawJ  by  Ux  Dtftnw  AdtuxtU  Rtkuth  Frowns  Ajtncy  IDARPAI  under 
sSJ:  bX7.  of  c‘,‘fom"‘  »•  Structure 

!fur u CO.UHUC u*  Samples  of  the  as-ceramed  and  heat-treated  composite  were 
nwei<  (Rtf.  1).  mechanically  dimpled  in  orientations  having  the  fibers  either  nor- 


toughness  caused  by  fibers  that  remain  intact  In  the  crack  wake, 
and  bridge  the  crack,’*  as  well  as  the  additional  toughening  that 
derives  from  pullout. *  after  fiber  failure,  have  been  calculated 
in  previous  studies  The  principal  intent  of  the  present  series  of 
papers"  "  is  to  conduct  an  experimental  examination  of  the  coupled 
influence  of  fiber  bridging  and  pullout  on  the  fracture  of  fiber* 
reinforced  ceramics.  For  this  purpose,  studies  are  conducted  on  a 
materia]  that  exhibits  systematic  changes  in  iMcrfaciii  sliding  re¬ 
sistance.  upon  heat  treatment.'-"  "  The  material  Is  t  laminated 
0/90  composite  consisting  of  SiC  (Nicalon)  fibers  in  a  lithium 
aluminum  silicate  (LAS)  glais-cerimlc  matrix,1""  The  present 
paper  describes  the  changes  in  the  nature  of  the  fiber, ‘matrix  in¬ 
terfacial  zone.  As  such,  It  provides  an  informed  basis  for  the 
companion  studies  of  mechanical  properties  and  of  fiber  pull¬ 
out.  15  In  these  studies,"  test  specimens  were  beat-treated  in  air 
to  800'C  for  2,  A,  8, 16,  and  100  h,  because  prior  research"-'*  had 
indicated  that  heat  treatment  at  this  temperature  caused  systematic 
changes  in  the  mechanical  properties.  The  principal  results  of  the 
mechanical  tests  (Fig.  I)  concern  the  changes  In  fracture  strain 
that  occur,  even  after  brief  heat-treatment  periods.  In  both  tension 
and  flexure.  This  change  coincides  with  a  transition  from  steady- 
state  matrix  cracking  in  the  as-ceramed*  composite  to  more  brittle 
failure  from  a  single  dominant  flaw  after  hear  treatment.  This  tran¬ 
sition  has  a  profound  effect  on  the  structural  utility  of  the  com¬ 
posite  and  requires  explanation  in  terms  of  microstructural  changes 
at  the  interface  and  associated  effects  on  fiber  failure  and  pullout. 


**>%  *  ,,  *«<*»»% 
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Hg.  I.  Trend  tn  tcniilc  strength  and  streiUKram  behav¬ 
ior  with  hc»«  ueiimcftl. 


nul  or  parallel  10  the  section  plane.  Ion  beam  thinning  was  then 
conducted  In  the  conventional  manner  to  obtain  foils  suitable  for 
TEM  analysts.  The  forces  applied  during  mechanical  polishing 
and  dimpling  were  sufficiently  small  that  no  damage  could  be 
identified  In  the  specimens.  Such  procedures  are  based  on  experi¬ 
ence  gained  in  the  preparation  of  foils  that  allows  the  investigation 
of  microcracks. 11  The  foils  were  investigated  with  a  transmission 
electron  microscope'  operating  at  200  kV.  Chemical  analysis  with 
spatial  resolution  of  -15  nm  was  performed  with  energy  dispersive 
X-ray  spectroscopy  (EOS)  and  electron  energy  loss  spectroscopy 
(EELS),  Low.rosgnification  Images  in  the  as-eeramed  siate”"  of 
the  composite  reveal  that  in  many  instances  circumferential  cracks 
exist  around  the  fibers.  These  cracks  extend  around  Vj  to  V>  the 
circumference  (Fig.  2(A)).  When  such  cracks  are  not  present,  small 
crackiike  flaws  are  usually  evident  at  the  interface  (Fig.  2(A)). 
Studies  conducted  on  other  systems  have  also  revealed  the  presence 
of  debonds. 

Careful  studies  were  performed  to  ensure  that  the  flaws  Identi¬ 
fied  tn  Fig.  2(A)  are  predominantly  debonds  rather  than  thinning- 


Hg.  2.  (Al  Bnght-fielJ  shadow  image  showing  circumieremial  tracking,  as  well  a»  Haws  am>we<l>  award  r.bers  ,B>  Un.M  tidO 
image  of  a  region  close  lo  the  carbon  interface  Ciose  tn  the  Welfare,  ihe  ihtekneska  el  the  LAS.  the  carbon  layer,  and  ihe  SiC  fiber 
ate  appceuinutcly  the  same. 


Fig.  3.  Bright-Held  micrograph  of  the  interface  between 
fiber  and  matrix  in  the  as-processed  composite. 


induced  artifacts  (i)  It  was  established  that  the  thinning  rates 
of  the  LAS  glass,  the  SiC  fiber,  and  the  interface  are  similar, 
resulting  in  specimens  of  homogeneous  thickness  It  was  also  in¬ 
dependently  determined  that  inierficul  lasers  are  not  thinned 
preferentially.  For  example,  a  quantitative  thickness  evaluation  of 
a  bright-field  image  of  the  Interface  region  indicated  no  deviation 
from  uniformity  (Fig.  2(B)).  (tt)  As  elaborated  below,  u  has  been 
verified  that  the  basic  debcr.ding  criteria  are  satisfied  in  this  ma¬ 
terial  system,  (lit)  The  surface  separations.  5  tscc  Fig.  J).  am 
consistent  with  values  expected  from  the  thermal  expansion  dif¬ 
ferences.  Specifically,  by  noting  that  the  thermal  strain  A aST  is 
-  J  x  ID’’  and  that  debonding  occurs  only  on  one  side,  the  sepa¬ 
ration  should  be  of  order  S  »  2hlAaAT  «•  40  nm.  This  value 
compares  favorably  with  the  openings  measured  from  Fig.  3 
ttv)  The  low  values  of  the  transverse  clastic  modulus  and  thermal 
expansion  coefficient'  are  only  explicable  if  the  fibers  are  ther¬ 
mally  debonded. 

At  higher  resolutions,  two  distinct  tnterfacial  zones  are  appar¬ 
ent  between  the  fiber  and  the  matrix  tFig.  3),  The  zone  adjacent 
to  the  fiber,  which  always  exhibits  a  bright  (positive)  contrast,  is 
amorphous.  The  dark,  second  layer  consists  of  small  grains  about 
20  to  100  nm  in  diameter  having  a  thickness  ringing  between  20 
and  200  nm.  The  circumferential  cricks  are  found  to  always  occur 
within  the  bright,  inner  layer,  close  to  the  interface  with  the  dark 
layer  (Fig.  3).  Analysis  by  EELS  established  that  the  bright  layer 
is  amo?phous  C  (Fig.  4).  Analysis  of  the  dark  layer  by  EELS 
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(Fig.  3)  and  by  EDS  indicated  that  the  grains  arc  primarily  NfcC, 
consistent  with  previous  studies, IM’,U  Heat  treatment  in  helium 
for  4  h  at  800*C  did  not  change  the  site  and  chemistry  of  these 
intcrfacial  zones. 

Heat  treatment  in  air  between  2  and  100  h  at  800*C  resulted  in 
a  drastic  change  of  the  Imerfaciai  layers.  A  similar  bright-field 
appearance  was  obtained  (Fig,  6).  but  there  were  essential  differ¬ 
ences  in  the  composition,  compared  with  the  as-processed  state. 
Chemical  analysis  by  EELS  revealed  that  the  amorphous  layer 
was  SiOj;  a  typical  EELS  spectrum  is  shown  In  Fig.  4.  At  a  few 
locations,  amorphous  carbon  was  still  present  in  small  pockets. 
The  SiO)  layer  also  contained  At,  with  the  Al  content  decreasing 
upon  annealing  from  3.9  wt&  at  4  h  to  2.3  wt%  at  100  h,  consis¬ 
tent  with  previous  investigations  of  Al  diffusion."11  Simulta¬ 
neously,  the  thickness  of  the  SiO)  layer  increased  from  30  (0 
100  nm  at  2  h  to  200  to  300  nm  after  100  h  tFig.  7).  Circumfer¬ 
ential  separations  again  appeared.  At  times  up  to  16  h  these 
occurred  on  the  outside  of  the  SIO)  layer  (Fig.  6)  and  the  number 
density  of  fibers  that  exhibit  separations  remained  essentially 
constant  with  annealing  time.  After  ICO  h,  the  bond  layer  became 
sufficiently  “strong"  that  circumferential  cracks,  when  present, 
often  extended  partially  into  the  matrix  (Fig.  8).  Composites  con¬ 
taining  SIO)  layers  were  detected  in  previous  studies,  1  but  usu¬ 
ally  formed  during  processing  rather  than  upon  postprocessing 
heat  treatment. 

Chemical  analysis  of  the  darker  outer  layer  (Fig.  3)  showed 
that  it  contained  fine,  crystalline  sub-oxides  of  Nb,  but  the  ana¬ 
lytical  techniques  used  (EELS,  EOS)  did  not  allow  unique  deter¬ 
mination  of  (he  composition.*  Considerable  Mg  (10  to  13  wt%) 
and  some  MgO  particles  were  also  present.  After  100  h.  a  third 
Mg-rich  layer  containing  a  crystalline  magnesium-stlic.le  phase 
was  detected  between  the  bright  and  dark  layers  (Fig.  9). 

III.  Discussion 

The  oxidation  of  the  SiC  fiber  results  in  a  SiO-  layer  (and  fugi¬ 
tive  CO-).  The  volume  of  the  SiOs  layer  ts  larger  than  that  of  the 
original  SiC  by  -1.8.  This  volume  increase  results  In  a  closure 
of  the  gap  between  the  fiber  and  the  LAS  matrix  caused  by  C  re¬ 
moval  and  oxidation  of  the  SiC.  The  SiO)  layer  thickness  is  also 
spaually  quite  uniform  and  consistent  with  parabolic  kinetics  up 
to  thicknesses  of  the  order  of  the  original  C  layer  thickness 
(-130  nm  (Fig.  7)).  At  this  stage,  it  is  reasonable  to  suppose  that 
the  gap  caused  by  C  oxidation  doses.  Oxygen  access  to  the  Inter¬ 
face  must  then  be  restricted  such  (hat  the  further  thickening  of  the 
oxide  occurs  at  a  reduced  rate,  as  noted  in  Fig.  7.  The  interface 
separations  observed  for  heat  treatments  up  to  -8  h  can  clearly 
be  attributed  to  the  existence  of  a  gap  caused  by  removal  of  the 
C  layer.  Conversely,  the  separations  observed  in  the  as-ceramed 
state  and  after  extensive  heat  treatment  are  presumed  to  be  thermal 
debonds.  Such  debonds  can  occur  when  the  fiber  has  a  larger 
thermal  expansion  coefficient  than  the  matrix,  such  that  Intcrfacial 
residual  tension  exists,  and  the  interphase  has  a  relatively  low  frac¬ 
ture  resistance.  Indeed,  SiC  has  a  larger  thermal  expansion  coeffi¬ 
cient  than  LAS  (-4  x  10**  and  -1  x  IO*‘  K*  ,  respectively) 
and  interlayers  observed  either  initially  (C)  or  after  heat  treatment 
in  air  (SiO))  both  exhibit  a  relatively  low  fracture  resistance. 

In  thermal  debonding, u'"  the  strain  energy  release  rate  ap¬ 
proaches  zero  as  the  circumferential  crack  extends  fully  around 
the  circumference.  The  crack  thus  tends  to  arrest,  resulting  in 
panial  debonds,  consistent  with  present  observations  (Fig.  2(A)). 
A  lower  bound  condition  for  thermal  debonding  of  a  cylinder  has 
previously  been  established  as,u* 

AV/qVS  <  d  (I) 

where  Av  is  the  fracture  toughness  of  the  debond  layer,  a  is  the 
fiber  radius,  6  is  a  coefficient  -1.4,  and  q  is  the  residual  tensile 
stress  at  the  interface,  given  by* 


tf*nnod»iumie  rcuoes  suiiest  that  0*  layer  eooiliu  o (  the  motl 
■able  oiilc,  Wlfif 


Fig.  4,  pintil  EELS  spectra  of  the  bright  intcrfacial  layer  The  bate 
plot  ihatehcd)  from  the  ai-pnxested  composite  shows  an  edge  consistent 
only  with  amorphous  carbon  The  overlay  plot  from  the  simple  annealed 
for  4  h  at  IOO*C  shows  an  oxygen  c  igc 


i  (2. 

?  2A(I  -  s-J 
with 

A  -  (I  -  (I  -  £/£/)(!  -  ty)/2 

■Ml  -/)(s'.-sy)/2 

-  (£/£,)  (v,  ♦  O'.  -  i',)/E, /£)’}/ 

(I  -  S'.) [I  T  S'/  +  (S',  -  sy)/£,/£] 

£  Is  Young’s  modulus  of  the  composite,  £■/£/+  (1  -/)£., 
u  is  Poisson’s  ratio,  Sex  is  the  difference  in  thermal  expansion 
between  fiber  and  matrix,  and  ST  is  the  cooling  range. 

The  fracture  toughness  of  the  amorphous  C  layer  Is  unknown. 
Results  for  “glassy”  C  (dense,  amorphous  C)  at  a  reason¬ 
able  crack  velocity  C— 10**  m’S*1)  would  suggest  that  A'..  *• 
0.9  MPa  •  m1'1.*'51  However,  the  C  layer  is  expected  to  be  less 
dense  than  “glassy"  C  and  thus  have  a  lower  AV  Indeed,  the  re¬ 
sults  of  nanoindenter  tests”  suggest  an  upper  bound  on  AV  of 
only  0.1  MF’a  •  m'  Based  on  thcjaticr  AV  value,  the  nondimen* 
Sional  debond  parameter  AV/q  Va  *•  0.1  is  more  than  I  order  of 
magnitude  less  than  the  lower  bound  debond  criterion  given  by 
Eq.  (I).  The  viability  of  thermal  debonding  is  thus  verified.  The 
fraction  of  fibers  that  actually  exhibit  debonding  lx  then  governed  by 
probabilistic  issues  based  on  interface  flaw  populations.  Such  flaw 
populations  are  likely  to  vary  with  heat  treatment,  as  elaborated 
In  a  companion  paper.11 


Fig.  5.  Partial  EELS  spectra  of  the  dark  intcrfacial  liver  showing  nio¬ 
bium  and  carbon  in  the  as-processed  composite  (base  plot,  hatched)  and 
niobium  and  oxygen  in  the  4-h  annealed  material  (overlay  plot). 
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FI*,  i.  TEM  bnghi-ficlJ  images  of  the  Inlctfacial  layers  alter  annealing  in  air  lAl  4  h  ami  (Bl  l&  h  at  900*0. 


Tim*  (h) 


FI*.  7.  SiOiinterfaclal  layer  thickness  after  exposure 
to  air  at  800*C.  />o, refers  to  the  oxygen  partial  creature 
and  r  la  the  time.  Note  the  transition  in  ratet  that  occurs 
at  a  thickness  of  -  I JO  nm  after  ~I6  h.  This  thickness 
coincides  viith  the  original  C  layer  thickness. 


IV.  Implications  and  Conclusion 

The  marked  change  In  the  mechanical  properties  of  LAS/SiC 
composites  caused  by  heat  treatment  in  air  can  clearly  be  at* 
tributed  to  the  replacement  of  the  C  layer  by  SiOj.  The  principal 
effect  of  the  change  in  the  interphase  seemingly  coincides  with 
the  corresponding,  abrupt  increase  in  sMn%  refinance  (friction 
coefficient),  between  fiber  and  matrix,  as  elaborated  in  the  com* 
panion  papers."'1’  This  conclusion  immediately  implies  that  the 
optimum  Interphase  for  high-temperatute  toughness  is  a  material 
that  behaves  essentially  is  a  solid  lubricant:  either  a  layered 
structure  or  a  soft  metal  thermodynamically  compatible  with  fiber 
and  matrix.  A  coupled  issue  concerns  the  thermal  expansion  mis* 
match  and  the  Incidence  of  thermal  debonding.  The  expansion 
mismatch  and  (he  fracture  resistance  of  the  amorphous  C  and 
SiOj  layers  seemingly  satisfy  lower  bound  conditions  for  circum¬ 
ferential  thermal  debonding  and  such  debonds  are  observed  at  an 
appreciable  fraction  of  fiber/matrix  interfaces. 

The  observation  that  some  interfaces  do  not  debond  asserts  that 
thermal  debonding  Involves  a  statistical  population  of  interface 
flaws  having,  as  yet,  uncertain  origin.  Consequently,  the  lower 
bound  criterion  is  not  a  sufficient  condition  for  thermal  debond¬ 
ing.  Furthermore,  a  duality  in  fiber  response  to  matrix  cracks 
might  be  anticipated  from  these  observations,  whereby  some 
fibers  fracture  at  the  matrix  crack  front  rather  than  pullout  in  the 
wake.  Evidence  for  such  duality  is  presented  in  a  companion  paper," 
with  attendant  implications  for  mechanical  behavior. 


Acknowledgments:  The  uslslxncc  of  A.  Bxnletl  In  prepiring  the  thin  foils 
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Fi*.  8.  TEM  micrograph  >sl  sample  annealed  lor 
I0O  h  in  air  shotting  cracks  running  into  the  mains. 
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Fig.  9.  TEM  micrograph  of  the  fibcrrmuru  interface 
from  a  famplc  annealed  for  100  h  iSov>ii'.{  that  i  cryilallinc 
intermediate  layer  has  formed. 
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lltdOinf 

.XMeaei— Thu  atm’*  swimunm  the current  urskriUnUing  i'f  letaticnvhipe  between  mKrOMriKlwre  amt 
mechanical  proper'**  m  eeramict  reinforced  with  alt^ivcd  fibere  Emphj.u  it  placed  on  definition  of  the 
mKtomevhanical  properties  of  Ok  interface  tlui  govern  Ok  composite  loughru-jt  Issues  »wh  as  (Sc 
debond  and  sliding  rtsounce  of  Ok  interface  art  discussed  based  on  mKfomeehames  calcutuiusns  ami 
ttptcimtnu  cstitslucted  on  hoth  model  tom po turn  ami  actual  composites 

hl.—i  Cti  art  Kit  resume  U  comprehension  courar.it  des  relations  qui  esistem  tntrc  mtercsttucturc  tt 
proprkifs  mOcaniques  Oar.i  Itt  cframiqutt  renfervees  par  Jet  fiber*  aligners,  (.‘accent  tti  mit  tur  la 
definition  Jet  proprkttt  meCaniqwc*  de  1'initrfact  qui  reg  i**enl  !a  resistance  du  composite  On  ducutc  les 
consequences  ic'.lct  quo  ta  resistance  a  I'arrachcmcnt  <1  au  giisscment  a  I'lnicrfacv.  tn  k  haunt  *uf  doe 
catcui*  dt  mKromecuniquc  01  tur  dot  espenencet  reatixes  a  la  lots  »ur  dot  composites  modtlct  tt  tur  dot 
compotilct  reels 


Zmwwfiw— »—  Ditttr  ArttVtl  tltllt  dm  ycgcnwanigen  Stand  Im  Vcrttlndmt  dot  Zuummthangtt 
r*isehen  MikroitruVtur  und  mtchaniKhtn  Eigenschiften  von  Koramiken.  dit  mil  ausgcrichieien  Farern 
vtMUrkittnd.ruummtn  Re  tenderer  WtrtuitdaufdK  Oeftwiionder  mikfomechaniiehen  Eigen  sc  Haflen 
dtr  Gren/fiache  gclegt.  weiche  dK  Zihigkeil  dot  Wet  kstolfes  beslitnmen  Resummlc  Frigenkrcitc.  »u  dK 
Abldsung  odtr  dtr  Clciiuidersiand  an  dor  Gren/fiache.  wtfdcn  auf  dtr  Grundlage  ton  mikromtthanlt- 
chtn  Rechnungcn  und  ton  Espenmenten.  die  an  Model!.  und  tohlcn  Wtrktiorttn  durchgefuhrt  wurden. 
ditkutkrt. 


I.  INTRODUCTION 

Practical  ctramtc  matrix  compotilct  reinforced  with 
continuous  nbers  exhibit  important  failure  damage 
behaviors  m  mode  I.  mode  II  and  mixed  mode  MI. 
as  well  as  in  compression.  The  failure  sequence 
depends  on  the  applied  stress  state  as  well  as  on 
whether  the  reinforcement  is  uniaxial,  laminated  or 
woven.  However,  the  underlying  failure  processes  art 
conveniently  illustrated  by  the  behavior  of  uniaaially 
reinforced  systems.  The  basic  features  art  sketched  in 
Fig.  I.  The  intent  of  the  present  article  is  to  provide 
an  assessment  of  relationships  between  the  properties 
of  the  constituents  (fiber,  matrix,  interface)  and  the 
overall  mechanical  performance  of  the  composite.  At 
the  outset,  it  is  recognized  (hat  the  composite  proper, 
ties  are  dominated  by  the  interface  and  that  upper 
bounds  must  be  placed  on  the  interface  debond  and 
sliding  resistance  in  order  to  have  a  composite  with 
attractive  mechanical  properties.  A  major  emphasis 
of  the  article  thus  concerns  the  definition  of  optimum 
properties  for  coatings  and  interphases  between  the 
fibers  and  the  matrix,  subject  to  high  temperature 
stability  and  integrity.  Residual  stresses  in  the  com* 
posite  caused  by  thermal  expansion  differences  are 
also  very  important  and  are  confronted  throughout. 


The  strong  dependence  of  ceramic  matrix  com* 
posite  properties  on  the  mechanical  properties  of  the 
interface  generally  demands  consideration  of  liber 
coalings  und  or  reaction  product  layers,  at  least  for 
high  temperature  use.  Thus,  while  low  temperature 
matrix  intiltration  procedures,  such  as  chemical  va> 
por  intiltration  (CVI).  can  create  composites  that 
exhibit  limited  interface  bonding  and.  therefore,  have 
acceptable  ambient  temperature  properties,  experi¬ 
ence  indicates  that  moderate  temperature  exposure 
causes  diffusion,  coupled  with  the  ingress  of  0;,  N>. 
etc.,  from  the  environment,  resulting  in  chemical 
bonding  across  the  interface.  The  resultant  inter- 
phases  consisting  of  oxides,  nitrides,  carbides  (either 
separately  or  in  combination)  invariably  have 
sufficiently  high  fracture  resistance  that  desirable 
composite  properties  are  not  retained.  Consequently, 
a  major  objective  of  this  article  and  of  continuing 
research  on  ceramic  matrix  composites  is  the 
identification  of  interphases  that  are  both  stable  at 
high  temperature  ami  bond  poorly  to  either  the  fiber 
or  the  matrix.  Certain  refractory  metals  and  inter- 
metaliics  seem  to  have  these  attributes,  as  elaborated 
in  the  following  chapters. 

The  basic  philosophy  of  this  article  is  that  the 
overall  mechanical  behavior  is  sufficiently  complex 
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uons  for  the  chotct  of  matrKts,  fibers  tod  coatings 
ihat  provide  good  mechanical  property*  in  dis¬ 
cussed.  Tht  tensile  propenies  art  discuseed  instiaUy  to 
qualitative  wtmt,  involving  consideration  of  both 
debonding  and  sliding  at  Abtr/mttrix  interfaces,  at 
well  u  pullout,  in  accordance  with  the  sequence 
depreiied  in  Fig.  2,  Then,  the  tpecitl  but  important 
cate  of  unbonded  IS  ben  will  be  given  quantitative 
attention. 

X.  TENSILE  BCHAVKM  OF 
UNIAXIAL  COMPOSITES 


,U..H  MC4VI  C(K« 

W»lfi« 

lVOC*llCHE« 

k)  tHm*  Pw»»k« 

Fig,  I  A  schemai*  tlluitraiinf  the  future  model  observed 
in  high  toughness  unumully  (unforced  ceramic  maim 
compowtet,  (a)  Tension,  tb)  Fleture 

and  involve*  a  sufficiently  large  nuhtber  of  indepen- 
dent  variables  that  empiricism  is  an  inefficient  ap¬ 
proach  to  microstructural  optimization.  Instead, 
optimization  only  becomes  practical  when  each  of  the 
important  damage  and  failure  modes  has  been  de¬ 
scribed  by  a  rigorous  model,  validated  by  experiment. 
The  coupling  between  experiment  and  theory  is  thus 
a  prevalent  theme.  It  is  also  noted  that  this  objective 
can  only  be  realized  if  the  models  are  based  on 
homogenized  properties  that  describe  representative 
composite  elements,  while  also  taking  into  account 
the  constituent  properties  of  the  libers,  matrix  and 
interface.  Models  that  attempt  to  discretize  mi¬ 
crostructural  details  have  little  merit  in  the  context 
of  the  above  objective.  In  this  regard,  the  present 
philosophy  is  analogous  to  that  used  successfully  to 
describe  process  zone  phenomena  such  as  transfor¬ 
mation  and  microcrack  toughening  (1— 5J.  as  well  as 
ductile  fracture  (6. 7).  wherein  the  behavior  of  indi¬ 
vidual  particles,  dislocations,  etc.  provides  input  to 
the  derivation  of  constitutive  properties  that  describe 
the  continuum  behavior. 

The  behavior  of  the  composite  is  intimately  cou¬ 
pled  to  the  basic  features  of  crack  propagation  and 
sliding  along  interfaces.  This  is  demonstrated  first  by 
examining  the  damage  and  fracture  processes  that 
occur  in  each  of  the  important  modes  depicted  in 
Fig.  I.  The  results  of  these  studies  will  indicate  the 
need  for  studying  interface  responses  in  judiciously 
selected  test  specimens.  The  basic  mechanics  and  the 
implications  of  tests  used  to  study  interface  debond¬ 
ing  and  sliding  are  then  presented.  Finally,  implies- 


2.1.  DtbonJmt  u*f 

Present  understanding  of  the  "toughening"  of  ce¬ 
ramics  by  brittle  fibers  is  consistent  with  the  debond¬ 
ing  and  sliding  events  illustrated  in  Fig.  2.  To  allow 
creek  bridging  by  the  fibers,  debonding  at  the 
fiber/matrix  interface  imti  occur  in  preference  to 
fiber  failure  at  the  matrix  creek  from.  When  this 
condition  is  satisfied,  the  sliding  resistance,  r,  of  the 
debonded  interface  has  the  important  role  of  govern¬ 
ing  the  rate  of  load  transfer  from  the  fiber  to  the 
matrix.  Specifically,  large  t  enhances  load  transfer, 
causing  the  axial  stress  in  the  fiber  to  decay  rapidly 
with  distance  from  the  matrix  crack  plane.  Conse¬ 
quently,  weakest  link  statistical  arguments  dictate 
that  the  fibers  fail  at  locations  close  to  the  creek 
plane,  thus  diminishing  the  vitally  important  pull-out 
contribution  to  the  mechanical  properties.  A  small 
sliding  resistance  along  the  debond  thus  promotes 
high  "toughness". 

The  extent  of  debonding  at  the  crack  tip  is  typically 
small  when  residual  compression  exists  at  the  inter¬ 
face.  but  can  be  extensive  when  the  interface  is  in 
residual  tension.  However,  more  importantly,  further 
debonding  is  typically  induced  in  the  crack  wake  (8). 
The  extent  of  debonding  is  again  governed  largely  by 
the  residual  field.  Residual  radial  tension  encourages 
extensive  debonding,  whereas  in  the  presence  of 
residual  compression,  debonding  is  stable.  The  extent 


Fig.  2,  A  schematic  illustralmg  the  initial  debonding  of 
fibers  at  the  crack  front  and  fiber  debonding  in  the  crack 
wake. 


EVAVS  and  MARSHALL  OVERVIEW  NO  IS 


Fig.  S.  The  cmxit  energy  release  rale  required  for  crack 
from  debonding, 

of  debonding  it  determined  by  the  friction  coefficient 
and  morphology  of  the  debonded  interface. 

Analysis  of  fiber  debonding  at  the  tip  of  a  matrix 
crack  (Section  5.2)  indicates  that  debonding  rather 
than  fiber  failure  occurs,  provided  the  fracture  energy 
of  the  interface.  V«.  is  sufficiently  small  compared 
with  that  of  the  fiber.  (Fig.  3)  (9J 

A  <  I  4 

There  is  no  direct  experimental  validation  of  this 
requirement.  However,  various  observations  of  crack 
interactions  with  fibers  and  whiskers  support  the 
general  features  (10.11).  In  particular,  experiments 
on  LAS  SiC  composites  reveal  that  as-processed 
materials  with  a  carbon  interlayer  debond  readily 
and  demonstrate  extensive  pullout  (Fig.  4],  whereas 


Fig.  4.  Interfaces  and  pullout  in  a  composite  consisting  of 
LAS  matrix  and  SiC  (Nicalon)  fibers:  as-processed  indicat¬ 
ing  C  interlayer,  thermal  debonding  and  extensive  pullout. 


Fig.  5  LAS  mamt'SrC  fiber  composite  heat  treated  m  air 
for  tth  at  WO  C  indicating  a  complete  SiQ.  layer  and  no 
pullout. 

composites  heat  treated  In  air  to  create  a  continuous 
SiOj  layer  between  the  matrix  and  fiber  e.xhlbtt  matrix 
crack  extension  through  the  fiber  without  debonding 
(Fig.  5).  Furthermore,  composites  with  a  thin  inter¬ 
face  layer  of  SiO-  having  a  partial  circumferential  gap 
exhibit  intermediate  pull-out  characteristics  (Fig.  6). 
The  associated  constituent  properties  arc  summarised 


Fig.  6.  LAS  mairix.-SiC  fiber  composite  Seal  treated  in  air 
for  4  h  at  800  C  indicating  a  partial  SiO.  layer— with 
gap— and  variable  pullout. 
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in  Table  I  Based  on  these  properties.  the  ptcccdmg 
arguments  would  indicate  shat  crack  front  debonding 
should  not  occur  when  a  complete  StO:  layer  exists  at 
the  interface;  whereas,  appreciable  crack  front 
debonding  should  obtain  when  the  C  layer  is  present, 
in  accord  with  the  observations  (10,  ll|  The  com¬ 
posites  with  only  a  partial  SiO-  interface  lay  er  arc  also 
interesting.  For  these  materials,  ‘.f,  is  related  to  the 
fraction  of  the  circumference  that  bonds  the  fiber  to 
the  matrix:  typically  I  3.  Reference  to  Table  I  and  to 
the  initial  debonding  requirement  (Fig  3)  would  thus 
indicate  that  debonding,  while  marginal,  is  possible 

2.2.  Sttttt-ttralit  tuna 

As  alluded  to  above,  the  axial  tensile  properties  are 
dictated  by  the  mechanical  properties  of  the 
Aberimatrix  interface,  the  strength  of  the  fibers  and 
residual  stresses  due  to  different  contractions  of  the 
fibers  and  matrix  upon  cooling  after  fabrication.  For 
suitable  combinations  of  these  properties,  a  non.- 
catastrophic  mode  of  failure  can  be  obtained,  as 
characterized  by  the  tensile  stress-strain  curve  of  Fig. 
7  (13, 13].  Qualitatively,  this  failure  mechanism  is 
favored  in  composites  with  "weak"  interfaces,  high- 
strength  fibers  and  tensile  residual  stresses  normal  to 
the  fiber/matrix  interface.  Changes  in  any  of  these 
parameters  can  lead  to  a  transition  in  failure  mecha¬ 
nism  to  one  which  is  catastrophic,  wnh  linear 
stress-strain  curve  to  failure. 

The  initial  departure  from  non-linearity  in  both 


Fig.  7.  A  tensile  stress-sirxin  curve  for  a  “tough''  ceramic 
composite. 


type  of  stress-strain  curve  results  from  cracking  of 
the  matrix  For  the  non-cutaurophsc  mode  of  failure, 
the  first  crack  tn  the  matrix  extends  indefinitely, 
breaking  only-  a  small  fraction  of  fibers  (13.  U| 
Further  loading  causes  formation  of  periodic  matrix 
cracks,  with  spacing  dictated  by  a  characteristic  stress 
transfer  length  associated  with  the  bridging  fibers. 
These  cracks  divide  the  composite  into  “Mocks"  of 
matrix  held  together  by  Intact  fibers.  The  increasing, 
non-linear  portion  of  the  stress-strain  curve  is  dic¬ 
tated  by  the  properties  of  the  fibers,  as  qualified  by 
factional  interactions  with  the  matrix  "block  "  The 
ultimate  strength  is  determined  by  fiber  bundle  fail¬ 
ure.  with  the  tail  of  the  curse  corresponding  to 
pullout  of  broken  fibers.  This  type  of  failure  mecha¬ 
nism  has  been  observed  in  a  wide  range  of  composite 
materials,  including  reinforced  ccmcnis.  glasses  am.! 
glass-ceramlci  (13-18).  If,  on  the  other  hand,  a  sub¬ 
stantial  proportion  of  the  libets  break  in  ihc  wake  of 
the  first  matrix  crack  at  it  extends,  then  failure  of  the 
composite  is  catastrophic  In  this  case,  the  ulumate 
strength  is  limited  by  the  growth  til  a  tingle  dominant 
crack  and  it  determined  by  a  fracture  resistance  curve 
(19)  The  nature  of  the  resistance  curve  and  the 
magnitude  of  the  steady-state  toughnett  is  governed 
by  the  zone  of  bridging  fibers  behind  the  crack 
tip  The  composite  properties  associated  with  the 
above  failure  mechanisms  art  discussed  below-,  along 
with  the  enttna*  thfil  dictate  the  transition  between 
mechanisms. 

2.),  Some  basic  ncchunics 

The  opening  of  a  crack  bridged  by  fibers  involve? 
stretching  of  iibers  between  the  crack  surfaces.  This 
stretching  may  be  characterized  by  a  relation  between 
the  stress.  *.  in  the  fibers  and  an  average  local  crack 
opening  displacement,  u,  us  depicted  in  Fig.  S.  The 
form  of  this  relation  depends  on  the  details  of  ihc 
bridging  mechanism  and  reflects  properties  such  as 
fiber  matrix  debonding  and  frictional  sliding,  as  well 
as  elastic  stretching  of  ihc  fiber.  The  peak  value, 
i  •  S.  represents  the  "strength"  of  the  fiber,  whereas 
the  decreasing  portion  depends  on  the  nature  and 
location  of  fiber  failure. 


i 


Fig.  8.  A  schematic  illustrating  various  trends  in  crack 
opening  with  stress. 
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The  Hu)  relations  in  Fig,  S  reprweni  the  range  of 
behavior  exhibited  by  bfitik  reinforcing  fibers,  At 
one  extreme.  fora  fiber  that  it  sufficiently  w-slt  bonded 
that  no  debondmg  occur*  '•hen  the  crack  circum¬ 
scribe*  it,  the  <(m)  relation  It  linear  to  failure.  At  the 
other  extreme.  for  a  fiber  that  w  not  bonded  at  att  to 
the  mama,  fractional  force*  rctitt  pullout.  Initially, 
the  r(w)  relation  it  an  increasing  function  of  u  until 
the  fiber*  break,  then  f(u)  dccreate*  a*  the  broken 
fiber*  pull  out  of  the  mam*.  Intermediate  flu)  rtla- 
lion*  result  from  partial  debonding  and  frictional 
sliding  over  the  debonded  crack  surface*, 

The  influence  of  bridging  fibers  on  fracture  of  the 
composite  can  be  evaluated  b*  two  equivalent  ap¬ 
proaches.  both  cf  which  model  the  composite  around 
the  crack  as  a  continuum  and  employ  the  rtul 
relation  a*  the  link  between  the  constitutive  proper¬ 
ties  of  the  composite  and  its  macroscopic  continuum 
behavior.  In  one  approach,  the  itresse*  in  the  bridg¬ 
ing  fiber*  are  viewed  a*  crack  surface  closure  traction* 
which  reduce  the  *trc*tet  at  the  crack  tip  |U|.  The 
corresponding  reduction  in  crack  tip  itre**  intensity 
factor  is  calculated  from  these  surface  tractions  using 
a  standard  Green’s  function  The  criterion  for  crack 
growth  is  obtained  by  selling  the  resultant  crack  lip 
stress  intensity  factor  m  the  mitnx  equal  to  the 
toughness  of  the  uitreinforced  mains.  The  alternative 
approach  it  io  use  the  ./-integral  to  evaluate  the  effect 
of  the  bridging  tractions  on  the  energy  flu*  J20. 21]. 
In  general,  both  of  these  approaches  require  numeri¬ 
cal  solution  cf  an  integral  equation  to  calculate  the 
crack  opening  displacements.  m  order  to  specify  the 
dismbunon  of  closure  tractions  over  the  crack  sur¬ 
face.  However,  for  sieady-viate  configurations,  the 
•/•integral  approach  provides  simple  analytical  results 
and  is  thus  more  useful. 


Matrix  i  raekt"j! 

Main*  cracking  originates  from  preexisting  flaws, 
lypified  by  a  crack  m  the  matrix  with  intact  bridging 
fibers  over  it*  entire  surface.  If  (he  composite  it 
subject  to  uniform  applied  tensile  stress,  <r,  normal  (o 
the  crack,  the  crack  opening  displacement,  w.  and  the 
crack  surface  pressure,  p  - ft .  increase  monotonically 
with  distance  behind  the  crack  tip.  For  sufficiently 
long  cracks,  u  and  p  approach  asymptotic  limits  equal 
to  u,  and  a,  (p  cannot  exceed  «,)  at  the  mouth  of  ihe 
crack  (Fig.  9).  This  is  a  steady-state  configuration;  Ihe 
stresses  at  the  crack  tip  increase  as  the  applied  nress 
increases,  but  are  independent  of  the  total  crack 
length.  Consequently,  the  critical  stress,  at,  to  extend 
the  crack  in  the  matrix  is  also  independent  of  crack 
length.  Therefore,  provided  a(  <  Sf.  where  5  is  the 
strength  of  the  libers,  chc  crack  extends  indefinitely  in 
the  matrix  (i.c.  completely  across  the  specimen)  at 
constant  applied  stress,  without  breaking  fibers  in  its 
wake.  If.  on  the  oiler  hand,  the  preexisting  matrix 
crack  is  not  sufficiently  long  for  the  asymptotic 
opening  to  be  achieved  at  a,  -  ai%  then  the  critical 


sties*  is  a  decreasing  function  of  crack  length,  as 
illustrated  m  Fig.  10  (M), 

Analysis  of  steady-stale  mam*  cracking  provides 
the  following  relation  from  which  ihe  stress  #,  can  be 
evaluated  once  the  stress-displacement  relation  p(u) 
is  specified  (20,22) 

*h(I  -/)/2  -e.w,-  f'  pfu)  d*  (I) 

where  u,  is  the  asymptotic  crack  opening  correspond¬ 
ing  to  t,  «• and  is  the  fracture  energy  of  the 
unmnforced  matrix.  The  nght-hand  side  of  equation 
1 1)  is  the  complementary  energy,  represented  by  the 
shaded  area  tn  Fig.  11(a).  The  cnitca!  condition  for 
main*  cracking  is  determined  by  the  applied  stress  at 
which  this  area  is  equal  to  $*(<  -/ )  2  Thus,  for  a 
given  matrix  and  volume  fraction  of  reinforcement, 
this  area  is  constant  and.  consequently,  the  cftcci  of 
changing  the  nature  of  the  bridging  ligaments  on  the 
main*  cracking  strtss  can  be  readily  deduced.  Gener¬ 
ally.  changes  that  stiffen  the  loading  portion  of  the 
pun  curve  must  increase  o„,  whereas  changes  to  the 
maximum  value  of  ptu)  or  to  the  region  of  ihe  curve 
beyond  the  peak  have  no  mrtuencc  on  a, 

2S  Rtstsumre  t  un  tj  and  itmthmlnf 

If  Ihe  sicady-tiaie  matrix  cracking  stress  given  by 
equation  (I)  exceeds  the  stress.  fS.  that  can  he 
supported  by  the  fibers,  then  the  fibers  within  a 
fully-bridged  crack  break  before  the  crack  extends  ir 
the  main*.  'rhe  consequent  reduction  in  bridging 
forces  causes  the  crack  up  stresses  to  increase  (at 
constant  applied  stress),  resulting  m  unstable  crack 
extension  m  the  matrix,  accompanied  by  further  liber 
failure  (23].  The  corresponding  stress-displacement 
curve  is  linear  to  the  peak  load  and  failure  is 
catastrophic. 

A  pirex'.iting  crack  without  bodging  fibers  (e.g.  a 
notch  cut  by  a  saw)  grows  in  the  matrix  initially 
without  breaking  fibers.  A  cridgirg  zone  develops 
behind  the  advancing  crack  front,  resulting  m  in¬ 
creasing  closure  tractions  as  the  crack  grows.  Conse¬ 
quently,  the  applied  stress  intensity  factor  needed  for 
continued  crack  growth  increases,  so  that  crack 
growth  is  dictated  by  an  increasing  crack  resistance 
curve  (R-curve),  as  depiciled  in  Fig.  12.  In  general. 


Fig.  9.  Slcady-sute  cracking  indicating  the  uniform  opening 
ir.  In  ihe  crack  wake. 
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Fig.  10.  VjiMiwn  m  nutm  cracking  urns  with  crack 
length 


calculation  of  the  rising  part  of  tlw  R-curve  and  the 
amount  of  crack  mention  needed  to  achieve  steady 
state,  requires  numerical  solution  of  an  integral  equa¬ 
tion  to  obtain  the  crr.:k  opening  displacements  (23), 
In  composites  with  small  bridging  rones,  the  steady- 
state  toughness  increment  is  of  primary  interest. 
However,  in  eompotitict  with  large  bridging  rones, 
the  enure  R -curse  must  be  specified,  because  the 
steady-state  toughness  may  never  be  achieved  by  a 
stable  crack  (e.g.  if  the  crack  extension  needed  is 
larger  than  the  specimen  width). 

A  simple  analytical  solution  of  the  steady-state 
toughness  increment  has  beer,  derived  using  the  J • 
integral  (20. 21 J 

ft 

A'/,  -  2  I  .*(«)  dw  (2) 

where  is,  is  the  crack  opening  at  the  end  of  the 
bridging  rone.  For  the  steady-state  crack,  u,  is  the 
displacement  above  which  the  bridging  forces  are 
rero  and  AV,  is  given  by  the  area  beneath  the  p(u) 
curve,  as  depicited  in  Fig.  1 1(b).  Therefore,  if  the  p(u) 
relation  is  specified,  then  Atf,  can  be  evaluated  with¬ 
out  having  to  determine  the  crack  opening  displace¬ 
ments 


Fig.  II.  Stress,  crack  opening  curves  for  (a)  steady-state 
cracking  and  (b)  steady-stale  toughening. 


eases  sarsMioa.  t. 

Fig.  12.  A  schematic  resmanre  curve  for  crack  cvienston  in 
a  umaaial  composite. 


2.A  Transition  M  fatlutt  mtthmum  anti  optimisation 
of  propattkt 

The  mulls  of  the  previous  two  sections  allow  some 
general  conclusions  to  be  drawn  concerning  the  de¬ 
pendence  of  steady-state  toughness  and  steady-state 
matrix  cracking  stress  on  microstructural  properties. 
If  we  begin  with  a  composite  that  fails  by  the 
non-caustrophic,  multiple  malm  cracking  mecha¬ 
nism.  then,  as  discussed  previously,  any  change  m 
the  nature  of  the  bridging  ligaments  that  stiffens  the 
increasing  portion  of  the  p(a)  relation  causes  the 
steady-state  matrix  cracking  strasa  to  increase.  How¬ 
ever.  if  a,  exceed,  the  peak  in  the  p(«)  curve,  a 
transition  in  failure  mechanism  must  occur  and  the 
steady-state  toughnesa  is  given  by  the  area  beneath 
the  p(u)  curve.  Then,  further  increase  in  stiffness  of 
the  increasing  portion  of  the  p(u)  relation  would 
usually  lead  to  a  decrease  in  toughness,  provided  that 
the  peak  value  of  p(u)  remains  constant.  Therefore, 
the  optimum  properties  (i.e.  maximum  at  or  AVJ 
occur  in  the  vicinity  of  the  transition  between  the  two 
failure  mechanisms. 

2.7.  Rasitktol  si  ran 

Residual  mkrosiructural  stresses  arise  generally 
from  thermal  contraction  during  cooling  from  an 
elevated  processing  temperature.  The  residual  stresses 
before  cracking  art  of  opposite  sign  in  the  reinforcing 
ligaments  and  matrix,  and  the  average  residual  stress 
normal  to  a  potential  crack  plane  that  spans  many 
microstructural  units  is  rero.  Therefore,  in  the  ab¬ 
sence  of  a  bridging  zone,  the  microstructural  residual 
stresses  have  no  effect  on  the  steady-state  fracture 
toughness.  Moreover,  the  fracture  mechanics  analysis 
of  bridging,  expressed  in  terms  of  the  p(u)  relation, 
is  unaffected  by  the  present*  of  residua!  microstruc- 
tural  stresses,  However,  thy  residual  stresses  influence 
the  p{u)  relation  and  thereby  the  magnitudes  of  the 
matrix  cracking  stress  and  the  fracture  toughness  (241. 

The  influence  of  the  residucl  stress  cn  the  fi(u) 
relation  is  dependent  upon  the  mechanisms  of  interfa¬ 
cial  sliding  and  fiber  failure.  An  oflfset  in  the  origin 
always  occurs. by  an  amount 

<r,  “  -qE'E, 
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where  i  is  the  anal  residual  stress  in  (he  mam*  and 
£  ami  £„  are  the  Young's  moduli  of  the  composite 
ami  ihe  matrix  The  remainder  of  ihe  p(u l  curve  it 
simply  transited  by  «,  for  tome  composites,  bus  in 
general,  ihe  shape  of  the /wo  eutve  may  be  modified 
<;t  well. 

For  composuet  in  which  residual  stmt  translates 
ihe  /r(w)  relation  uniformly  by  «„  it  ti  readily  de¬ 
duced  from  Fig.  I  Ha)  that  the  maim  tracking  sum 
t,  it  either  inercatcd  (>/  compretmc)  or  decreated  (</ 
tentilc)  by  o,.  However,  the  tign  and  magnitude  of 
the  steady-state  rougAwjf  change  induced  by  the 
rcttdual  stress  depends  on  the  mechanism  of  inter- 
facial  sliding  and  fiber  fodure.  as  summarized  in 
Table  2. 

2J.  Trantvcru  failure 

The  transverse  strengths  of  high  toughness  com¬ 
posites  are  generally  very  low*.  There  have  been  no 
systematic  studies  of  this  properly.  However,  esperi- 
menial  studies  on  composite  laminates  (25)  indicate 
that  the  transverse  cracks  typically  propagate  along 
•he  interface  layer  and  through  the  matrix  between 
neighboring  fibers.  Furthermore,  because  (he  inter¬ 
faces  have  sufficiently  small  fracture  energy  to  allow 
debonding,  overall  failure  is  preceded  by  mierfaee 
failure  This  process  occurs  at  a  critical  siress.  «\ 
which  ear.  be  deiermined  m  a  manner  analogous  to 
that  Tor  the  steady-state  cracking  of  thin  films  (26),  to 
give 

<rc  *  jlEVJn*  -  ?.  (4) 

In  some  cases,  q  is  sufficiently  large  that  o'  <  0  and 
the  interfaces  debond  upon  cooling  (Fig.  4). 

3.  TENSILE  BEHAVIOR  OF  COMPOSITES 

WITH  UNBONDED  REINFOBCINC  FIBEBS 

Cumposities  with  little  or  no  bonding  at  the  fiber- 
matrix  interface  *  0)  are  an  important,  special 
case  that  have  been  extensively  studied,  both  theoret¬ 
ically  and  experimentally,  and  thus  merii  separate 
consideration.  The  non-catasirophic  failure  mecha¬ 
nism  depiciied  in  Fig.  7  is  most  likely  in  such 
composites.  Moreover,  with  fiber  pullout  being  dic¬ 
tated  by  sliding,  evaluation  of  the  p(u)  relation  is 
relatively  straightforward  compared  with  the  com¬ 
posites  that  have  significant  debond  energies.  In  the 
latter  case,  rigorous  analysis  involves  complications 
of  interfacial  fracture  between  materials  of  differing 


elastic  constants,  a  topic  that  will  be  addressed  in 
Section  5 

Composites  comprising  glass  or  glass-ceramic  ma¬ 
trices  and  C  or  SiC  fibers  have  been  observed  to  fall 
m  the  "weakly”  bonded  category.  One  particular 
composite  with  SiC  fibers  and  lithium-alumma- 
silkate  (LAS)  glass-ceramic  matrix  has  been 
extensively  studied  and  has  served  «t  a  reference 
for  must  comparisons  with  theoretical  modelling 
(12, 15.  !6j.  In  this  composite,  the  fiber-matrix  inter¬ 
face  contains  a  C  layer  {Fig.  4)  which  governs  the 
"weak”  interfacial  bonding  (lOj, 

XI  Meat 

Rigorous  analysis  of  the  />(w)  relation  governed  by 
fiber  sliding  requires  consideration  of  fiber  ftacture 
statistics  and  the  effirct  of  residual  and  applied 
stresses  on  the  fricuosal  resistance,  r.  through  their 
influence  on  the  normal  interfacial  siress.  In  principle, 
wuh  a  statistical  distribution  of  liber  iirtngihs.  tome 
liber  failure  occurs  ahead  of  Ihe  crack  up  as  well  as 
in  the  crack  wake.  Analysis  of  liber  failure  ahead  of 
the  crack  hat  not  been  attempted,  partly  because  the 
problem  is  complex  and  partly  because  of  a  percep¬ 
tion  that  fiber  failures  close  to  the  crack  plane  that 
cause  pullout  are  most  likely  to  occur  in  the  crack 
wake.  Such  behavior  has  indeed  been  observed  in 
glass  reinforced  plastics  (27).  However,  there  is  no 
direct  evidence  that  fiber  failure  ahead  of  the  matrix 
crack  can  be  neglected  In  ceramic  matrix  composites. 

Nevertheless,  it  is  insightful  to  examine  solutions 
for  the  p(u)  relation  based  on  wake  failure  in  com¬ 
posites  having  debonded  interfaces  subject  to  small, 
constant  sliding  resistance,  r,  and  negligible  residual 
siress  (2t).  The  analysis  involves  calculation  of  the 
distribution  of  fiber  failure  sites  as  a  function  of 
applied  stress,  *.  and  hence,  the  reduction  in  stress 
due  to  fiber  failure.  The  fiber  strengths  are  taken  to 
be  defined  by  a  Weibull  distribution  with  shape  and 
scaling  parameters  m  and  5a.  The  results  summarized 
in  Fig.  13  indicate  that  the  initial,  rising  portion  of  the 
p{u)  curve  is  dominated  by  intact  fibers,  the  peak  is 
dominated  by  multiple  fiber  failures,  analogous  to 
bundle  failure,  and  ihe  tail  is  governed  by  pullout. 
The  initial  rising  portion  of  the  curve  is  closely 
approximated  by  the  limiting  solution  (m  «  •/.)  for 
all  m  (14) 
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where  R  it  i he  fiber  radius.  f  the  volume  fraction  of 
fibers  and  £,.  £m  and  £  are  the  Youngs  moduli 
of  (he  fibers,  mams  and  composite  However,  the  tail 
of  the  curve  Is  more  sensitive  to  m  as  m  decreases, 
corresponding  to  a  broader  distribution  of  fiber 
strengths,  more  fibers  fail  further  from  the  matrix 
crack,  causing  the  extent  of  pullout  to  increase. 

Correlation  of  calculated  and  experimentally  mea¬ 
sured  pull-out  lengths  on  the  fracture  surfaces  of 
broken  test  pieces  provides  a  route  for  measuring  the 
statistical  parameters  and  interfacial  sliding  resis¬ 
tance  (1 1. 29).  The  calculated  cumulative  probability 
that  the  pull-out  length  will  be  <  h  is  plotted  in  Fig. 
14.  The  results  indicate  that  the  pull-out  lengths  tend 
to  increase  as  m  decreases,  as  expected.  Preliminary 
estimates  of  the  effects  of  residual  strain  suggest  that 
the  pull-out  length  usually  decreases  as  the  residual 
strain  increases,  when  the  residual  stress  at  the  inter¬ 
face  is  compressive.  However,  specific  trends  ure 
sensitive  to  m,  as  well  as  to  the  friction  coefficient  p. 
Measurements  in  the  LAS'SiC  system  will  be  dis¬ 
cussed  below. 

j .2.  Matrix  cracking 

For  composites  in  which  the  interfacial  residual 
stress  is  tensile  or  aero  and  the  sliding  resistance  can 
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Fig.  14.  The  cumulative  pull-out  distribution  for  several 
values  of  the  shape  parameter,  m. 


be  represented  by  a  unique  stress,  r,  the  p(u)  relation 
Is  given  by  equation  (5)  and  the  steady-state  matrix 
cracking  stress  evaluated  from  equation  (I)  is  (12. 14] 

± 

£ 

with 


where  ts  the  fracture  energy  of  the  unreinforced 
matrix  and  y  it  the  axial  residual  stress  in  the  matrix, 
experiments  conducted  on  a  number  of  serums 
matrix  composnet  art  consistent  with  equation  tbi. 
When  the  interface  is  subject  to  residual  compression. 
:  depends  on  the  local  applied  stress  and  solution  for 
«,  it  more  complex.  However,  to  first  order.  ?  may  be 
simply  replaced  by  py,  where  p  is  the  friction  co¬ 
efficient  and  if,  the  residual  stress  normal  to  the 
interlace). 

When  the  applied  stress  exceeds multiple  matrix 
cracking  it  expected  (12. 14)  and  observed  (12, 13). 
The  saturation  crack  spacing  D,  is  between  one  and 
two  times  the  distance  over  which  the  applied  stmt 
m  the  matrix  builds  up  from  zero  at  the  crack  surface 
to  the  value  for  an  uncracked  composite.  For  un¬ 
bonded  fibers,  this  it  the  distance  over  which  sliding 
occurs  at  the  interface.  In  this  case,  the  range  of  crack 
spaemgs  is  given  by 

M(l  -AVr  <0  <*„*(!  (7) 

Experimental  observations  (13)  have  again  confirmed 
this  feature  of  matrix  cracking. 

The  most  crucial  aspects  of  the  above  interpreta¬ 
tion  of  steady-state  cracking  and  of  behavior  predic¬ 
tion  concern  determination  of  :  and  y  for  actual 
composite  systems.  Both  arc  difficult  to  measure. 
Two  basic  approaches  have  been  used  (o  measure  ihc 
sibling  resistance  r:  indentation  [30. 31)  and  measure¬ 
ment  of  crack  opening  hysteresis  (13).  Both  ap¬ 
proaches  are  readily  applicable  when  and  :  are 
small.  The  former  method  is  most  insightful  when 
used  with  a  nanoindemer  system,  whereupon  x  can  be 
obtained  on  single  fiben  either  from  a  push  through 
force  on  thin  sections  or  from  the  hysteresis  in  the 
loading/unloading  cycle  on  thick  sections  (Fig.  13(a)). 
This  method  has  the  obvious  disadvantage  that  the 
fiber  is  in  axial  compression  so  that  the  interface  is 
also  compressed  during  (he  test,  with  attendant 
changes  in  r.  However,  this  effect  has  been  shown  to 
be  negligible  for  ceramic  composites  systems  having 
very  small  sliding  stresses  (r  <  10  MPa).  Calculation 
of  x  from  direct  measurement  of  crack  opening 
hysteresis  during  load  cycling  (Fig.  13(b))  avoids  this 
complication  because  the  fibers  am  subjected  to  axial 
tensile  loading.  However,  this  approach  also  has 
several  drawbacks.  Measurements  are  obtained  only 
after  matrix  cracking  and  so  correspond  to  a  range  of 
crack  opening  displacements  beyond  those  that  dic¬ 
tate  formation  of  the  matrix  cracks.  Furthermore. 
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interpretation  of  (he  results  is  complex  when  appre¬ 
ciable  fiber  failure  accompanies  matrix  cracking. 
Consequently,  other  approaches  applicable  to  com¬ 
posites  having  larger  r  are  being  investigated.  One  of 
these  is  discussed  in  the  following  section. 

J.J.  Ultimate  strength 

Following  multiple  matrix  cracking,  the  axial  stress 
in  each  of  the  fibers  varies  from  the  maximum,  equal 
lo  a,  /.  between  the  crack  surfaces  to  a  minimum. 
> a,  £■,/£',  halfway  between  adjacent  matrix  cracks. 
The  probability  and  location  of  fiber  failure  subject 
to  weakest  link  statistics  in  such  a  stress  field  can  be 
readily  derived.  However,  calculation  of  the  maxi¬ 
mum  load  supported  by  the  composite  (i.e.  a  bundle 
of  such  fibers)  requires  that  the  stress  redistribution 
caused  by  the  fractured  fibers  be  modelled.  Such  an 
analysis  has  not  been  attempted.  Nevertheless,  a 
lower  bound  for  the  maximum  load  can  be  derived  by 
simply  allowing  failed  fibers  to  have  no  load  bearing 
ability.  Then,  a  modified  bundle  failure  analysis  yields 
the  following  expression  for  the  ultimate  strength 

,-rtexnf  M-d-tO/fifr1!  'I  ,81 

“  ^  PL  («"+ 1)(1  -  (I  -cDMirjJ  8 
where 


mWlxRmRSt  xDT 

x(!  -<l -x D-kSyT* 

with  L  being  the  gauge  length,  in  the  one  composite 


system  for  which  analysts  of  the  ultimate  strength  has 
been  performed  (LAS  SiC)  (11.29).  equation  (I) 
agrees  quite  welt  with  measured  values, 

The  ultimate  strength  anticipated  from  the  above 
argument  tt  expected  to  be  influenced  by  the  residual 
stress.  Specifically,  in  systems  for  which  the  fiber  it 
subject  to  residua)  compression,  the  axial  compres¬ 
sion  should  suppress  fiber  failure  and  elevate  the 
ultimate  strength  to  a  level  exceeding  that  predicted 
by  equation  (I)  (32).  This  effect  may  be  estimated  by 
regarding  the  matrix  as  damping  onto  the  fiber  and 
thus,  simply  superposing  the  residual  stress  onto  .f- 

•W.  Hesistimtt  tunes 

When  mode  I  failure  is  dominated  by  propagation 
of  a  single  matrix  crack,  accompanied  by  fiber  failure 
and  pullout,  the  mechanical  properties  are  character- 
lied  by  a  resistance  curve.  The  entire  R-curvt  has 
been  evaluated  for  fibers  with  a  single-valued 
strength.  i‘  (i.c.  m  «  ■/.)  and  small  sliding  resistance, 
t.  Although  this  analysis  does  not  account  for  pullout 
of  broken  fibers  (fibers  must  fail  between  the  crack 
surfaces  for  m  ■  »),  some  useful  trends  with  mi- 
crostructurat  propeities  arc  evident  The  steady-state 
toughness  increase  obtained  from  equations  (2)  and 
(5).  is 

...  S'm I  -  f):F.i 

**< — 6^r~  t9) 

and  the  amount  of  crack  extension  needed  to  achieve 
steady  state  is 

-w r  •* 

It  is  noteworthy  that  both  A'/,  and  Ac  increase  with 
the  ratio  fi  r.  whereas  the  steady-state  matrix  crack¬ 
ing  stress  decreases  (equation  t6j).  Furthermore,  a 
simple  relationship  exists  between  the  steady-state 
toughening  and  the  matrix  cracking  stress  (Fig.  16) 
(33),  These  results  indicate  that,  for  reasonable  values 
of /So,  (< 3).  the  toughening  ratio  is.  at  most.  6  and 
more  typically,  3.  It  is  thus  concluded  that  bridging 
from  unbroken  continuous  fibers  does  not  permit 
order-of-magnitude  increases  in  toughness.  Instead, 
the  very  high  toughness  obtained  in  various  materials 
involves  an  important  contribution  from  pullout. 


Fig.  16.  Trends  in  toughening  rano  with  malm  cricking 
stress.  From  Ref.  (33) 
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caused  by  fiber  failure  away  from  the  matrix  creek 
pUlM. 

The  steady-state  toughness  inert***  when  fiber* 
have  a  suuttkal  distribution  of  strengths  hat  been 
evaluated  utin|  the  /*(•*>  relations  in  Fig.  I).  The 
*x petitions  are  len«thy  in  form,  but  general  trends 
can  be  specified.  The  dc|nt  of  tou«h*nin|  always 
increases  as  the  Kale  parameter  increases,  thereby 
establishing  ihm  high  jihtr  strmgths  are  mcmMy 
tksirohlf  However,  the  dependence  on  t  and  A  it 
ambivalent.  The  essential  details  are  hl|hli|hlcd  by 
considering  separately  the  contributions  from  broken 
and  unbroken  fibers  to  the  toughness  integral  (21). 
The  component  due  to  unbroken  fibers  is 

Ay,«4/rftm~l)  (ID 

where  V  ••  T{A  -t£,r(l  +  is  proportional  to 
(A"’1 a  notable  feature  is  the  inversion 
in  the  trend  with  :  (hat  occurs  at  m  «  2,  and  with  A 
at  «  m  J  The  corresponding  pull-out  contribution 
from  broken  fibers  can  be  examined  by  recognizing 
that  the  toughening  has  the  form 

k -<*>*«*!  ns) 

where  (A)  Is  the  average  pullout  length. 

The  elimination  of  (A  >  from  (his  expression  using 
the  calculations  of  pull-out  lengths  summarized  in 
Fig.  9  then  leads  to  the  result  (hat  the  toughness  is 
proportional  to 

The  toughness  thus  increases  with  increasing  A  when 
m  >  J.  and  decreases  when  m  <  3.  Conversely,  it 
increases  with  increasing  i  when  w  is  very  small  ( <  I ). 
and  decreases  when  m  >  2.  These  limits  arts*  because 
of  the  competing  importance  of  the  contribution  to 
toughness  from  the  intact  bridging  fibers  and  the 
failed  fibers  that  experience  pullout.  Knowledge  of 
the  magnitude  of  the  statistical  shape  parameter,  m. 
for  the  fibers  within  the  composite  is  therefore  a 
prerequisite  to  optimizing  the  shear  properties  of  the 
interface  for  high  toughness. 

The  shape  of  the  rising  A -curve  is  expected  to  be 
sensitive  tom:  in  general,  the  amount  of  crack  growth 
needed  to  approach  steady  state  mutt  increase  with 
decreasing  m.  However,  the  actual  slope  of  the  resis¬ 
tance  curve  has  not  yet  been  evaluated,  becauK 
numerical  methods  arc  needed  to  determine  the  upper 
limit  of  equation  (2),  as  dictated  by  the  crack  opening 
at  the  end  of  the  bridging  zone.  Further  research 
concerning  this  phenomenon  is  a  major  priority. 

3.5,  Proftrty  transition 

Non-linear  macroscopic  mechanical  behavior  in 
tension  is  most  desirable  for  structural  purposes. 
Therefore,  analysis  of  the  transition  between  this  and 
the  linear  response  is  important  The  transition  u 
dependent  upon  the  nature  of  preexisting  defects  in 
the  composite,  in  particular  the  length  of  unbrldgtd 
crack.  However,  a  useful  lower  bound,  which  applies 


Fig.  13  Trends  In  composite  properties  with  r  A  for  Urge 
m. 


to  preexisting  defects  that  art  fully  bridged,  it  given 
by  the  requirement  that  the  iteady-itatc  matrix  crack¬ 
ing  stress  be  smaller  than  the  ultimate  strength  in 
order  to  obtain  the  non-catastrophic  failure  mode. 
For  m  •  x.  this  condition  is  given  by  setting  9,  in 
equation  (6)  equal  to  the  fiber  strength  S. 

Equations  (6)  and  (9)  for  steady-state  matrix  crack¬ 
ing  and  asymptotic  toughening  (at «  *  ao)  allow  the 
general  trends  for  property  optimization,  outlined  in 
Section  2.1  to  be  quantified.  The  variation  in  strength 
of  a  composite  with  the  ratio  t/A  is  shown  schemat¬ 
ically  In  Fig.  17.  In  the  region  of  non-catastrophic 
response,  the  matrix  cracking  stress  increases  with  the 
parameter  t’A.  whereas  the  ultimate  sccngth  is  not 
affected  (for  small  m  m  the  ultimate  strength  is  a 
weakly  decreasing  function  of  r).  At  a  critical  value 
of  r.A.  where  <r.  exceeds  Sf,  the  transition  to  linear 
response  occurs.  With  further  increase  in  r  A.  the 
fracture  toughness  decreases  (and  the  strength  also 
decreases  if  the  preexisting  Haws  remain  unchanged). 


o  j  «  za  t* 


exposure  *sme  m» 

Fig. i».  Effects  or  heat  treatment  on  she  tensile  strtM-itr.in 
behavior  of  LASiSiC  composites. 
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Therefore,  optimum  values  of  :  A  esiil  near  the 
transition  point. 

The  behavior  illustrated  in  Ft*.  17  hat  been  inves¬ 
tigated  systematically  by  heat  (realm*  the  LASiSiC 
composite  under  conditions  where  the  mterlVoal 
iMphim  layer  disappears  and  it  replaced  by  SiO- 
(Figs  4-6).  resulting  m  an  increased  frictional  sliding 
resistance.  The  variation  in  tensile  mechanical  prop* 
cruet  with  heai  treatment  lime  ure  thotn  m  Ft*.  18- 
Thc  influence  of  heat  treatment  on  mtrffacia!  proper* 
net  can  be  inferred  from  mcasurememt  of  fiber 
pull-out  lengths  in  broken  test  piecct  and  comparison 
with  the  calculations  of  Fi*.  14  {29}.  The  results  reveal 
that  the  pull-out  distribution  gradually  changes  s:  the 
gap  caused  by  C  removs!  it  filled  with  SiOj  (Fi*.  19). 
In  particular,  the  median  pullout  length  decreases 
and  the  proportion  of  fibers  that  actually  puli  out 
exhibit  distributions  consistent  with  the  predictions 
of  the  weakest  link  fiber  failure  analysis,  such  that  the 
interface  t  increases  by  about  an  order  of  magnitude 
wf.cn  a  partial  SiO.  layer  replaces  C.  This  change  in 
:  and  the  accompanying  dramatic  change  in  ihe 
mechanical  properties  of  the  composite  are  consistent 
with  the  response  depicted  in  Fig.  17. 


Jfi  Residua]  stress 

Large  mismatches  m  thermal  expansion  coefficient 
between  fiber  and  matrix  ate  dearly  undesirable. 
In  particular,  relatively  large  matrix  contraction. 

►  I.  causet  premature,  or  even  spontaneous, 
mainx  cracking  (equation  (6)].  Such  behavior  is  not 


:s?7 

necessarily  structurally  detrimental,  but  concerns  re¬ 
garding  thermal  fatigue,  the  ingress  of  environmental 
fluids,  etc.  have  discouraged  the  development  of 
materials  ha  ng  these  characteristic*.  Conversely, 
relatively  small  matrix  contractions,  ►  I,  ther¬ 
mally  debond  the  fiber  from  the  matrix.  Whan 
sufficiently  extensive,  the  resultant  radial  separations 
negate  the  Influence  of  the  ftben.  Consequently, 
values  of  a'  a*  ckt*  to  unity  arc  required,  indeed, 
mode  1  axial  properties  subject  to  an  interface  that 
easily  debonds  and  slides  freely  along  the  debond 
involve  an  o/Hirmm  residual  stress,  with  *  maximum 
mat, ix  cracking  stress,  when  the  imerfactal  jtrest  is 
compreitvre.  given  by  (J4) 

«,  £»(2:J)t/jitfw.;fl,A|*>  tIJI 

where  A  >•  I  ~(l  - £.'£)<-.  When  I.  w«h 
that  the  imerfaeiat  stress  is  tensile,  asperities  on  the 
debond  surface  may  provide  a  discrete  sliding  stress, 
r.  that  depends  on  such  futures  as  the  asperity 
amplitude.  For  such  cases,  the  optimum  residual 
strain  ha*  not  been  determined. 

The  fracture  resistance  is  also  influenced  by  the 
retsdaal  stress.  However,  the  sign  and  magnitude  of 
tbi  change  in  toughness  induced  by  residual  stress 
depends  on  the  mee-hanisms  of  interface  sliding  and 
fiber  failure,  at  suimnarinrd  in  Table  2  (24).  Subject 
to  adequate  debonding,  the  salient  results  for  ceram- 
•cs  reinforced  with  brittle  fibers  are  that  It 
unaffected  when  the  mterfaciul  stress  is  tensile  and  the 
interface  is  characterized  by  a  unique  t,  whereas  Atf. 
usually  decreases  with  recreating  compressive  inter- 
facial  residual  stress  because  the  pull-out  lengths 
decrease,  at  apparent  when  r  it  equated  to  jig, 

Residual  stresses  in  composites  are  difficult  to 
wun*re,  Even  when  the  composite  is  fully  elastic,  so 
that  no  interface  ocbonding  or  sliding  occur  on 
cooling,  the  residual  stresses  at  the  surfaces  are 
complex.  Consequently,  methods  such  as  X-ray 
diffrr  on  that  probe  thin  surface  layers  are  difficult 
to  -erpiet.  Neutron  diffraction,  which  typically 
averages  over  a  much  larger  volume  of  materiel,  it 
usually  more  satisfactory.  Measurement  difficulties 
are  exacerbated  when  debonding  and  sliding  occur  on 
cooling.  These  processes  inilisie  preferentially  at  the 
surface  and  spread  into  the  body  along  the  interface, 
thereby  alleviating  the  residual  stress  over  the 
debond, 'slip  length.  For  small  r  and  V„  these  lengths 
are  large  (many  multiples  of  the  fiber  diameter)  (13J. 
Consequently,  a  valid  measure  of  the  residual  stress 
can  only  be  obtained  using  processes  that  penetrate 
well  into  the  material.  One  independent  approach  for 
measuring  q  that  has  merit  in  some  cases  involves  use 
of  the  same  crack  opening  measurements  described 
by  Fig.  15(b).  Specifically,  the  residual  axial  stress  in 
the  mutnx  is  related  directly  to  the  stress  at  which 
crack  closure  occurs  |IJ}.  The  method  is.  however, 
restricted  to  materials  for  which  matrix  cracking  is 
not  accompanied  by  extensive  fiber  failure. 
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Fig.  X  OtUimiwuon  cracking  M  *>Kh*<  inwt  lexas. 


4.  .mixed  mooc  failure 

4,1.  Mmk  It  failwt  mtthmUmt 

Flexural  mu  performed  on  uniaxial  com  pomes 
reveal  that  a  shear  damage  mechanism  com  (Figs  I 
ami  201  >35)  ami  that  such  damage  often  mutates  at 
quite  low  ihc.tr  sireS'CS.  c  g  20  MPa  tn  LAS  SiC  The 
damage  conum  of  cn  cchclm  matrix  mierocraek* 
inclined  at  about  it  4  to  the  liber  aax  (Fig.  21).  With 
further  loading,  the  microcracki  coalesce.  cauiing 
matnx  material  to  be  ejected  and  mulling  in  the 
formation  of  rducretc  mode  II  crack.  The  crack  it 
defined  by  the  planar  rone  of  ejected  matrix.  The 
crack  alio  hat  a  microcrack  damage  rone  similar  to 
that  present  upon  crack  initiation. 

The  microcracks  that  govern  mode  II  failure  are 
prciumablv  caused  by  stress  concentrations  in  the 
matrix  and  form  normal  to  the  local  principal  tensile 
stress,  but  then  deflect  parallel  to  the  mode  II  plane 
and  coalesce.  An  adequate  model  thai  incorporates 
the  above  features  has  not  been  developed.  Conse* 
quently,  the  underlying  phenomena  are  briefly  noted 
without  elaboration.  The  stress  concentrations  in  the 
matnx  have  magnitude  governed  by  the  elastic  prop¬ 
erties,  the  fiber  spacing  and  the  interface  strength. 
The  growth  and  coalescence  of  the  microcracks  it 
influenced  by  the  matrix  toughness  The  shear 
strength  seemingly  decreases  as  the  mode  I  toughness 
increases. 


energy  ol  the  matnx,  e  g.  -20  Jm  •'  for  LAS  matnx 
composite 


I.  IVTERFACIAL  OT.UOMHSG  AND  JLIOSNC 

S  I  McckmKt  of  mitrftcUl  t rocks 

The  results  and  discussion  of  the  preceding  sections 
point  to  several  problems  involving  debonding  along 
interfaces  that  art  central  to  determining  mechanical 
properties  of  composites,  Such  debonding  occurs 
both  at  the  tip  of  a  matrix  crack  and  tn  the  crack 
wake  iKtg  2)  It  tv  fiscally  involves  two  materials  with 
different  clastic  constants  and  mixed  she-*  -  and  tensile 
loading.  Furthermore,  since  the  interface  can  have 
lower  fracture  resistance  than  either  the  matrix  or 
fibers,  the  dr  bond  crack  can  continue  to  extend  undri 
mixed  mode  conditions  raiher  than  seeking  n  plane 
normal  to  the  principal  lenstlt  stress,  Therefore,  it  is 
necessary  to  direct  attention  to  the  dependence  of 
fracture  resistance.  on  the  mix  of  shear  and  tensile 
loading. 

The  mechanics  of  cracks  at  bimaicrial  interlaces 
was  derived  tn  a  series  of  studies  in  the  I960*  (37-41) 
and  has  received  renewed  interest  and  elucidation 
recently  (42-45).  An  additional  complexity  m  the 
fracture  mechanics  arises  from  the  fact  that  the  shear 
and  tensile  components  of  stress  and  displacement 
along  the  crack  plane  ahead  of.  and  behind,  the  crack 
lip  arc  not  decoupled  as  they  art  in  linear  clastic 
fracture  mechanics  for  homogeneous  materials,  i.c  a 
tensile  (mode  I)  remote  loading  generally  results  in 
both  tensile  and  shear  stresses  and  displacements  near 
the  crack  Up.  Moreover,  the  mix  defends  on  the  crack 
length  as  wel.  as  the  mismatch  in  elastic  constants  and 
the  position  relative  to  the  crack  up.  Despite  this 
complication,  it  is  possible  to  specify  the  crack  tip 
field  m  terms  of  a  position-independent  stress  inten¬ 
sity  factor.  A’.  which  contains  all  of  the  information 
concerning  applied  loads  and  the  geometrical 
configuration.  However,  to  accomplish  this,  the 
stresses  and  displacements  art  expressed  in  complex 
notation,  with  opening  and  shear  components  as  the 
real  and  imaginary  parts.  In  this  scheme,  the  ratio  of 
opening  to  shear  crack  tip  displacements  (u  and  t> 


4.2.  Mamlnatitm  crocking 

Delamination  is  a  common  damage  mode  in  the 
presence  of  noichcs  (13, 23)  (Figs  I  and  20).  Delami¬ 
nation  cracks  nucleate  near  the  notch  base  and  extend 
stably.  Analysis  of  such  data  is  based  on  the  solutions 
used  for  mixed  mode  interface  cracking  m  beams  (36), 
modified  lo  take  account  of  the  elastic  anisotropy. 
The  fracture  resistance  is  found  to  increase  with  crack 
extension.  The  existence  of  a  resistance  curve  is 
attributed  to  intact  fibers  within  the  crack  that  resist 
the  displacement  of  the  crack  surfaces  and  thus, 
shield  the  crack  tip  in  a  manner  analogous  to  fiber 
bridging  in  mode  I.  However,  the  fracture  energies 
are  typically  of  the  same  order  as  the  fracture 


A 
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Fig.  22.  The  displacement  of  the  surface  of  a  crack  ai 
bimaicrial  interface  indicating  the  shear  and  opening 
displacement  thai  accompany  most  external  loading 
conditions. 
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respectively,  Fig.  22l  is  described  by  4  phase  angle 
4  -tan'(ru), 

I«(ium  of  the  interdependence  of  ih<  opening  and 
•bearing  component!  of  the  remote  loading  and  the 
crack  lip  displacements,  4  differs  from  the  phase 
angle  of  A*  (d  ■  tan*,(AVA‘i)|  by  an  amount  that 
depends  on  the  mismatch  of  elastic  constants  and 
position 

4  -4  +<  Inr  +  tan"'2<  (|4) 


and 


"  2(C,(I  -  r.)  +  C7j(l  -  r.)| 

A  is  one  of  Dundurs’  parameters  (4A),  with  G  the  shear 
moJi  las,  v  the  Poisson’s  ratio,  and  r  the  distance 
from  the  crack  tip.  because  of  the  In  r  term,  which 
describes  a  slow  oscillation  in  the  ratio  r  u  with  r.  the 
value  of  4  >s  dependent  upon  the  choice  of  length 
units.  However,  this  docs  not  present  a  difficulty 
provided  a  consistent  choice  is  maintained. 

In  most  practical  rumples,  the  parameter  t  is 
small,  often  less  than  0.01  (4J|.  Consequently,  several 
schemes  for  ignoring  the  effect  of  <  in  equation  (14) 
have  been  proposed,  so  that  4  represents  the  relative 
proportions  of  mode  II  and  mode  I  in  the  crack  up 
held  (41,42).  However,  even  in  this  case,  the  propor¬ 
tion  of  mode  I  to  mode  II  in  the  crack  up  held  differs 
from  that  in  the  applied,  remote  held. 

The  strain  energy  release  rate  can  be  calculated  in 
terms  of  the  crack  surface  displacements  [42] 


<0  -f  4<;)  (Si5  -f  !•*) 

‘  «M(I -»,).<?, +  CI-v, ><?,)' 


US) 


Alternatively,  V  can  be  expressed  in  terms  of 
the  modulus  of  the  stress  intensity  factor. 
|K|:  -  Kj  +  Kj,  in  a  form  similar  to  that  for  homoge¬ 
neous  materials  (41) 


C|K|; 

l6coth'(x<) 


(16) 


where 


C 


The  criterion  for  crxk  growth  is  taken  at  a  critical 
strain  energy  release  rate,  In  general,  the  value  is 
dependent  on  the  ratio  of  shear  to  opening  stress,  i.c. 
ft  is  a  function  of  4-  An  example  of  a  calculated 
dependence  and  some  experimental  data  for  a 
glass/epoxy  system  arc  shown  in  Fig.  23. 


5.2.  Dtbe*4i*t  mthtmks 

Debonding  solutions  art  requirtd  for  axitymmctric 
configurations,  representative  of  the  debonding  of 
fibers  (Fig.  3),  at  well  as  for  planar  crxks  character 


Fig.  23.  Experimental  data  for  the  fracture  energy  of  a 
glass  epoxy  interface  compared  with  prrdtcnon  baxed  on  a 
crxk  surface  locking  model 


ivtte  of  macroscopic  dclamination  (Fig.  2(1)  In  both 
cases.  ’S  and  #  arc  strongly  influenced  by  the  ttmM 
aireai  Furthermore,  when  the  phase  angle  becomes 
large,  v  -  s  2.  frictional  sliding  and  crack  surface 
locking  effects  become  important  )47|  A  comprehen¬ 
sive  set  of  solutions  that  fully  encompass  the 
spectrum  of  residual  stress  and  of  frictional  sliding 
relevant  to  composites  do«  not  vet  cxki.  Some 
known  solutions  arc  described  below 
A.xuvmmttrle  solutions  exist  for  composites  with 
interfaces  subject  to  residual  radial  Mwm.  wherein  a 
net  crack  opening  exists  for  ihe  full  range  of  applied 
tensile  loads,  elastic  modul.  and  fiber  volume  frac¬ 
tions  (!)  All  solutions  have  Ihe  general  features  that 
'/  is  small,  but  non-/ero.  when  the  debend  length 
approaches  rero  and  increases  to  a  steady -state  value 
when  the  debond  length  J exceeds  »  A  (Fig  24). 
Such  behavior  indicate*  ihe  insightful  hound  that  a 
preexisting  debond  larger  than  -A  mun  extend 
without  limn  when  '5„  exceeds  V,  at  the  appropriate 
4-  The  basic  trends  in  and  4  relevant  to  wake 
debonding,  determined  using  finite  elements,  are  sum- 
mariied  in  Fig.  24.  The  variables  in  ihe  analysis  are: 
the  ratio.  E,  of  Young's  modulus  for  ihe  fiber.  £,.  to 
that  of  the  matrix.  £,,  the  fiber  volume  fraction.  /. 
the  stress-free  (residual)  strain  (AaAT).  the  stress 
imposed  on  the  fiber,  i,  and  the  Poisson’s  ratios  ym 
and  y(.  Note  that  the  phase  angles  arc  typically  large, 
indicative  of  a  large  ralio  of  shear  lo  opening. 

Rigorous  axisymmetric  solutions  for  interlaces 
subject  to  residual  radial  compression  have  not  been 
derived.  However,  some  approximate  solutions  based 
on  a  modified  shear  lag  approach  are  insightful  (48). 
This  approach  has  merit  when  the  friction  coefficient 
li  is  small  (j<  q  0.2).  For  this  case,  complete  crack 
opening  does  not  occur  until  t  reaches  a  critical  value 
r,  given  by 

rj.£(A*Ar*i  Ijv,.  (17) 

For  r  >  i(,  steady  state  obtains  for  long  debonds  and 
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Fig.  ’4,  Trends  in  energy  reteese  rale  and  phi*  angle  Tor  load*  exerted  on  a  Itber  in  ihe  crack  wake  U) 
Effacs  of  debond  length  (d*  »  d  +<  In  ff).  (b)  Effect  of  applied  stress  (  on  steady-state  |c)  Effect 
of  appliad  tt ret  i  on  phase  angle  d  in  steady-stale  regime.  (d)  Effect  of  elastic  modulus  ratto  of'/,  and  d 


the  tolutioni  given  in  Fig.  24  are  directly  applicable. 
For  r<r„  the  debond  crack  it  subject  to  normal 
compression  and  resultant  friction.  In  this  ate.  V 
diminishes  with  increase  in  debond  length,  d,  repre¬ 
sentative  of  stable  crack  growth 

VIE,*  (AxAD5 


hF*H  +  F!2- 


W0  -/HI  -»f) 

Aid  — /)  (1  —  2v)+  I  +/J 


F  »»  (I  -  y  )/£,A* AT" 

and  y  it  the  axial  residual  stress  in  the  matrix,  as 
governed  by  AaAr,  /  and  £.  In  this  instance,  'i 
is  strictly  mode  II  and  debonding  should  thus  be 
predicted  by  equating  9  to  </„.  at  d  ■  n  2,  Such 
predictions  have  not  been  attempted.  However,  it  is 
insightful  to  note  that,  for  "weak"  interfaces 
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(F<  4  %,),  the  debond  length  and  th«  slip  length,  /, 
an  closely  related,  with  /  given  by  (41] 


UR  m 


f((l -/)(!- >)+!+/] 
2^(1  (I  -/)  ' 


For  the  plane  delambmtim  problem,  a  comprehen- 
tivt  analysis  exists  (44),  expressible  in  itrmt  of 
imposed  axial  rones  and  bending  moments.  The 
solution  having  greatest  relevance  to  problems  in 
ceramic  matrix  composites  involves  the  four-point 
bending  of  a  bimaterial  beam  with  debond  cracks 
between  the  inner  loading  points  (34, 44],  The  general 
form  of  the  solution  ((Fig.  25(a))  indicates  that  1 
rapidly  acquires  a  steady-state  level.  Trends  In  the 
steady-state  value  Vn  arc  summarised  in  Fig.  25(b). 
The  corresponding  non-dimensional  phase  angle, 
♦  •■d+fln/ht  ~0.6I  for  all  £,  when  AxAT  -  0. 
Clearly,  the  elastic  properties  have  strong  influences 
on  both  and  d. 

Initial  titbomtint  alonf  the  interface  rather  than 
extension  of  the  notch  across  the  interface  is  ex- 


(*l 


Fig.  25.  Energy  relate  rales  for  a  btmaienil  beam  letted  in 
flexure,  (a)  Trends  with  crack  length  for  an  elastically 
homogeneous  s>stem  (b  it  the  beam  width),  (b)  Trends  in 
steady-state  energy  releaie  rate.  with  modulus  and 
thickness  ratios. 


Xeiatite  mteiiace  Tougnnett.  a*  G»c 
Fig.  24.  The  energy  release  rate  foe  crack  front  debondmg 


pected.  provided  that  at  *  %  x<4  is  less  than  the 
critical  strain  energy  release  rate  for  the  lower  mate¬ 
rial  (the  fiber).  %,  by  a  ratio  that  depends  on  the 
clastic  properties  of  the  fiber  and  matrix  (Fig.  i)  Fur 
the  elastically  homogeneous  case,  debondmg  occurs 
in  preference  to  fiber  failure  when  (9) 

1/4. 

The  extent  of  fiber  debonding  at  the  tip  of  a  matrix 
crack  has  not  been  rigorously  analysed.  However, 
useful  insights  can  be  gained  by  interpolating  between 
the  above  initiation  condition  and  an  existing  solu¬ 
tion  for  long  cylindrical  debonds  (at  d  -  0)  in  a  crack 
lip  field.  The  latter  solution  indicates  that  debond 
lengths  substantially  larger  than  the  fiber  diameter 
require  very  small  values  of  at  the  interlace 
compared  with  that  at  the  matrix  crack  front, 
given  approximately  by  (Fig.  26) 

'/%.//«w0.l  *,</.  (20) 

Consequently,  it  is  surmised  that  the  required  for 
continued  debonding  decreases  rapidly  as  the  debond 
length  increases.  Extensive  crack  front  debonding 
thus  appears  unlikely  in  the  absence  of  residual  stress, 
even  when  is  quite  small.  This  conclusion  about 
crack  front  debonding  is  substantially  changed  when 
residual  stress  exists  (g). 

Initiation  of  debonding  is  a  necessary  but  not 
sufficient  condition  for  good  composite  properties.  It 
is  also  required  that  the  debond  crack  remain  m  the 
interface  and  not  kink  into  the  fiber  to  cause  prema¬ 
ture  fiber  rupture,  either  along  the  crack  front  or  in 
the  crack  wake.  Analysis  of  this  problem  (45)  indi¬ 
cates  that  kinking  out  of  the  interface  it  not  expected 
when  the  above  inequality  is  satisfied. 

S.J.  Measurement  of  the  Interface  fracture  resistance 

The  preceding  mechanics  analyses  provide  the  es¬ 
sential  background  needed  for  the  measurement  of 
debond  resistances  relevant  to  composite  perfor- 
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mancc  Three  basic  test  methods  have  been  identified 
at  being  convenient  for  providing  data  at  d  %  0,  x  2 
and  a>4  (49,  J0|:  compact  tentton  tests.  flexural  testa 
and  pull-out  tests.  Two  critical  aspects  of  interface 
fracture  testing  arc  the  initial  introduction  of  a 
wril-deftncd  debond  crack  and  measutement  of  the 
residual  stress.  Another  important  testing  issue  con¬ 
cerns  friction  at  the  loading  points  (49).  A  procedure 
that  takes  frictional  effects  into  account,  based  on 
measurements  of  the  hysteresis  in  loading  and  un¬ 
loading  compliance  has  been  developed  and  vali¬ 
dated.  These  rigorous  demands  on  the  testing  needed 
to  generate  valid  data,  have  limited  thu  extent  of 
available  results.  Preliminary  results  indicate  that 
tends  to  increase  with  increase  in  especially  as 
tfr  —  a  2.  and  furthermore,  that  the  rate  of  increase 
depends  on  the  morphology  of  the  fracture  interface 
(42|.  Specifically,  rough  fracture  interfaces  cause  to 
increase  more  rapidly  with  increase  in  d>.  Analysis  of 
this  phenomenon  (42)  has  modelled  the  sliding  and 
locking  of  crack  surface  asperities  that  make  contact 
at  large  phase  angles.  The  material  parameter  that 
governs  the  magnitude  of  this  effect  is  (47.  JO) 

y  «£//•’&/.  (211 

where  H  is  the  amplitude  and  L  the  wavelength  of 
undulations  on  the  fracture  interface  and  t<,  is  the 
intrinsic  fracture  resistance  of  the  interface. 
Specifically,  large  y  results  in  the  greatest  effects  on 
%(+).  The  quantity  y  is  a  measure  of  the  length  of 
the  contact  rone,  which  increases  as  either  H  in¬ 
creases  or  %  decreases. 

The  magnitude  of  is  clearly  influenced  by  the 
presence  of  interphases,  the  atomistic  structure  of  the 
interface,  etc.  However,  as  vet.  residual  stress  and 
morphological  influences  have  not  been  sufficiently 
decoupled  to  explore  these  basic  relationships.  Never¬ 
theless,  preliminary  measurements  reveal  that  'f,  is 
typically  quite  small  for  oxides  bonded  to  refractory 
metals  (Nb).  to  mtermetallics  (TiAl)  and  to  noble 
metals  (Au.  Pt)  as  well  as  for  oxides  bonded  with 
inorganic  glasses  and  for  carbides  and  nitrides  having 
graphitg  boron  nitride  interlayers. 

«.  MICROSTRUCTURE  DESIGN 

Many  of  the  microstructural  parameters  that  con¬ 
trol  the  overall  mechanical  properties  of  ceramic 
matrix  composites  are  now  known  and  validated,  as 
elaborated  in  the  preceding  sections.  Consequently, 
various  general  remarks  about  mkrostructurt  design 
can  be  made.  Howev  er,  important  aspects  of  damage 
and  failure  arc  incompletely  understood  because 
there  have  been  few  organized  studies  of  failure  in 
mode  II.  mixed  mode  and  transverse  mode  I.  The 
remarks  made  in  this  section  thus  refer  primarily  to 
axial  mode  1  behavior  with  no  special  regard  to 
attendant  problems  in  other  loading  modes. 

The  basic  microstructural  parameters  that  govern 
mode  I  failure  are  the  relative  flbemnairix  interface 


debond  toughness.  V„  %.  the  residual  strain.  AxAT. 
the  friction  coefficient  of  the  debonded  interface,  p. 
the  statistical  parameters  that  characterize  the  fiber 
strength,  ^and  m.  the  matrix  toughness.  and  the 
fiber  volume  fraction  /.  The  prerequisite  for  high 
toughness  is  that  <  1/4  (£  ■  I).  Subject  to  this 
requirement,  the  residual  strain  must  be  small 
(A*  <  3  x  10** C*')  and  negative  so  that  the  inter¬ 
face  is  in  tension.  Furthermore,  the  friction  cocftkknl 
along  the  debonded  interface  should  be  small 
Or  <  0.1).  The  ideal  fiber  properties  are  those  that 
encourage  large  pull-out  lengths,  as  manifest  in  an 
optimum  combination  of  u  high  median  strength 
(large  St)  and  large  variability  (small  ml 
The  above  conditions  can  be  satisfied,  in  principle, 
by  creating  intcrphascs  between  the  liber  and  matrix, 
either  by  liber  coating  or.  in  situ,  by  segregation  The 
most  common  approach  is  the  use  of  u  dual  coating, 
the  inner  coating  satisfies  the  above  dcbonding  and 
sliding  requirements,  while  the  outer  coating  provides 
protection  against  the  matrix  during  processing. 
However,  the  principal  challenge  is  to  identify  an 
inner  coating  that  has  the  requisite  mcchankal  prop¬ 
erties  while  also  being  thermodynamically  stable  in 
air  at  elevated  temperatures.  Most  existing  materials 
have  cither  C  or  BN  as  the  debond  layer.  However, 
both  materials  are  prone  to  degradation  in  air  at 
elevated  temperatures.  More  stable  alternatives  have 
been  proposed  (e.g.  Nb.  Mo.  Pi.  NbAl)  but  have  not 
been  evaluated. 
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NOMENCLATURE 


i  •  linear  thermal  cvpattsion  cocllkicnl 
>'■  a  for  malm 
«'  ■  a  for  Khars 
)i  x friction  coefficient 
r  ■  Poisson's  ra»o  of  composiia 
£  ■ ratio  of  Youni's  modulus  of  Khar  to  math* 
«, »  main*  cracking  strati 
a, «  ultimata  ttran|th 
« ,  «  applied  straw 

*'  ■  straw  for  tranivarte  interface  failure 
t  «  shaar  ratttianca  of  tnterfact  after  dchonding 
♦(h)"  cumulative  pull-out  distribution 
d  ■  Clack  Surface  shear  angle 
Pt.-.  i) »  probability  density  function  for  fiber  failure 

*  » interface  Iractutc  parameter  ■  Ell:  \<.L 
T  ■  phase  angle  of  loading 

#  » transition  parameter 


k  >•  Dundurt'  parameter 


G,(t  —  2v;)  —  0\(l  -  2-,) 
2|C|(I  -v.)  *G-(I  -7,)j 


O  x  mam*  crack  spacing 
J  x  debond  length 
E  x  Young's  modulus  of  composite 
F  x  non-dimensional  stress 
f  x  liber  volume  fraction 
G  x  shear  modulus 
5  x  strain  energy  release  tt.it 
.<  ■  critical  vtrain  energy  release  rale  for  interlace 
f„  x  tteady-staie  strain  energy  release  rate 

4  x  critical  strain  energy  release  rale  for  the  liber 

x  critical  strain  energy  release  rate  for  the  main* 
•  intrinsic  critical  strain  energy  release  rale  for  the 
interfact 

'ViAstl  x  increase  in  critical  strain  energy  release  rate  vvnh 
increase  in  crack  length.  An 
II  «  amplitude  of  inicifacc  roughness 
X  pull-out  length 
I  x  slip  length 
L  x  gauge  length 

m  x  shape  parameter  for  liber  strength  distribution 
y  x  residual  axial  stress  in  the  maim 
9,  x  residual  stress  normal  to  interface 
k  x  fiber  radius 
r  x  distance  from  crack  front 

5  ■  fiber  strength 

3'.  x  scale  parameter  for  fiber  strength  distribution 
F  x  pull-out  parameter 

r  x  stress  acting  on  fiber  between  crack  surfaces 
C  -  pull-out  parameter 
u  x  crack  opening  displacement 
r  ■  crack  shear  displacement 
:  m  distance  from  crack  plane 
e,  ■  normalizing  stress  in  statistical  analysts  of  fiber 
pullout 

a,  x  normalihng  displacement  in  statistical  analysis  of 
fiber  pullout 
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ABSTRACT 


Delamination  crack  propagation  has  been  investigated  in  a  laminated  fiber 
reinforced  ceramic  matrix  composite.  The  crack  growth  initiation  resistance  has 
been  shown  to  be  dominated  by  the  critical  strain  energy  release  rate  for  the  matrix. 
However,  the  resistance  increases  with  crack  extension  because  < '  ’ng  effects 
associated  with  intact  fibers  and,  in  some  cases,  intact  segments  of  matrix.  The 
delamination  cracks  also  assume  a  steady-state  trajectory  within  a  zero-degree  layer 
close  to  the  0°/90°C  interface. 
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1.  INTRODUCTION 


Ceramic  matrix  composites  reinforced  with  aligned  fibers  that  exhibit  high 
"toughness"  in  tensile  (mode  I)  loading  are  often  susceptible  to  delamination 
(mixed  mode)  cracking.1**  Such  cracking,  typically  encountered  in  the  presence  of 
notches,  is  also  evident  in  polymer  matrix  composites,3  and  in  wood.'1  The 
delamination  crack  nucleates  near  the  base  of  the  notch  and  propagates  axially 
outward  as  the  load  is  increased,  causing  the  material  to  be  notch  insensitive.2*3  The 
intention  of  this  study  is  to  investigate  the  resistance  of  a  laminated  ceramic  matrix 
composite  to  the  mode  of  crack  propagation.  The  problem  is  not  only  of 
fundamental  interest,  but  also  of  significant  technical  importance.  The  presence  and 
growth  of  delamination  cracks  in  composite  laminates  may  lead  to  severe  reliability 
and  safety  problems,  such  as  the  reduction  of  structural  stiffness  and  exposure  of  the 
interior  to  an  adverse  environment  which  may  cause  the  final  failure. 

The  mechanics  basis  for  the  study  involves  analysis  of  the  energy  release  rates 
Cj  and  of  the  phase  angles  \J f  associated  with  the  observed  delamination 
morphologies.'1*5  The  product  of  the  study  is  a  characterization  of  the  delamination 
fracture  resistance  £r,  which  provides  the  basis  for  a  microstructure  based  model 
which  relates  £r  to  the  properties  of  the  matrix,  interfaces  and  fibers.  Such 
characteristics  provide  the  principles  needed  to  predict  relative  tendencies  for 
composites  to  exhibit  either  mode  I  matrix  cracking  or  mixed  mode  delamination 
cracking  and  thus,  establish  a  framework  for  design  criteria. 


2.  MECHANICS  SUMMARY 

The  basic  mechanics  needed  to  interpret  measurements  of  delamination  crack 
growth  have  been  derived  elsewhere.5*6  The  results  applicable  to  the  present 
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experiments  are  briefly  summarized  in  this  section.  The  experiments  utilize  test 
specimens  (Fig.  1)  in  which  the  notch  depth  w  exceeds  the  laminate  thickness  and  is 
about  one-third  to  one-half  the  specimen  thickness,  h.  For  this  geometry,  tested  in 
four-point  flexure,  delamination  cracks  are  subject  to  steady-state  conditions, 
provided  that  the  cracks  are  between  the  inner  load  lines  and  larger  than  ~  (l/2)w. 
Steady-state  stress  intensity  factor  solutions  for  anisotropic  beams  have  been 
derived5  and  provide  the  basis  for  solutions  applicable  to  laminates.6  The  laminate 
results  have  the  form 

but;B2h3/P242  =  F(bn/b„  w/h,  n)  (In) 


and 


where  <7  is  the  energy  release  rate,  is  the  phase  angle  of  loading,  P  is  the  load,  i  the 
moment  arm  (Fig.  1),  B  the  beam  width,  bjj  is  the  elastic  stiffness  defined  by5 

e,  =  Sb.jCj 

i  =  1,2,6 
j  =  1,2,6 


where  £j  is  the  strain,  Oj  the  stress  and  n  is  the  number  of  laminate  layers  in  the 
beam.  For  ten  layers,  the  function  F  has  the  trend  plotted  on  Fig.  2. 

The  experimental  data  presented  below  have  been  obtained  in  the  steady-state 
regime,  allowing  direct  use  of  Eqn.  (1)  to  obtain  Q  and  \j/. 
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3.  EXPERIMENTAL  PROCEDURES 

3.1  MATERIALS 


The  primary  material  selected  for  investigation  consists  of  a  0°/90°  cross-ply 
laminated  LAS-II  matrix  reinforced  with  SiC  Nicalon  fibers,  prepared  by  hot 
pressing  and  supplied  by  United  Technologies  Research  Center.LS  The  fiber  volume 
fraction  is  -  0.44.  The  material  has  a  thin  C  layer  between  fiber  and  matrix  which 
allows  debonding  and  sliding7*3  and  thus  imparts  high  tensile  "toughness,"  as 
evident  from  a  tensile  stress/strain  curve2  (Fig.  3).  This  material  is  also  subject  to 
residual  strain  caused  by  thermal  expansion  mismatch,  such  that  the  radial  stress  at 
the  interface  is  tensile.8  In  some  cases,  this  tensile  stress  causes  thermal  interfacial 
debonding.8 


3.2  TEST  SPECIMENS 

Flexural  specimens  having  dimensions  3x3x35mm  were  machined  from 
hot  pressed  plates  such  that  the  fiber  and  specimen  axes  were  coincident.  Notches 
having  width,  «  0.9mm  were  then  introduced  using  a  diamond  blade.  The  location 
of  the  base  of  the  notch  with  respect  to  the  lamination  layer  was  systematically 
varied.  In  some  cases,  the  side  surfaces  were  carefully  polished,  using  diamond 
polishing  media,  as  needed  to  make  observations  of  cracking  and  damage  in  the 
optical  and  scanning  electron  microscopes. 


3.3  TEST  PROCEDURES 

Specimens  were  loaded  in  four-point  flexure  at  constant  load  point 
displacement  rate  of  -lOjlms-1.  Loads  were  monitored  and  a  displacement 
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transducer,  attached  to  the  specimen  adjacent  to  the  notch,  was  used  to  measure  the 
vertical  displacement,  u,  upon  loading.  Friction  was  minimized  by  emplacing  a 
thin  layer  of  solid  lubricant  between  the  specimen  and  the  loading  points.  Crack 
lengths  were  also  observed  and  monitored  using  a  long  fecal  length  optical 
microscope. 

Specimens  were  mostly  subject  to  monotonic  displacement  rates,  resulting  in 
continuous  crack  extension.  In  some  cases,  periodic  unloading  was  performed  and 
the  associated  hysteresis  measured.  Crack  lengths  were  also  measured  in  the  optical 
and  in  scanning  electron  microscope. 


4.  RESULTS 
4.1  MEASUREMENTS 

Some  basic  load,  displacement,  crack  length  characteristics  exhibited  upon 
delamination  crack  extension  are  depicted  in  Figs.  4a,  b.  Crack  extension  was 
accompanied  by  non-linearity  and  occurred  with  rising  load.  Periodic  loading  and 
unloading  was  accompanied  by  compliance  hysteresis  (Fig.  4a).  The  hysteresis  was 
characterized  by  a  residual  crack  opening  displacement  (Fig.  5)  that  increased  with 
crack  extension,  but  gave  minimal  change  in  compliance. 

Trends  in  the  crack  extension  load  with  delamination  crack  length  (Fig.  4b) 
can  be  used  in  conjunction  with  Eqn.  (1)  to  evaluate  the  energy  release  rate  as  a 
function  of  crack  extension,  as  summarized  in  Fig.  6.  In  all  cases,  the  fracture 
resistance,  £r,  increased  with  increase  in  crack  length,  a,  but  is  always  of  order 
20Jm~2  at  crack  growth  initiation  (a  0).  The  slope  (tearing  modulus),  T  =  d^/da, 
varied  appreciably  between  specimens,  but  had  a  systematic  dependence  on  the 
location  of  the  notch  tip.  Specifically,  T  increased  as  the  distance  s  between  the 
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notch  tip  and  the  bottom  of  the  next  90°  layer  increased  (Fig.  7).  Furthermore,  the 
results  that  give  the  largest  T  refer  to  cases  in  which  the  notch  tip  is  located  in  a 
zero-degree  layer,  resulting  in  a  bridge  of  intact  material  at  the  crack  center  (see 
Fig.  9c). 


4.2  OBSERVATIONS 

Crack  path  observations  (Figs.  8, 9)  indicate  that  the  crack  always  attains  a 
steady-state  trajectory  when  the  crack  length  a  >  w/2.  This  trajectory  coincides  with 
a  plane  just  within  and  near  the  base  of  the  90°  layer  next  to  the  notch  tip  (Fig.  9). 
This  plane  is  seemingly  selected  by  the  crack  whatever  the  original  location  of  the 
notch  tip  (Fig.  8).  Such  behavior  is  exemplified  in  Fig.  8b  by  a  crack  which  emanates 
from  a  notch  tip  located  at  the  upper  interface  of  a  90e  laminate  layer.  It  is  evident 
that  the  crack  initially  progressed  toward  the  lower  interface  as  it  extended  to  a 
length  a  «  w/2,  and  thereafter  remained  in  a  constant  trajectory  adjacent  to  that 
interface.  It  is  important  to  emphasize  that  the  steady-state  crack  did  not  select  the 
matrix-only  interlayer  material,  but  remained  just  within  the  fiber  reinforced  90° 
layer  (Fig.  9).  Furthermore,  it  is  noted  that,  when  the  notch  lip  terminates  in  the 
0°  layer,  the  crack  nucleates  beneath  the  notch,  within  the  90°  layer  (Fig.  9c),  such 
that  a  bridge  of  intact  material  is  retained  between  the  notch  tip  and  the 
delamination  crack  surface.  But  again,  the  crack  extends  into  the  same  steady-state 
trajectory. 

After  appreciable  steady-state  crack  extension,  the  crack  surfaces  are  found  to 
be  bridged  by  intact  fibers  that  distort  and  pull  out  as  the  crack  surfaces  open  (Fig.  10). 
These  fibers  resist  crack  extension,  as  elaborated  below. 
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5.  DISCUSSION 


The  observation  that  the  resistance  to  crack  growth  initiation  is  about  the 
same  for  all  test  specimens  (£c  "  20Jm”2)  indicates  that  a  common  mechanism  is 
involved.  Furthermore,  the  crack  extends  through  a  mix  of  matrix  material  and 
interface  (Fig.  9)  without  significant  fiber  bridging.  A  first  estimate  of  the  fracture 
resistance  is  thus; 

(?c  "  fr|  +  (i—f)rm  ^2) 

where  f  is  the  fiber  volume  fraction,  Tj  is  the  fracture  energy  of  the  interface  and  Pm 
the  fracture  energy  of  the  matrix.  Prior  research  on  these  materials  has  suggested 
the  values:  Fm  »  ?0-40Jm“2  and  Tj  <  ljm-2.10'11  The  resulting  fracture  resistance 
(jc,  given  that  f  «  0.44,  would  thus  be  in  the  range  12  to  24Jm-2,  which  encompasses 
the  measured  value  of  20Jm-2.  A  reasonably  consistent  description  of  crack  growth 
initiation  thus  obtains. 

The  dependence  of  the  tearing  modulus  on  notch  location  (Fig.  7)  may  be 
attributed  to  the  ligament  of  bridging  material  between  the  base  of  the  notch  and  the 
steady-state  crack  trajectory  (Fig.  8).  This  ligament  acts  as  a  "hinge,"  which  inhibits 
the  deflection  of  the  beam  and  thus,  causes  £  to  be  less  than  predicted  by  Eqn.  (la). 
Consequently,  the  strictly  material-related  results  are  those  having  the  smallest  T, 
obtained  when  the  notch  tip  essentially  coincided  with  the  steady-state  trajectory. 
The  magnitude  of  the  tearing  modulus  in  this  case  is  attributed  to  the  tractions 
caused  by  the  fibers  that  bridge  the  crack  surface.  Elastic  spring  models  could  be  used 
to  interpret  these  results.*2 
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6.  CONCLUSION 


The  propagation  of  delamination  crack  has  been  characterized  in  a  0°/90°C 
laminated  ceramic  matrix  composite.  Crack  growth  resistance  curves  have  been 
generated  with  two  principal  features.  Crack  growth  initiation  has  been  shown  to 
depend  on  the  fracture  resistance  of  the  matrix  and  the  interface  in  accordance  with 
a  simple  rule-of-mixture  law.  However,  further  crack  growth  is  impeded  by  intact 
fibers  and,  in  some  cases,  intact  matrix  ligaments  that  bridge  the  crack,  leading  to 
resistance  over  characteristics. 

The  dclaminalion  crack  trajectory  exhibits  steady-state  characteristics  whereby 
the  crack  selects  a  propagation  place  with  a  90-degrce  layer  adjacent  to  the  matrix 
layer  between  laminations.  This  trajectory  then  includes  matrix  material  and 
interfaces.  The  results  of  this  study  can  be  combined  with  analysis  of  resistance 
curves  in  mode  I  loading2  to  interpret  and  predict  preferred  crack  extension  paths  in 
laminated  ceramic  matrix  composites. 
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FIGURE  CAPTIONS 

Fig.  1.  A  schematic  drawing  of  the  test  specimen  and  an  optical  micrograph  of 
the  laminate  layer 

Fig.  2.  Trends  in  non-dimensional  steady-state  energy  release  rate  with  relative 
notch  depth  for  several  values  of  the  elastic  anisotropy  (n  *  10) 

Fig.  3.  A  tensile  stress-strain  curve  for  the  composite  (after  Ref.  2) 

Fig.  4.  Loading  curves  obtained  during  testing 

a)  Load#  displacement  curves  showing  hysteresis 

b)  Trends  in  the  critical  crack  extension  load  with  crack  length 

Fig.  5.  Variation  in  residual  crack  opening  with  crack  length 

Fig.  6.  Crack  resistance  curves  obtained  for  a  scries  of  six  different  test 

specimens 

Fig.  7.  A  plot  of  trends  in  the  tearing  modulus  with  notch  tip  location.  When 
s/S  >  1,  the  noted  tip  is  in  a  zero-degree  layer  and  an  intact  bridge  exists  at 
the  notch  tip. 

Fig.  8.  An  optical  micrograph  of  the  steady-state  delamination  crack  trajectory 
near  the  base  of  the  90-degree  layer 

Fig.  9.  A  series  of  optical  and  scanning  electron  micrographs  which  reveal  the 
initial  crack  trajectory  toward  the  base  of  the  90-degroe  layer 

Fig.  10.  A  scanning  electron  micrograph  of  fibers  bridging  the  crack  surfaces 
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l.  INTRODUCTION 

Tough  ceramic  matrix  composites  are  susceptible  to  delamination  cracking  in  the  presence 
of  notches  (1*4).  Typically,  when  loaded  in  cither  tension  or  bending,  cracks  initiate  near 
the  base  of  the  notch  and  extend  axially  (3)  (Fig.  1 }.  Such  cracking,  also  evident  in  polymer 
matrix  composites  (5)  i  I  in  wood  (Gj,  is  c '  ■  n  driven  by  the  anisotropy  of  the  composite. 
This  process  essentially  alleviates  the  notch  sensitivity  of  the  material  and  may  then  be 
regarded  as  a  desirable  characteristic  of  the  composite  (2,4).  However,  experiments  indicate 
that  a  susceptibility  to  delamination  cracking  usually  associates  with  a  low  transverse 
fracture  resistance  and  a  low  interlaminar  shear  strength.  Therefore,  the  presence  and 
growth  of  delamination  cracks  in  fiber  reinforced  composites  and  composite  laminates  may 
lend  to  severe  reliability  and  safety  problems,  such  as  the  reduction  of  structural  stiffness 
and  exposure  of  the  interior  to  an  adverse  environment  wliich  may  cause  the  final  failure. 

By  analogy  to  thin  film  dccohcsion  (7)  and  to  fracture  along  bimaterial  interfaces  (8), 
dclaminc  don  cracking  is  a  mixed  mode  process,  governed  largely  by  the  fracture  energies 
of  the  matrix  and  interface.  The  purpose  of  the  present  study  is  to  provide  a  comprehensive 
analysis  of  the  crackr  mcnon  for  typical  high  toughness  ceramic  matrix  composite s 

and  composite  lamii  .  *ns. 

Analysis  of  the  crackii  r  ,  is  predicated  through  relationships  between  the  energy 
release  rate  G,  the  phi  of  loading  d’«  the  crack  length  n,  and  the  loading  within 

an  elastically  anisotropi.  Calculations  arc  presented  for  a  prenotched  four-point 

flexure  geometry  with  dclaimnation  cracks  initiating  at  the  end  of  the  notch  (Fig.  1) 
for  two  composite  systems;  a  unidirectionally  fiber  reinforced  composite  and  a  symmetric 
laminated  beam.  Calculations  arc  also  presented  for  the  case  of  a  homogeneous  orthotropic 
beam. 

For  the  first  composite  system,  analytical  steady-state  energy  release  rates  are  derived. 
Li  this  calculation,  the  effects  of  the  location  of  the  reinforcement  are  considered.  Thus, 
relationships  between  the. composite  longitudinal  elastic  modulus  and  the  elastic  proper¬ 
ties  of  the  fiber  and  the  matrix  arc  obtained  in  terms  of  the  number  of  fibers  along  the 
height  of  the  beam  and  the  fiber  volume  fraction.  The  known  rule  of  mixtures  result  for 
the  homogenized  longitudinal  effective  modulus  is  recovered  for  composite  systems  with 
number  of  fibers  along  the  beam  height  exceeding  a  critical  value. 

The  laminated  systems  considered  in  the  second  part  of  this  study  are,  in  general,  com¬ 
posed  of  homogeneous  orthotropic  elastic  layers.  For  example,  such  elastic  behavior  is 
exhibited  by  fiber  reinforced  plies  that  meet  the  criterion  established  in  the  first  part  of 


the  analysis.  The  near-tip  dclamination  mechanics  for  these  laminated  systems  is  inves¬ 
tigated  analytically  via  steady-state  energy  release  rate  estimates.  The  determination  of 
the  associated  phase  angle  due  to  interlaminar  cracking  is  not  the  intent  of  this  study  but 
it  is,  however,  the  subject  of  ongoing  research. 

In  the  last  part  of  this  work,  the  analysis  is  further  extended  to  account  for  the  coupled 
effects  of  an  applied  moment  and  an  axial  force  on  the  dclamination  energy  release  rate 
at  the  tip  of  a  crack  parallel  to  one  of  the  principal  orthotropic  material  directions.  A 
general  expression  for  the  energy  release  rate  and  phase  angle  aspects  for  such  a  system 
arc  discussed. 

2.  UNIAXIALLY  FIBER  REINFORCED  COMPOSITES 

In  a  typical  liigh  toughness  fiber  reinforced  ceramic  composite,  mixed  mode  dclamination 
cracks  parallel  to  the  principal  direction  of  the  fiber  initiate  at  the  end  of  the  notch  (Fig.  1) 
when  either  a  moment  M  and/or  an  axial  load  N  are  applied.  By  analogy  to  other 
cracking  problems  (7-10),  steady-state  conditions  ( Q  and  $  independent  of  crack  length) 
must  exist  for  both  tensile  and  four-point  bending  loading  when  the  delamination  crack 
length  somewhat  exceeds  the  notch  depth.  For  these  instances  analytical  elastic  steady- 
state  energy  release  rates  can  be  obtained.  Suo  (11)  jn  parallel  studies  addressed  some 
aspects  of  steady-state  dclamination  mechanics  in  orthotropic  materials.  In  his  analysis, 
Suo  treated  the  composite  system  as  homogeneous  elastic  orthotropic  and  presented  trends 
for  the  stress  intensities  at  the  delamination  crack-tip  for  a  variety  of  orthotropic  materials. 
As  in  the  cases  of  cracks  in  homogeneous  isotropic  elastic  bodies  or  cracks  along  bimaterial 
interfaces,  the  stress  and  displacement  fields  in  the  region  around  the  crack  tip  of  cracks 
positioned  in  one  of  the  principal  orthotropic  material  directions  are  fully  characterized 
via  a  stress  intensity  factor  and  universal  geometry  shape  functions  (11,12).  In  addition, 
opening  and  sliding  of  the  crack  surfaces  are  related  to  A*/,  the  mode  I  stress  intensity 
factor,  and  A'//,  the  mode  II  component.  Also,  its  modulus  |A'|  is  related  to  the  energy 
release  rate  G  via  an  Irwin  type  relationship.  Therefore,  the  task  of  understanding  the 
mechanics  at  tips  of  cracks  positioned  in  a  principal  direction  of  an  orthotropic  material 
reduces  to  one  wherein  only  the  modulus  lA'I  and  the  phase  angle  ip  or  Q  and  tp  are  to  be 
determined,  where  ip  =  arctan(A'/7/AT/).  These  quantities,  by  and  large,  depend  on  the 
load,  geometry  and  the  material  properties. 

Unlike  Suo’s  approach,  this  analysis  is  not  based  on  the  basic  assumption  of  material  or- 
thotropy;  rather,  the  fiber  and  the  matrix  are  treated  individually  as  linear  elastic  isotropic 
materials.  Departing  from  this  assumption,  analytical  elastic  steady-state  energy  release 
rates  for  the  flexure  geometry  shown  in  Fig.  1  are  derived  in  terms  of  the  elastic  properties 
of  the  two  constituents,  the  fiber  volume  fraction  /,  and  the  relative  fiber  radius  to  beam 
thickness  ratio.  This  result  is  then  used  to  extract  the  effective  longitudinal  elastic  moduli 
of  the  composite  in  terms  of  the  above  mentioned  quantities.  This  in  turn,  can  be  used  to 
provide  estimates  for  the  anisotropy  parameters  p  and  A  used  by  Suo  (ll),  thus  enabling 
us  to  extract  the  appropriate  phase  angle  from  his  analysis.  With  this  as  a  background, 
we  now  take  on  the  task  of  studying  the  delamination  mechanics  of  a  uniaxially  fiber 
reinforced  composite  system  subjected  to  four-point  flexure  as  shown  in  Fig.  1. 


2.1  Steady  ~  state  elclamination  energy  release  rates 


In  a  linear  elastic  system  the  energy  release  rate  G  can  be  obtained  in  terms  of  the  changes 
in  cither  the  total  potential  energy  'b  or  the  total  strain  energy  U  of  the  system  as  the 
crack  grows  from  length  a  to  n  +  Aa,  i.e. 
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For  a  linear  elastic  system,  'b  =  -U.  The  steady-state  dclamination  energy  release  rate 
for  the  geometry  shown  in  Fig.  1  can  now'  be  derived  from  the  changes  in  U  as  the  crack 
grows  from  a  to  a  +  Aa.  In  doing  so,  solutions  for  U  in  strips  of  material  far  bcltind  and 
far  ahead  of  the  crack  tip  in  the  fiber  reinforced  composite  beam  are  required  (8).  Such 
solutions  can  be  obtained  for  the  more  general  case  of  an  applied  moment  coupled  with 
att  applied  axial  force.  However,  such  estimates  are  presented  later  on  in  this  work  for  the 
case  of  a  homogeneous  orthotropic  material,  in  which  case  a  more  general  formula  for  the 
energy  release  rate  is  obtained.  For  the  purpose  of  the  analyses  in  this  section,  we  take  on 
the  case  of  an  applied  moment  M  alone,  which  pertains  to  the  flexural  specimen  shown  in 
Fig.  1. 

2.2  Energy  release  rate 

For  the'ease  of  long  cracks  compared  to  the  notch  depth,  the  steady-state  energy  release 
rate  can  be  obtained  via  equations  (1).  Thus, 
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where  £  =  h\/h*\  A  =  E/[l  —  uj)/Em(l  —  v^)  for  plane  strain,  and  2n  is  the  total  number 
of  fibers  along  the  beam  height  as  shown  in  Fig.  2.  The  derivation  of  the  above  formula 
and  a  more  detailed  analysis  of  the  material  presented  in  this  work  can  be  found  elsewhere 
[13]. 

For  a  fixed  fiber  volume  fraction  /,  the  number  n  is  a  measure  of  the  aspect  ratio  of  the  fiber 
radius  to  beam  thickness,  i.e.  n  =  where  2 H  is  the  beam  thickness  and  2 rj  is  the 

fiber  diameter.  The  trends  in  normalized  Q„  with  respect  to  n  and  therefore  the  ratio  H/rf 
are  shown  in  Fig.  2.  These  results  correspond  to  £  =  /ii//»2  =  1.0  and  /  =  0.3.  Notice  that 
in  this  plot,  Q ,,  is  normalized  by  the  rule  of  mixtures  modulus,  i.e.  E\  =  (A/  + 1  —  f)Em 
with  Em  =  Em/(  1  -  As  shown  in  Fig.  2,  for  a  homogeneous  composite  system, 
A  =  1,  the  result  is  that  obtained  by  Charalambides  et  al  [8]  and  is  independent  of  n. 
As  the  system  deviates  from  the  homogeneous  case,  A  ^  1,  the  normalized  G,s  is  most 


sensitive  to  n  for  values  of  n  <  5  and  it  asymptotes  to  the  homogeneous  system  prediction 
for  large  n  >  S.  These  results  suggest  that  in  fiber  reinforced  composite  systems  where 
the  number  of  fibers  n  exceeds  a  critical  minimum,  i.e.  2 n  >  16  [r//H  «  0.03),  the 
naoo  approximation  can  be  vised.  The  resulting  error  in  Q„  is  then  less  then  1.5%.  In 
such  a  case  the  composite  can  be  treated  as  homogeneous  orthotropic  with  a  longitudinal 
effective  modulus  Ej,  given  by  the  rule  of  mixtures,  i.e.  Ej  =  (A/  +  1  —  /)Em  for  plane 
strain  (U-16). 

3.  LAMINATED  COMPOSITES 

When  n  delamination  crack  occurs  parallel  and  at  close  proximity  or  at  an  interface  be¬ 
tween  two  laminates  within  a  laminated  composite,  the  cracking  process  must  be  analyzed 
using  concepts  derived  for  bimaterial  interfaces  [S, 17-19],  For  such  an  interface  crack,  the 
mechanics  and  in  particular,  the  association  of  an  opening  and  sliding  of  the  crack  surfaces 
to  mode  /  (v>  =  0)  and  mode  II  (0  =  jt/j)  fracture  modes  have  been  perplexing,  partially 
due  to  the  coupling  of  the  two  modes  through  a  complex  stress  intensity  factor  whose 
phase  angle  is  scale  sensitive.  In  addition,  the  linear  elastic  stress  and  displacement  fields 
in  the  crack  tip  region  exhibit  an  oscillatory  character  leading  to  near-tip  interpenetration 
of  the  crack  surfaces  for  non-zero  values  of  the  bimaterial  constant  c  (17).  Although  current 
thinking  assumes  £  =  0,  some  of  these  issues  are  still  the  subject  of  ongoing  debate  (17,20). 
On  the  other  hand,  and  although  the  definition  of  the  birnatcrial  phase  angle  seems  to  be 
ambiguous,  the  associated  energy  release  rate  Q  at  the  tip  of  an  interface  crack,  is  well 
defined  and  is  characterized  by  the  same  vmits  as  in  the  homogeneous  case  (e.g.  Jfrrr). 
Therefore,  in  an  ideally  brittle  system,  Q  can  be  used  to  characterize  fracture.  Ultimately, 
failure  loci  of  <7e  versus  phase  angle  0C  (19,21)  should  be  used  to  account  for  the  increase 
in  §e  with  ve,  as  the  asperities  effects  at  the  bimaterial  interface  become  more  .important. 
In  this  section  we  shall  evaluate  the  steady-state  energy  release  rate  at  the  tip  of  cracks 
embedded  in  laminated  structures  fa  evoss-section  for  a  symmetric  laminated  beam  is 
shown  in  Fig.  3)  subjected  to  pure  bending,  in  terms  of  the  applied  loading  and  specimen 
morphology. 

3.1  Symmetric  laminated  systems 

A  special  case  of  a  general  laminated  system  is  the  symmetric  laminated  beam  whose  cross- 
section  is  shown  schematically  in  Fig.  3.  This  geometric  morphology  represents  a  typical 
0°/90°  symmetric  laminated  fiber  reinforced  composite.  In  such  a  case,  the  longitudinal 
and  transverse  moduli  and  Poisson’s  ratios  for  each  ply  are  E\yv\i  and  respectively. 

The  thickness  of  each  layer  is  t,  and  the  total  number  of  layers  is  2n.  Also,  as  in  the 
first  system  examined  earlier  in  this  work  (Fig.  1),  the  notch  depth  is  h\  and  thus,  the 
delainination  crack  lies  at  the  interface  of  the  nj,  and  r»j  4-1  layers  from  the  top.  In 
accordance  with  equation  (1),  the  associate  energy  release  rate  takes  the  form, 
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The  dimensionless  moments  of  inertia  appearing  in  the  above  equation  are:  /c  =  UlU  and 
he  =  he!h>  with  /,  =  ^  and 
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For  plane  strain  the  width  6  =  1,  and  from  Fig.  1,  M  =  PC/2b.  Also,  the  parameter  A 
in  the  case  of  a  symmetric  laminated  composite  takes  the  form,  £2(1  -  j/J2)/£t(l  -  t/|3). 
Transition  energy  release  rates  from  small  to  large  n  values,  given  by  equation  (3),  are 
presented  in  Fig.  3.  On  this  plot,  the  normalized  Q,,  is  plotted  against  n  for  relative  notch 
depth  (  —  lit/hz  —  0.6  and  various  values  of  A.  In  most  symmetric  laminate  composites, 
A  <  1.  For  these  systems  and  in  accordance  with  Fig.  3  the  normalized  energy’  release  rate 
.asymptotes  to  the  homogeneous  value  (n  -♦  00)  from  below.  For  example,  using  a  typical 
value  of  say,  n  =  S  and  A  =  0.2,  the  normalized  G,$  obtained  via  equation  (3)  is  of  the 
order  of  15%  lower  than  the  n  =  00  value  which  warns  caution  when  this  result  instead  of 
the  value  predicted  by  equation  (3)  is  used. 

4.  LIMITING  CASE:  HOMOGENEOUS  ORTHOTROPIC  BEHAVIOR 

In  equations  (2)  and  (3),  the  effects  of  the  relative  fiber  radius/layer  thickness  to  beam 
thickness,  on  the  steady-state  dclamination  energy  release  rate  are  obtained  via  the  number 
n  and  arc  shown  in  Figs.  2  and  3  for  fiber  reinforced  and  laminated  composites  respectively. 
At  the  limit  n  -*  00,  a  striking  similarity  for  GJt  obtained  from  each  system  is  observed. 
In  particular,  equations  (2)  and  (3)  reduce  to  the  following  simple  expression, 


5"  =  2^[(I+f)H  (4) 

where  /  =  6/i3/12  with  h  as  the  total  height  of  the  beam  and  £1  represents  the  effective  rule 
of  mixtures  longitudinal  modulus  for  each  system.  Thus  for  fiber  reinforced  composites, 
E{  =  (A If  +  1  —  /)£mt  whereas  for  0°/90°  cross  ply  fiber  reinforced  laminated  systems, 
£,J  —  (El  +  £/ )/ 2.0,  and  £2  is  the  transverse  modulus  for  each  fiber  reinforced  ply. 


I  Henceforth,  the  superscripts  (  )J  and  (  Y  will  be  used  to  denote  properties  of  the 
symmetric  laminated  and  fiber  reinforced  composites  respectively 


5.  APPLIED  MOMENT  AND  AXIAL  FORCE:  COUPLED  EFFECTS 


The  coup!*  d  effects  on  the  energy  release  rates  of  an  applied  moment  M  and  an  axial  force 
Ar  shown  in  Fig.  4  are  presented  in  this  section.  As  shown  earlier  via  equations  (2)  and 
(3)  only  the  effective  longitudinal  modulus  E\  of  the  composite  enters  the  expression  for 
the  available  energy  release  rate  at  the  delamination  crack  tip.  Furthermore,  as  n  -+  oo 
(decreasing  fiber  radius  or  layer  thickness  for  a  fixed  fiber/laycr  volume  fraction)  the  ex¬ 
pression  for  G„  takes  the  simple  form  given  by  equation  (4).  In  this  part  of  the  analysis  we 
treat  the  composite  as  one  with  a  small  fiber  radius  or  layer  thickness,  such  that  the  n  — *  co 
assumption  is  valid.  Under  this  condition,  the  effective  longitudinal  modulus  E\ ,  in  fiber 
reinforced  and  symmetric  laminated  composite  systems,  is  given  by  the  rule  of  mixtures 
and  was  obtained  earlier  in  this  study.  The  associated  delamination  energy  release  rate 
can  be  obtained  from  the  homogeneous  beam  prediction  (8,22,23)  where  the  usual  elastic 
modulus  is  replaced  by  the  effective  modulus  E\ .  Thus,  accounting  for  the  coupled  effects 
of  an  axial  force  jV  and  a  moment  A/,  G,,  takes  the  general  form. 


9”  =  [((1  +  o3  -  l)  -  +  O2  ta +  ~ ((1  +  0(1  +  3*2)  -  l)  tan5 1] 

(5) 

where  ^  =  Scos^J  and  N  =  Ssiiup  as  shown  in  Fig.  4.  The  trends  in  normalized  G„ 
with  <p  and  thickness  ratio  £  are  shown  in  the  above  figure,  where  is  plotted  against 
the  phase  angle  of  loading  <p.  When  <j>  =  0  the  trends  are  those  due  to  a  pure  bending 
and  arc  identical  to  those  obtained  by  Charalambides  ct  al.  (8)  whereas  for  <j>  =  90°  the 
trends  arc  those  due  only  to  an  axial  force.  These  results  are  general  and  can  be  used  for  a 
homogeneous,  fiber  reinforced  composite  or  a  laminated  system  provided  the  appropriate 
effective  longitudinal  modulus  is  used. 

G.  ON  THE  PHASE  ANGLE 

Phase  angle  estimates  for  a  crack  with  its  plane  parallel  to  one  of  the  principal  orthotropu 
material  directions,  were  obtained  by  Suo  for  the  delamination  geometry  shown  in  Fig. 
4.  The  effects  of  a  bending  moment  M  and  an  axial  force  N  on  the  stress  intensity 
phase  angle  tp  are  coupled  only  through  an  angle  w(<f,  p),  which  is  a  weak  function  of 
£  =  hi//i2,  with  £  as  the  notch  depth  and  the  anisotropy  parameter  p  (11).  In  addition, 
exact  solutions  for  the  phase  angle  tp  are  given  by  Suo  (11)  in  the  cases  of  pure  bending 
and  pure  tension/compression  respectively  for  £  =  1.0,  i.e., 


>p  =  arctan(^A“^, 


2  i\ 

tp  =  arctan(^=A“-»  J, 


pure  bending;  f  =  1.0 
axial  force  only;  £  =  1.0 


(ба) 

(бб) 


where. 


E{  1  -(W^if  _  Ej  1-K,)» 

E{  l-(-4)J  ' 


(T) 


with  A  =  A^  and  A  =  AJ  for  a  fiber  reinforced  and  a  symmetric  cross-ply  laminated  com¬ 
posites  respectively.  For  typical  composite  systems,  the  values  of  rf>  predicted  via  equations 
(6)  arc  of  the  order  of  40°  -50*,  indicative  of  the  mixed  mode  nature  of  dclamination  crack¬ 
ing  under  cither  a  pure  bending  or  axial  loading.  These  phase  angles  in  conjunction  with 
the  energy  release  rates  derived  earlier  (see  equation  5),  fully  characterize  stress  and  dis¬ 
placement  fields  around  crack  tips  of  cracks  embedded  in  principal  orthotropic  direction 
in  homogeneous  orthotropic  ideally  brittle  materials.  Therefore,  delamination  cracking  in 
this  type  of  systems  can  be  understood  in  terms  of  and  Q,t.  However,  these  results, 
in  particular  those  regarding  the  phase  angle,  should  be  used  with  greater  caution  when 
cracking  occurs  in  either  a  fiber  reinforced,  or  a  laminated  composite.  In  cither  of  these 
systems  and  whenever  failure  occurs  at  a  scale  much  smaller  than  the  fiber  radius  of  the 
layer  thickness,  concepts  from  bimaterial  fracture  may  be  necessary  for  the  characteriza¬ 
tion  of  such  cracking  process.  Despite  this  difficulty,  the  phase  angles  obtained  from  a 
homogeneous  orthotropic  analysis  can  be  used  as  remote  quantities  which,  as  in  the  case 
of  the  sandwich  geometry  [24],  can  be  linked  to  the  tip  values  via  local  mechanics. 


7.  CLOSURE 


The  mechanics  of  delamination  cracking  for  uniaxially  fiber  reinforced  composites  and 
laminated  prenotched  beams,  for  the  combined  loading  of  an  applied  moment  and  an  axial 
force  have  been  presented.  As  a  first  step,  comprehensive  solutions  for  the  delamination 
sfeady-state  energy  release  rate  Qit  due  to  a  moment  M  for  both  systems  were  developed. 
These  solutions  incorporated  the  effects  of  arbitrarily  small  finite  number  n  of  fibers/layers 
in  the  '•orresponding  composite  systems. 

It  was  demonstrated  that  for  large  n  (i.e,  n  >  8)  and  when  normalized  with  the  appropriate 
rule  of  mixtures  modulus  for  each  case,  Q„  asymptotes  to  a  universal  value  that  depends 
only  on  the  relative  notch  depth  £  =  Aj//i2.  Thus,  in  composite  beams  with  a  large  number 
of  fibers/layers,  mechanical  quantities  (energies,  stresses,  deformations)  can  be  calculated 
from  a  statically  equivalent  homogeneous  elastic  orthotropic  system  whose  longitudinal 
modulus  is  extracted  from  the  original  composite  via  the  rule  of  mixtures.  Solutions  for 
the  delamination  steady-state  energy  release  rate  Qit  at  the  tip  of  cracks  embedded  in 
homogeneous  orthotropic  materials  with  their  plane  along  a  principal  material  direction, 
have  been  developed  for  the  general  case  of  an  applied  moment  and  an  axial  force.  The 
associated  phase  angle  0  is  of  the  order  of  40°  -  50°,  indicative  of  the  mixed  mode  nature 
of  delamination  cracking  under  either  a  pure  bending  or  axial  loading. 

The  analysis  does  not  account  for  possible  non-linear  failure  processes  in  the  region  close 
to  the  crack- tip  which  often  act  as  toughening  agents.  In  composites  with  such  operating 


mechanisms  and  under  the  assumption  of  a  small  scale  process  zone,  appareni  fracture 
toughnesses  for  delamination  cracking  can  be  obtained  using  the  results  for  Q,t  derived  in 
this  study.  Thus,  as  a  major  benefit  of  this  work,  the  results  of  this  analysis  can  be  used  in 
conjunction  with  experimental  data  to  establish  critical  delamination  energies  and  crack 
resistance  curves  for  fiber  reinforced/laminated  composite  systems. 
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FIGURE  CAPTIONS 

Fig.  1  A  schematic  of  a  fiber  reinforced  four-point  flexure  specimen.  At  a  critical  applied 
load,  delamination  cracks  initiate  at  the  end  of  the  notch. 

Fig.  2  The  trends  in  the  normalized  steady-state  energy  release  rate  Qt$y  with  the  number 
of  fibers  along  the  height  of  the  beam  2n.  All  curves  with  A  1  asymptote  to  the 
homogeneous  curve  result  (A  =  1)  as  n  — ►  oo. 

Fig.  3  The  trends  in  the  normalized  steady-state  energy  release  rate  Qily  with  the  number 
of  layers  in  a  symmetric  laminated  beam.  In  this  plot,  Qlt  is  normalized  by  the  the 
rule  of  mixtures  modulus,  i.e.  E[  =  {El  +  E{)f2. 0.  The  overbar  denotes  plane 
strain  conditions  and  the  superscripts  (  )*  and  (  Y  are  used  to  denote  properties  of 
symmetric  laminated  and  fiber  reinforced  composites  respectively. 

Fig.  4  The  trends  in  the  normalized  steady-state  energy  release  rate  Q1S,  with  the  the  load¬ 
ing  angle  6.  The  results  in  this  plot  arc  general  and  can  be  used  for  an  orthotropic 
beam  with  a  delamination  crack  parallel  to  the  principal  “1"  material  axis. 
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ABSTRACT 

Singularities,  such  as  line  forces  and  dislocations,  embedded  in  elastically 
anisotropic  media  are  considered  in  this  paper.  Interactive  solutions  for 
singularity/interface  and  singularity/interface-crack  are  obtained.  For  a  non-pathological 
material  pair  in  which  an  interface  crack  displays  no  oscillatory  behavior,  it  is  observed 
that,  apart  possibly  from  the  stress  intensity  factors,  the  structure  of  the  near-tip  field  in 
each  of  the  two  blocks  is  independent  of  the  elastic  moduli  of  the  other  block.  Collincar 
interface  cracks  are  analyzed  under  this  non-oscillatory  condition,  and  a  simple  rule  is 
formulated  which  allows  one  to  construct  the  complete  solutions  from  the  mode  III 
potentials  in  an  isotropic,  homogeneous  medium.  In  particular,  the  stress  intensity  factors 
for  the  above  mentioned  interface  cracks  are  the  same  as  mode  III  ones  for  isotropic, 
homoge"'  -*•'  cases.  The  structure  of  the  oscillatory  near-tip  fields  of  an  interface  crack  is 
identified  with  only  three  real  normalizing  constants.  A  definition  of  stress  intensity 
factors  is  proposed.  A  peculiar  fact  is  that,  due  to  the  anisotropy,  the  stress  intensity  factors 
scaling  the  oscillatory  fields,  however  defined,  do  not  recover  the  classical  stress  intensity 
factors  as  the  material  pair  becomes  non-pathological.  Collincar  crack  problems  arc  also 
formulated  in  this  context,  and  a  strikingly  simple  mathematical  structure  is  identified.  The 
general  results  are  specialized  to  decoupled  antiplane  and  in-plane  deformations.  For  this 
important  case,  it  is  found  that  if  a  material  pair  is  non-pathological  for  one  set  of  relative 
orientations  of  the  interface  and  the  two  phases,  it  is  non-pathological  for  any  set  of 
orientations.  Insight  thus  gained  leads  to  an  extension  of  an  earlier  proposal  for 
simplifying  the  approach  to  interface  fracture  mechanics.  For  bonded  orthotropic 
materials,  an  intuitive  choice  of  the  principal  measures  of  elastic  anisotropy  and 
dissimilarity  is  rationalized.  A  complex-variable  representation  is  presented  for  a  class  of 
degenerate  orthotropic  materials.  Through  out  the  paper,  the  equivalence  of  the  Lekhnitskii 
and  Stroh  formalisms  is  emphasized. 
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1.  INTRODUCTION 

The  interactive  solutions  for  singularity/intcrface  and  singularity/crack  serve  as 
building  blocks  for  many  micromechanics  models  and  computational  methods,  as  indicated 
by  the  references  cited  in  Suo  (1988a).  The  impetus  to  undertake  this  work  came  from  the 
recent  experimental  and  theoretical  investigations  of  several  research  groups,  to  one  of 
which  the  writer  belongs,  on  fracture  behaviors  of  woods,  composites,  bicrystals  and 
oriented  polymers  (Argon  ct  al.  1988,  Ashby  et  al.  1985,  Bassani  and  Qu  1988,  Gupta  and 
Suo  1989,  Sbaizero  et  al.  1988,  Suo  1988b,  Sweeney  et  al.  1988,  Wang  1988). 

Another  fact  that  motivates  the  present  work  comes  from  fundamental  concerns  of 
fracture  mechanics.  About  forty  years  ago,  G.R.  Irwin,  in  his  pioneering  work,  identified 
the  three  independent  singular  fields  at  a  crack  tip  in  a  homogeneous,  isotropic  body,  which 
have  since  been  referred  to  as  the  three  modes  of  singularities.  For  a  given  material,  each 
mode  is  universal  for  all  cracked  specimens  under  arbitrary  loadings,  except  for  a 
normalizing  constant,  or  stress  intensity  factor,  which  depends  on  the  specific  specimen 
geometry  and  external  loading.  Based  on  this  mathematical  artifact,  Irwin  was  able  to 
define  a  material  property,  toughness,  a  loosely  termed  jargon  among  metallurgists  then, 
as  the  critical  value  (or  combinations)  of  the  stress  intensity  factor  that  a  material  can 
sustain. 

During  the  last  four  decades,  Irwin's  agenda  has  been  pursued  for  both  brittle  and 
ductile  solids.  Here  we  will  only  keep  track  of  the  development  for  brittle  solids.  Williams 
(1959)  discovered  the  so-called  oscillatory  near-tip  behavior  for  an  interface  crack  between 
two  isotropic  materials.  Significant  progress  has  been  made  in  the  interface  fracture 
mechanics,  which  was  assessed  by  Rice  (1988)  and  Hutchinson  (1989).  There  are  still 
three  independent  singularity  fields  for  an  interface  crack  between  two  isotropic  materials, 
however,  in  the  sense  that  the  nc?i-tip  fields  are  universal  for  a  given  material  pair  except 
for  three  (real)  normalizing  factors.  The  two  in-plane  modes  are  coupled  and  oscillatory, 


-3- 


and  can  be  normalized  by  a  complex  stress  intensity  factor.  The  mode  III  field  has  a  square 
root  singularity  and  can  be  defined  separately  with  a  real  stress  intensity  factor.  In  another 
direction,  Stroh  (1958),  Sih,  Irwin  and  Paris  (1965),  among  others,  investigated  the  crack 
lip  fields  in  an  anisotropic  homogeneous  body.  The  full  singular  fields  were  tabulated  by 
Hocnig  (1982)  for  the  most  general  anisotropy.  Again  the  near-tip  fields  can  be  normalized 
by  three  stress  intensity  factors,  and  moreover,  for  this  situation,  the  three  modes  can  be 
separately  defined. 

The  next  logical  target,  a  crack  along  an  interface  between  dissimilar  anisotropic 
media,  has  been  tackled  by  several  authors  (Bassani  and  Qu  1988,  Gements  1971,  Gotoh 
1967,  Qu  and  Bassani  1988a,  Tcwary  et  al.  1989a,  Ting  1986,  Wang  1984,  Willis  1971). 
Several  basic  crack  problems  have  been  solved,  and  calculation  of  the  oscillatory  index  has 
been  emphasized.  However,  it  is  not  clear,  from  the  work  published  todate,  what  the 
structure  of  the  near-tip  fields  is,  and  in  particular,  whether  the  near-tip  fields  in  general 
can  be  normalized  by  three  real  factors.  This  is  not  self-evident.  Willis  (1971),  for 
example,  defined  a  'stress  concentration  vector',  which  involved  three  complex,  or  six  real, 
quantities.  A  similar  situation  is  found  in  Wang(1984),  Tcwary  ct  al.  (1989a).  Such 
conceptual  ambiguity  in  defining  stress  intensity  factors,  and  thus  toughness,  stands  in  the 
way  of  further  development  of  Irwin's  fracture  mechanics  scheme.  One  aim  of  this  paper  is 
to  show  that  there  are  indeed  only  three  independent  real  normalization  factors. 

A  breakthrough  was  made  recently  by  considering  material  pairs  with  no 
pathological  behavior  at  interface  crack  tips  (Qu  and  Bassani  1988  and  Bissani  and  Qu 
1988).  These  authors  proved  a  necessary  and  sufficient  non-oscillatory  condition.  Under 
this  condition  they  could  define  the  three  modes  separately  in  the  conventional  fashion,  and 
found  the  Irwin-type  energy  release  rate  expression  is  simply  the  average  of  the 
corresponding  results  for  the  two  homogeneous  materials.  Indeed,  in  Section  5  of  this 
paper,  we  observe  that  for  such  an  interface  crack,  the  near-tip  fields  (stresses  and 
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displacemcms)  in  the  two  phases  do  not  interact  with  each  other  in  the  sense  that,  apart 
from  the  stress  intensity  factors,  the  field  in  each  phase  is  independent  of  the  moduli  of  the 
other  phase.  Thus  the  structure  of  the  field  in  each  phase  is  identical  to  those  for  a  crack  in 
the  corresponding  homogeneous  material.  Collincar  interface  cracks  are  also  considered, 
and  a  simple  rule  is  formulated  to  construct  the  complete  solutions  from  the  mode  111 
potentials  for  an  isotropic,  homogeneous  material. 

The  general  oscillatory  near-tip  fields  are  derived  in  Section  6.  Of  the  three  singular 
fields,  two  are  coupled  and  oscillatory,  and  the  third  is  non-oscillatory.  Each  of  the  three 
singular  fields  may  contain  mixed  in-plane  and  antiplane  deformations.  A  definition  of 
stress  intensity  factors  is  proposed.  It  is  found  that  the  stress  intensity  factors  of  the 
oscillatory  fields,  however  defined,  do  not  recover  the  classical  stress  intensity  factors  as 
the  material  pair  degenerates  to  be  non-pathological.  This  peculiar  feature  has  not  been 
encountered  in  the  previous  experience  with  isotropic  material  pairs.  A  revealing  example 
is  given  in  Section  9  for  onhotropic  bimaterials.  A  constructive  formula  is  devised  to 
obtain  stress  intensity  factors  and  complete  field  solutions  for  collincar  crack  problems. 

Several  known  results  of  dislocation  mechanics,  such  as  the  solution  of  a 
dislocation  in  a  homogeneous  material  and  dislocation/intcrface  interaction  are  included  in 
this  paper  for  case  of  reference.  These  results,  in  conjunction  with  the  basic  crack 
solutions,  are  used  to  solve  singularity/inlerface-crack  interaction  problems.  The  latter 
problems  were  also  studied  recently  by  Tcwary  ct  al.  (1989a). 

Some  basic  discussion  on  interface  fracture  mechanics  for  anisotropic  media  is 
presented  in  the  final  section.  For  an  important  situation  in  which  in-plane  and  antiplane 
deformations  decouple,  it  is  found  that  a  material  pair  is  non-pathological  in  any  relative 
orientation  if  it  is  so  in  one  relative  orientation.  Non-pathology  for  this  special  case,  as  a 
consequence,  is  a  property  that  an  anisotropic  material  pair  may  or  may  not  have, 
regardless  of  the  relative  orientation.  Following  He  and  Hutchinson  (1988),  and  Suo  and 
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Hutchinson  (1989),  we  propose  that  one  may  interpret  and  apply  toughness  data  using  an 
imagined  non-pathological  pair  resulting  from  a  slight  modification  of  elastic  constants  of  a 
given  material  pair. 

Throughout  the  paper  the  equivalence  is  emphasized  among  several  apparently 
different  complex-variable  representations  of  two  dimensional  elasticity,  such  as  those  by 
Lekhnitskii  (1963),  Green  and  Zema  (1954),  and  Eshelby  et  al(1953).  In  other  words,  for 
instance,  the  formulation  due  to  Eshelby  et  al,  which  is  better  known  as  the  Stroh  (1958) 
formalism,  is  none  other  than  an  alternative  derivation  of  the  earlier  Russian  work 
contained  in  Lekhniiskii's  book.  Workers  in  this  field  seem  to  be  aware  of  this  fact,  but  no 
explicit  discussions  are  found  in  the  established  literature.  The  equivalence  allows  to  take 
advantage  of  all  these  theories,  so  that  one  can  enjoy  many  remarkable  algebraic  results  in 
the  Stroh  formalism,  and  also  benefit  from  the  explicitness  of  Lekhniiskii’s  derivation,  as 
well  as  many  solution  techniques  developed  in  his  book.  In  particular,  analytic 
continuation  techniques  will  be  exploited  throughout  the  paper,  which  simplify  many 
earlier  works  using  integral  transforms. 

One  thing  that  makes  the  field  chaotic  is  notation.  In  this  paper  we  have  tried  to 
unify  the  notation  by  using  smallest  possible  set  of  matrices,  i.e.,  A,  L,  B  and  H.  The  first 
three  arc  matrices  only  involving  elastic  constants  of  one  material,  while  the  last  one,  H,  is 
a  bimatenal  matrix.  All  of  them  are  complex-valued,  and  B  and  H  are  positive-definite 
Hermitian  matrices. 

2.  LEKHNrrSKlI-ESHELBY-STROH  (LES)  REPRESENTATION 

Hooke's  law  connecting  the  stresses  <j.j  and  strains  for  a  generally  anisotropic 
material  can  be  written  in  one  of  the  following  forms 
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£••  ^  *  au *  a 


-  ic. 

u-i  r 

7  *  ^LrtjjGjt  °i  * 

1  ]•{*  J  /- t  V  ' 


vufw 


CIO 


The  standard  correspondence  is  adopted,  i.e.,  {Cj}  a  [c,j,  £jj, 2^, 2*^, 2ij2]r  and 

m  “  (^it’  °22»  °2V  °3i'  °i2l  .  The  superscript  T  denotes  the  transpose.  The 

fourth-order  tensors  S  and  C  axe  referred  to  as  the  compliance  and  stiffness  tensors, 
respectively.  The  6x6  matrices  s  and  c  (s  ■  c*1)  are  conventional  compliance  and  stiffness 
matrices.  The  tensor  Cy^  can  be  replaced  by  the  matrix  cy  correspondingly.  The 
relationship  between  Sy  and  Syy  is  analogous  except  that  numerical  factors  are  needed,  e.g., 
Sjj  "  Sim,  S{4  -  2S|ia,  $4*  ■  4S2j2j.  To  avoid  confusion,  in  this  paper  no  summation  is 
assumed  implicitly  for  repeated  indices. 

It  has  been  shown  by  Lekhnitskii  (1963)  and  Eshelby  et  al.  (1953),  that  for  a  two 
dimensional  problem,  i.e.,  with  geometry  and  external  loading  invariant  in  the  direction 
normal  to  x,y-plane,  the  clastic  field  can  be  represented  in  terms  of  three  functions  $j(*|), 
<>,(Z2),  ^(zj),  each  of  which  is  holomorphic  in  its  argument  zj  ■  x  +  Pjy.  Here  Pj  are  three 
distinct  complex  numbers  with  positive  imaginary  part,  which  can  be  solved  as  roots  of  a 
sixth-order  polynomial  to  be  listed  shortly.  With  these  holomorphic  functions,  or  complex 
potentials,  the  representation  for  displacements  Uj,  stresses  <Jy,  and  resultant  forces  on  an 
arc  f|  (the  medium  is  kept  on  the  left-hand  side  as  ar.  observer  travels  in  the  positive 
direction  of  the  arc)  is 

(2.2) 

o2,  =2Re[  Xv/(‘p}  °i< 


Here,  ( )’  is  designated  as  the  derivative  with  respect  to  the  associated  arguments,  and  A 
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and  L  arc  two  matrices  depending  on  elastic  constants,  which  will  be  defined  shortly. 
Curiously,  the  derivations  by  Lekhnitskii  and  Eshelby  et  al.,  and  some  other  authors, 
notably  Green  and  Zema  (1954),  gave  entirely  different  schemes  to  compute  the  numbers 
ptt  and  matrices  A  and  L. 

On  the  basis  of  two  Airy-type  stress  functions,  Lekhnitskii  found  that  satisfy  the 

six-order  characteristic  equation 

W  40O-[/l(/i)f  =  0  (2.3) 

where 


/,(/!)=  sssr-2sisti  +  su 
W  =  (2i,j+  su)H‘-2suh  + 

^j(AO  =  ~~  j4  41  s^) n  +(r^j+  s^)n~  ^ 


By  requiring  the  compliance  matrix  to  be  positive  definite,  he  was  able  to  prove  that  (2.3) 
has  no  real  root.  If  one  assumes  the  roots  are  distinct,  the  six  roots  form  three  complex 
conjugate  pairs,  from  which  three  p0  with  positive  imaginary  part  can  be  selected.  The 
elements  of  the  matrices  A  and  L  are  given  by 

f-^1  -W1 


L  =  1  1 


L-*?, 


- 1 


(2.5) 


and 

^la  =  sU^a  +  JJ2”  S\(^a  +  ^a^is^a  “ 


^2 a  ~  h\^a  +  X22^«  -  *26  +  ”  SU^ (2.6) 

Aya  =  x42^®  “  "*■  tfateis  ” 


fora  =  1,2  and 
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whcre 


*n~  +  -  *lA 

*7i  “  +  *22^3  "  S2l)  +  S2S~  *24^3 

^33  *  *^*4^3  +  *42^3  ~  J4«)  +  *4$  ~  *44^3 


n«  =-  /j(rt*)^j(PoX  a  *  1,2,  J7j  =  -  /3(/i,)//4(^) 


(26*) 


Equations  (2.S-2.7)  at  a  valid  for  plane  stress  deformation.  Plane  strain  deformation  can  be 
treated  by  a  change  of  compliances 

*'ijs  si]~  xf3*/3/j33  (2.8) 

Evidently  unaware  of  the  Russian  work,  Eshelby  et  al.  (1953)  presented  their  more 

elegant  formalism  based  on  (he  Navier-Cauchy  equations.  Their  representation  has  the 

same  structure  as  (2.2).  However,  each  of  the  characteristic  roots  4a,  as  well  as  each 

column  of  A  are  solved  from  the  eigenvalue  problem 
3 

QCl  U  J  +  2  +  Cl  24  j)  +  ^aC!2k  2^ia  =  0  ^  ^ 

Each  column  of  A  may  be  normalized  arbitrarily.  Thus  are  the  roots  with  positive 
imaginary  pans  of  the  sixth-order  polynomial 

U  1  +  ValPi  U2+  Cl2k  |)  +  Vt£"l  24  2I  =  0  (2.9a) 


The  matrix  L  is  given  by 


Li a  =  24  1 +  VaCi  2k  2^1 


Plane  strain  deformation  is  assumed  in  (2.9)  and  (2.10).  For  plane  stress  problem  the 
following  substitution  has  to  be  nude 


c'..  =  c..  -  c..c,Jc 
ij  ij  1  3  /  3  33 


(2.11) 


Now  the  question  of  equivalence  of  the  two  formulations  arises  naturally:  are  )ta, 
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A  and  L  defined  in  ihe  iwo  entirely  different  ways  actually  identical?  The  answer  is  yes.  It 
is  clear  in  Eshelby  cl  al.(l953)  that  the  representation  (2.2)  is  uniquely  determined  by  the 
clastic  constants  of  a  material  (up  to  the  three  normalization  factors  for  the  matrix  AX 
however  one  derives  it.  Therefore  the  Lekhnitskii  derivation  gives,  explicitly,  a  specially 
normalized  A.  In  the  remaining  of  the  paper,  the  basic  formula  (2.2)  will  be  refereed  to  as 
the  LES  representation.  Fundamental  results  known  in  different  formalisms  will  be  cited 


freely  as  needed. 

Assuming  that  the  roots  of  the  characteristic  equation  (2.3)  or  (2.9a)  (they  are 
equivalent)  form  three  distinct  complex  conjugate  pairs,  Stroh  (1958)  showed  that  A  and  L 
are  non-singular,  and  moreover,  the  matrix  B  is  a  positive  definite  Hermitian  matrix,  where 


B=iAL“l  (2.12) 

Here  i  ■  V-l.  The  matrix  B  will  appear  in  various  solutions.  For  convenience,  a  positive 
definite  Hermitian  matrix  H  involving  bimaterial  elastic  constants  is  defined  as 

H  =  B,  +  6,  (2.13) 

Here  and  throughout  the  paper,  (")  denotes  the  complex  conjugation,  and  the  subscripts  1 
and  2  attached  to  matrices  and  vectors  arc  reserved  exclusively  to  indicate  the  two 
materials. 

Under  an  in-plane  coordinate  rotation 


PW 


rar.*i 

COS  0 

sin  ^ 

o  ■ 

i 

dx. 

-  sin  ^ 

cos  $ 

0 

L  i  J 

.  0 

0 

1  . 

(2.M) 


where  (*)  indicates  the  new  coordinate  system,  Ting  (1982)  showed  that  the  characteristic 
numbers  transform  as 

Hj*  =(H.cos  $  -sin  sin  ^  +cos  (2.15) 

and  furthermore,  each  column  of  A  and  L  transforms  like  a  vector,  namely 


A*  =  OK,  L*=  OL 


(2.16) 


-10- 


It  is  obvious  from  (2.16)  that  under  such  an  in*p!ane  rotation,  B  and  H  defined  in  this 
paper  transform  like  second  order  tensors,  i.e., 

B**OBQr,  H*=  O IIQT  (2J7) 

Some  consequences  of  this  transformation  will  be  discussed  in  the  final  section. 

The  LES  representation  breaks  down  if  the  roots  degenerate.  A  well  known  case  is 
an  isotropic  material,  which  was  treated  extensively  by  Muskhelishvili  (1953a)  with  his 
famous  complex-variable  representation.  An  analogous  representation  for  a  class  of 
degenerate  orthotropic  materials  is  presented  at  the  end  of  this  paper.  Note,  however,  the 
matrices  B  and  H  are  independent  of  the  normalizing  factors  for  A,  and  have  smooth  limits 
even  if  A  and  L  become  singular.  This  point  will  be  illustrated  in  Section  9. 

Having  listed  the  LES  representation  and  stated  the  consistency  of  the  two 
derivations,  we  now  add  some  words  about  a  particular  method,  analytic  continuation, 
which  will  be  used  in  the  paper.  Slated  below  is  a  trivial  observation  that  makes  analytic 
continuation  arguments  possible: 

A  function  h(z)  of  z  «  x  +  py  is  analytic  in  y  >  0  (or  y  <  0)  for  any  p  if  it  is 
analytic  in  y  >  0  (ory  <0)  for  one  p,  where  p  is  any  complex  number  with 
positive  imaginary  part. 

Consequently,  when  talking  about  a  function  analytic  in  the  upper  (or  lower)  half  plane, 
one  needs  not  refer  to  its  argument,  as  long  as  the  argument  has  the  form  z  -  x  +  py  (Imp 
>0). 

Without  loss  of  any  information,  we  can  and  will  present  our  solutions  by  the 
function  vector  ^(z)  defined  as 

#C0=ft(0.^(r\^(O]T  (2.18) 

where  the  argument  has  the  form  z  =  x  +  py  (Imp  >  0).  A  substitution  of  Z|,  or  Z3  is 
made  for  each  component  function  when  the  field  quantities  are  to  be  calculated  from  (2.2). 
Of  particular  importance  is  the  following  set  of  vectors  defined  along  the  x-axis 
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u(<  )  *  {Uj  (x  ,0)}  «  A#(r  )  +  A?(x) 
<(*)*{/•,<*  .0)}»-L*(r)-L?<O 
*(*  ) a  {%  ,0)}  =  L#'Cx  )  +  If  (x  ) 


3.  Line  force  and  dislocation  in  a  homogeneous  Medium 


The  solution  for  a  singularity  in  an  infinite  homogeneous  medium  is  a  building 
block  for  many  subsequent  interaction  solutions.  Consider  a  dislocation  line  in  the 
direction  perpendicular  to  x,y-plane,  with  Burgers  vector  b,  and  consider  a  line  force 
uniformly  distributed  along  that  direction,  with  force  per  unit  length  p.  Both  singularities 
are  at  the  point  (x0,  y0).  The  solution  is  of  the  form  (Eshelby  et  al.  1953) 

V .  ft„ 

where  the  coefficient  vector  d  *  (dj)  is  to  be  determined  in  terms  of  b  and  p.  The  branch 
points  for  the  In-functions  arc  at  Sj,  while,  for  definiteness,  the  branch  cuts  are  chosen  in 
the  negative  x-direciion,  and  the  phase  angle  is  measured  from  the  positive  x-direction. 

With  the  aid  of  (2.2),  by  definition  one  has 

b  =  u*" - U”  =  2-ti (Ad -  Ad),  p  =  r-r’=2m(Ld  -Ld) 


Solving  for  d  from  the  above  algebraic  equations,  one  finds 

d*  (2ar)“,L*’,(B  +  6f 'b-  (2jr)",A",(B“l  +B",f,p 


(3.3) 


Hence  a  complete  description  of  the  solution  is  achieved. 

In  the  above,  the  subscripts  of  z  are  dropped  with  the  understanding  mentioned  at 
the  end  of  the  last  section.  When  calculating  stresses  and  displacements  from  (2.2),  one 
needs  to  reinterpret  z  by  zj  accordingly.  The  merit  of  this  scheme  will  be  demonstrated  in 
the  next  section. 

Several  well-known  results  are  derived  below  to  familiarize  ourselves  with  the 
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notation.  Let  the  dislocation  sit  at  the  origin  (b  #  0,  p  «  0).  The  complex  potentials  are 
given  by 


L#(i  )  =  (2x)“l(B+B)",blna 


(3.4) 


The  traction  along  the  x-axis,  calculated  from  (2.19),  is  given  by 

^>=£<»  +  Bf'«<7i5r  +  T^r>  (3.5) 

In  deriving  (3.5)  one  may  imagine  that  the  dislocation  is  infinitesimally  off  the  x-axis 
(upper  or  below).  The  notation  x  +  Oi  represents  a  point  approaching  the  x-axis  from  the 
upper  half-plane,  with  a  similar  convention  for  x  -  Oi.  This  distinction  was  suggested  by 
Willis  (1971),  which  is  quite  crucial  when  the  dislocation  solution  is  used  as  the  kernel  to 
formulate  integral  equations  for  cracks,  especially  for  interface  cracks.  The  strain  energy 
of  a  dislocation  is  thereby 


U  \  <r(x  )dx  »’=tbr(B+Bf,b!n4 

1  f  2TC  (3.6) 

The  strain  energy  around  a  dislocation  was  first  derived  by  Stroh  (1958),  and  a 
crack  problem  was  foimulaicd  in  the  same  paper  using  Fourier  transforms.  However,  with 
the  aid  of  (3.5),  the  same  crack  problem  can  be  conveniently  simulated  by  an  array  of 
dislocations,  as  shown  in  Willis  (1971), 


4.  A  SINGULARITY  IN  A  B (MATERIAL 

Now  the  interaction  problem  in  Fig.  la  is  taken  up.  Suppose  we  know,  somehow, 
the  solution  for  an  isolated  singularity  in  an  infinite  homogeneous  medium,  designated  as 
^(z),  not  necessarily  of  the  form  (3.1).  The  aim  is  to  construct  the  solution  for  the  same 
singularity  embedded  in  the  bonded  inhomogeneous  system.  Without  loss  of  generality, 
the  singularity  is  taken  to  be  in  material  2,  and  thus  the  material  constants  involved  in  f*o(z) 
are  for  material  2.  This  problem  was  posed  and  solved  by  Tucker  (1969),  and  studied 
recently  by  Tewary  et  al.  (1989b).  Adapted  below  is  a  derivation  consistent  with  the 
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prcscn:  notation.  The  results  will  be  used  in  Section  7  to  examine  singularity/intcrface- 
craek  interactions. 


Write  the  solution  for  the  two  blocks  formally  as 


#(0 


fA*  ), 


l#(0  +  ^fr>, 


z  e  1 
z  e  2 


(4.1) 


where  r  is  a  complex-variable  of  the  form  z  «  x  +  py  (Im  ft  >  0).  Here  and  throughout  the 
paper,  z  e  I  means  y  >  0,  and  z  e  2  means  y  <  0.  The  task  is  to  solve  for  ^l(z)  and 
^(z),  analytic  in  upper  and  lower  half  planes,  respectively,  in  terms  of  ^>(z).  From  (2,19), 
the  continuity  of  forces  across  the  interface  requires  that 

)+L,£  («  )  =  L:[/(j:)  +  ^0(x)]  +  t2[^2U)  +  ^0(x)]  f42) 


Rearranging  the  above  one  obtains 

k  (*  )  “^2^  (x  )  ~  =  ^*2^  (*  )  “  )  (4.3) 

Equation  (4.3)  holds  along  the  whole  x-axis.  Moreover,  the  functions  at  the  left-hand  side 
are  analytic  in  the  upper  half  plane,  while  those  on  the  right-hand  side  are  analytic  in  the 
lower  half  plane.  By  standard  analytic  continuation  arguments  one  reaches 

L ,  A*  )  -  L2?2(r  )  -  L2*0(z  )  =  0,  :  6  1  ... 


Continuity  of  the  displacements  across  the  interface,  with  the  same  arguments,  gives 


A/(:)-A2'4)-A^0(r)=O, 

z  c  1 

(4.5) 

Solving  from  (4.3)  and  (4.4)  for  ^(z)  and  ^(z),  one  finds 
/fr)  =  L"1H’l(B2  +  Bj)L^0(z), 

z  e  1 

(4.6) 

A)  =  l;iB'1(B2-B1)Lj>0(z). 

z  e  2 

Substitution  into  (4.1)  gives  the  complete  solution.  When  calculating  the  field  quantities 
via  (2.2),  one  has  to  substitute  z  by  Zj  =  x  +  jijy  respectively  for  each  component  of  ^(z)  of 
(4.1).  Notice  that  this  relation  to  construct  a  bimaterial  solution  from  a  one-material 
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solution  is  universal  in  that  no  specific  information  about  the  singularity  is  needed. 

A  singularity  in  a  half-space  interacting  with  a  traction-free  surface,  y  -  0,  can  be 
constructed  similarly  on  the  basis  of  the  infinite  plane  solution,  ff^(z).  The  result  is 

#(*  )=*o(*  )-L-1I?o(r  )  (4  ?) 

Another  interesting  case  is  a  singularity  in  a  half  plane  interacting  with  a  rigidly  held 
surface  on  y  *  0.  The  solution  is 


*(z)=*0(r)-A-lA*0(r) 


(4.3) 


The  general  solution  developed  above  has  been  used  by  Gupta  and  Suo  (1989)  to 
study  a  crack  running  perpendicular  into  an  interface  and  crack  deflection  at  an  interface. 
Dislocation  solution  in  a  half  space  was  used  by  Suo  (1988b)  as  kernels  in  an  integral 
equation  formulation  of  delamiuation  in  composites.  Here  we  include  several  more 
elementary  examples  to  further  familiarize  ourselves  with  notation. 

Let  a  dislocation  sit  on  a  bimaterial  interface  at  the  origin,  with  Burgers  vector  b. 
The  corresponding  solution  for  a  homogeneous  body,  ^0(z),  *s  given  (3.4),  with  the 
elastic  constants  for  medium  2,  The  solution  for  bimaterial  system  is  thereby 
L.A(2)=L,^(r)s(2jrr,H",blnz 


A  direct  calculation  using  (2.19)  gives  the  traction  along  the  interface 


Xib 


2x  +0r  x  -Or 

The  strain  energy  for  a  dislocation  on  the  interface  is  then 

R 


(4.9) 


(4.10) 


U  a  jbT  J<r(x  )dx  =  -±-bT H-1bIn  ■£ 


(4.11) 


Equation  (4.10)  was  derived  by  Willis  (1971)  with  the  Fourier  transform,  and  used 
to  formulate  an  interfacial  crack  problem.  Different  expressions  for  the  strain  energy  of  a 
dislocation  sitting  on  the  interface  analogous  can  be  found  in  the  literature.  The  present 
expression  seems  to  agree  with  a  somewhat  messy  one  presented  in  Bacon  et  al.  (1979, 
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p.233,  also  see  refs,  cited  there) 

5.  Interface  Crack:  Non-Osctllatory  fields 

Ting  (1986)  showed  that  an  interface  crack  tip  is  absent  of  oscillatory  behaviors  if 
H  is  real  (his  notation  is  different  from  that  used  here).  This  turns  out  to  be  a  necessary  and 
sufficient  condition  (Qu  and  Bassani  1988).  The  structure  of  the  crack  tip  fields  and  the 
solution  of  several  crack  problems  under  this  condition  are  strikingly  simple.  Such  a 
condition  at  a  first  glance  is  quite  artificial,  i.e.,  it  can  only  be  satisfied  by  two  identical 
materials  and  accidentally  by  some  pairs  and/or  orientations  of  dissimilar  materials,  as 
discussed  in  Anderson  (1988)  and  Qu  and  Bassani  (1988).  However,  from  the  special 
cases  discussed  in  later  sections,  one  finds  that  the  imaginary  part  of  H  is  very  small  for 
many  material  pain.  In  practice  one  may  choose  to  ignore  the  imaginary  part  of  H,  which 
significantly  simplifies  the  approach  to  interface  fracture,  as  will  be  clear  in  the 
development  of  this  section.  This  idea,  proposed  earlier  by  several  authore  for  isotropic 
material  pain,  will  be  elaborated  on  in  the  final  section. 

We  begin  with  an  asymptotic  problem.  Consider  a  semi-infinite,  traction-free  crack 
lying  along  the  interface  between  two  homogeneous  anisotropic  half  spaces,  with  material 
1  above,  and  material  2  below.  The  two  half-spaces  are  bonded  along  the  positive  x-axis 
and  the  crack  is  along  the  negative  x-axis.  No  specific  length  and  load  are  present  in  this 
problem.  Singular  fields  are  sought  to  satisfy  continuity  of  traction  and  displacement 
vectors  o(x)  and  u(x)  (defined  in  (2.19)  for  each  material)  across  the  bonded  portion  of  the 
interface,  as  Well  as  traction-free  condition  along  the  cracked  portion.  This  is  a 
homogeneous  boundary  value  problem,  or  an  eigenvalue  problem. 

Let  the  vector  potentials  defined  in  (2.18)  for  the  two  blocks  be  ^j(z)  and  ^(z), 
respectively.  Obviously  the  traction  rr(x)  defined  in  (2.19)  is  continuous  across  the  whole 
x-axis,  both  the  bonded  and  cracked  portions,  so  that 
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L,^(r  )  )-LJ2'(x)+l&(x) 

To  facilitate  the  analytic  continuation,  eqn.(5. 1)  is  rearranged  as 

)-L2?2'(*  )»  L2#2*(x) -L^'(x) 

Equation  (5.2)  implies  that 

L,#,,(0=tJ?I-(rX  t.l 
Define  the  displacement  jump  across  the  interface  as 

5(x)=u(r,0Vu(c,0-) 

With  the  aid  of  (5.3),  a  direct  calculation  gives 

o(x)  =  Ll^)  +  L2#2'(x) 

and 

A  very  simple  solution  can  be  obtained  if  the  Heimidan  matrix  H  is  real,  that  is 

H=fi  (5.7) 

Continuity  of  the  displacement  across  the  bonded  interface,  as  inferred  from  (5.6),  implies 
that  Lj^j'(z  )  and  L2#2‘(z  )  can  be  analytically  extended  to  the  whole  plane  except  on 
the  crack  line  and  satisfy 

h(z  )=  L^jXr  )  =  L2*2’ (z  ),  z  «  C  (5 8) 

where  h(z)  is  introduced  for  convenience.  Here  ard  later,  C  is  denoted  as  the  crack  line  (or 
union  of  crack  lines  if  several  cracks  are  considered).  The  traction-free  condition  on  the 
crack,  using  (5.5)  and  (5.8),  leads  to  a  homogeneous  Hilbert  problem 

h+(*  )+!>-(*)  =  0,  zeC  (5<9) 

An  obviously  admissible  singular  solution  to  (5.9)  is 


(5.1) 


(5.2) 


(5.3) 


(5.4) 


(5.5) 


(5.6) 


h(z  )  =  (2xz)~mkl2 


(5.10) 


where  the  branch  cut  for  Vz  is  along  the  crack  line.  The  undetermined  constant  vector  k 
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appcan  to  consist  of  three  complex  constants.  However,  upon  requiring  traction  to  be  real, 
one  conclude*  that  k  is  a  real  vector.  The  normalization  adopted  in  (5.10)  is  consistent 
with  the  conventional  definition  of  stress  intensity  factors,  with  the  identification 


k=  [Ki'Kt'Km] 

as  will  be  clear  in  (5.13)  below. 

The  complete  asymptotic  solution  is  then  given  by 


(5.11) 


L  ,*,'(:  )  =  L2^(:  )  =  h(z  )  =  (2;rz  f  l'2k/2  (5  12) 

Assuming  Lt  and  Li  arc  non-singular,  one  can  readily  obtain  the  elastic  potentials  for  the 
two  half  spaces.  The  stresses  and  displacements  can  be  calculated  using  the  basic 
representation  (2.2),  with  z  properly  reinterpreted  of  course.  Examining  (5.12)  one 
immediately  discovers  that  the  crack  tip  fields  (stresses,  displacements)  in  each  block  do 
not  depend  on  the  elastic  constants  of  the  other  block.  In  other  words,  the  near-tip  fields  in 
each  block  are  identical  to  those  of  a  crack  in  the  corresponding  homogeneous  anisotropic 
medium.  The  latter  fields  have  been  completely  tabulated  in  Sih  et  al.  (1965)  and  Hocnig 
(1982). 

The  traction  in  the  interface  a  distance  r  ahead  of  the  crack  tip,  and  the 
displacement  jump  a  distance  r  behind  of  the  crack  tip,  calculated  from  (5.5)  and  (5.6), 
respectively,  are  given  by 


cr(r )  =  (2^r)"1/2k, 


5(r)  =  (2r/rr)1/2Hk 


(5.13) 


The  energy  release  per  unit  newly  created  crack  area,  i.e., 


G  a 


2AJ0 


fj(A-r 


)8(r)dr 


(5.14) 


where  A  is  an  arbitrary  length  scale,  is  thereby 


G  =  k  Hk/4 


(5.15) 


In  obtaining  (5.15)  a  special  value  of  the  beta  function  has  been  used 
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(|Re  q\<  1) 


(5.16) 


with  q  -  1/2.  This  identity  will  be  invoked  again  in  the  next  section. 

Comparison  of  the  strain  energy  of  a  dislocation  on  the  interface,  eqn.  (4.12),  and 
the  energy  release  rate  at  a  crack  tip,  eqn.  (5.15),  leads  to  a  simple  relation.  Both  are 
quadratic  forms,  and  the  product  of  the  matrices  involved  in  the  two  expressions  is  1/8  it. 
This  relation,  for  the  special  case  of  a  crack  in  a  homogeneous  medium,  was  presented  by 
Stroh  (1958),  Barnett  and  Asaro  (1972).  The  problem  in  the  present  context  was 
formulated  earlier  by  Bassani  and  Qu  (1988)  in  a  different  approach. 

Having  obtained  a  complete  description  of  the  asymptotic  fields,  we  turn  our 
attention  to  a  class  of  crack  problems.  Consider  a  set  of  collinear  cracks  along  the  interface 
between  two  dissimilar  anisotropic  half-spaces,  with  self-equilibrated  traction  <r0(x) 
prescribed  on  the  crack  faces.  Suppose  there  are  n  finite  cracks  in  the  intervals  (aj,  bp,  j  * 
1, 2, ...,  n  and  two  semi-infinite  cracks  in  the  intervals  (-««*,  b0)  and  (a0,  +  «>).  The  Hilbert 
problem  (5.9)  is  replaced  by  a  non-homogeneous  one 

h+(x  )+  h"(x  )  =  o-Q(x  X  x  e  C  (5  ... 


where  C  is  the  union  of  all  cracks.  Equation  (5.17)  docs  not  have  a  unique  solution. 
Several  auxiliary  conditions  needed  are:  h(z)  approaches  zero  faster  than  1/z  as  |  z  |  goes  to 
infinity;  h(z)  has  a  square  root  singularity  as  in  (5.10)  at  the  crack  tips;  and  moreover,  the 
net  Burger  ector  for  each  of  the  n  finite  cracks  is  zero.  From  (5.6),  this  latter  statement 
leads  to 

bJ 

J[h+(x)-h-(x)]dx  =Q  j  =  1,2 . n 

aJ  (5.18) 

Notice  that  the  governing  equations  and  the  auxiliary  conditions  for  the  vector 
function  h(z)  are  independent  of  any  elastic  constants,  and  exactly  the  same  as  those  for 
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the  mode  III  potentials  in  an  isotropic  one-material,  A  straightforward  method  thus 
emerges  to  construct  the  complete  solutions  for  the  above  interface  crack  problems, 
without  much  work,  from  the  well-known  mode  III  solutions  for  isotropic  one-materials: 
each  component  of  the  vector  function  h(z)  is  the  same  (except  for  a  factor  of  -1/2)  as  the 
mode  HI  potential  for  collinear  cracks  in  a  homogeneous  isotropic  material,  and  the  latter 
can  be  found  in  Rice  (1968);  knowing  h(z),  one  can  obtain  the  complete  solutions  for  the 
two  blocks,  ^t(z)  and  ^(z),  from  (5.8).  In  particular,  the  stress  intensity  factors, 
normalized  as  (5.10)  or  (5.13),  are  identical  to  the  classical  results  for  the  same  crack 
configuration  in  an  isotropic  one-material.  Listed  below  arc  the  general  solutions  so 
constructed  for  the  collinear  interfacial  cracks. 


where 


r,(z  )  r  crJx)dx 

life )-  - -+  Pfe  >*,<= ) 

2jn  C  Z0  (*  X*  -  z ) 


Xq(z  )=  Efe  -  a.-)~1/2(z  -  b.) 
;»0  1  1 


(5.19) 


(5.20) 


Here  the  branch  cuts  are  chosen  along  the  crack  lines  so  that  the  product  for  each  finite 
crack  behaves  as  1/z  for  large  z.  And  P(z)  is  a  vector  involving  three  polynomials,  which 
should  be  chosen  to  satisfy  the  auxiliary  conditions.  The  interfacial  crack  solutions  for  the 
two  important  configurations  depicted  in  Fig.  2  are  given  below  (cf.  Rice  1968,  p.  220). 


i)  Semi-infinite  crack 


X0(z  )  =  z"l/2,  P(z  )  =  0 


The  solutions  for  the  two  blocks  are  then  given  by 


L,^(z  )  =  L2^(z  )=  ytc  (5 

Comparing  (5.21)  with  the  asymptotic  field  (5.10),  one  finds  the  stress  intensity  factors 
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ii)  Finite  crack  in  the  interval  (-a,  a) 

*0(x)»(x2-o2f1,2t  P(x)«0 

The  full  solution  is  given  by 

V.’(' )  )=  Vk 

The  stress  intensity  factors  are 

k  =  "  Vzi n/SHF< ^  Vfc 


(5.23) 


(5.24) 


(5.25) 


(5.26) 

The  solution  to  the  second  problem  listed  above  was  obtained  earlier  by  Bassani 
and  Qu  (1988)  with  an  integral  transform.  An  exact  solution  of  stress  intensity  factors  for 
symmetric  tilt  double-layers  has  been  obtained  recently  (Suo  1989),  which  rigorously 
calibrates  some  fracture  specimens  consisting  of  bicrystals. 


6.  INTERFACE  CRACK:  OSCILLATORY  FIELDS 
In  this  section,  we  examine  the  general  case  when  H  is  not  real.  The  asymptotic 
fields  associated  with  a  traction-free,  semi-infinite  interface  crack  will  be  considered  first. 
It  is  shown  that  the  mathematical  structure  of  the  crack-tip  behavior  can  be  decomposed 
into  two  types  of  singular  fields.  One  shows  a  mixture  of  singularities  r,/2±ic  in  stresses, 
and  the  other  has  a  r*1/2  singularity  in  stresses.  The  two  fields  are  scaled  by  a  complex  and 
a  real  stress  intensity  factors,  K  and  K3,  respectively.  In  standard  notation  e,  referred  to  as 
the  oscillatory  index ,  is  a  nondimensional  real  number  measuring  an  aspect  of  clastic 
dissimilarity  of  the  two  materials.  The  collinear  crack  problems  are  also  worked  out  for 
complex  H,  which  provide  a  collection  of  stress  intensity  factors. 

The  same  collinear  crack  problems  have  been  solved  by  several  authors  (Gotoh 
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1967,  Clements  1971,  Willis  1971  andTewary  1989a),  and  can  be  dated  back  even  earlier 
if  one  accepts  some  of  the  contact  problems  in  the  book  by  Galin  (1961)  as  limiting  cases 
of  interface  crack  problems  (rigid/elastic  interfaces).  Yet  these  earlier  authors  seemed  to 
have  missed  the  inherent  simplicity  of  the  solutions,  and  thus  they  have  not  been  able  to 
interpret  their  results  in  the  spirit  of  fracture  mechanics.  In  particular,  the  'stress 
concentration  factor'  used  in  these  earlier  works  is  a  complex  column  vector  with  six  real 
quantities.  We  will  formulate  a  derivation  that  allows  one  to  grasp  the  simple 
mathematical  structure  and  read  off  the  stress  intensity  factors  trivially.  The  method  used 
here,  however,  is  actually  not  new.  Mathematically,  it  is  a  variant  of  those  contained  in  the 
above  references,  and  was  treated  thoroughly  in  general  terms  by  Muskhelishvili  (1953b). 

The  results  in  the  above  section  up  to  the  introduction  of  H  =  R  in  (5.7)  are  still 
valid.  Continuity  of  displacement  across  the  bonded  interface  requires,  from  eqn.  (5.6),  the 
existence  of  a  function  h(z)  analytic  in  the  whole  plane  except  on  the  crack  lines,  such  that 
h(z  ) =  Lj^j'(z  )  =  H-1RL2^2'(z  ),  z  «  C  (61) 

Hence  one  can  focus  on  h(z),  and  once  h(z)  is  obtained  the  full  field  solution  is  given  by 
(6.1).  In  terms  of  h(z),  the  traction  (5.5)  and  displacement  jump  (5.6)  can  be  expressed  as 

<r(x  )  =  h+(x  )  +  H  lHh"(x  )  (6.2) 

and 

/5'(x)=H[h+(r  )-h-(r)]  (6.3) 

Consider  the  asymptotic  problem  first.  With  (6.2),  the  traction-free  condition  gives 
h+(x  )+  H  )=  0,  z  e  C  (6.4) 

This  is  a  homogeneous  Hilbert  problem.  Let  a  solution  to  (6.4)  be  of  the  form 

h(z  )  =  wz  "1/2+'c  (6 .5) 

where  w  is  a  constant  vector  and  e  a  constant  number,  both  to  be  determined.  The  branch 
cut  for  the  multi-valued  function  in  (6.5)  is  chosen  to  be  along  the  crack  line  x  <  0,  and  the 
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phasc  angle  of  z  is  measured  from  the  positive  x-axis.  Substituting  (6.5)  into  (6.4),  one 
obtains  an  algebraic  eigenvalue  problem 

Rw  *  e2*  Hw  (6.6) 

It  turns  out  that  the  specific  structure  of  eigenpairs  of  this  problem  is  the  key  to 
understanding  the  results  below.  We  insert  following  digression  to  explain  this  structure. 

The  following  properties  hold  for  a  positive  dcfhite  Hermitian  matrix  H:  the 
eigenvalue  e2*  is  positive,  and  thus  e  is  real;  if  (e,  w)  is  an  eigenpair  so  is  (  -  £ , w) ,  and 
consequently,  since  there  are  only  three  eigenvalues,  e  -  0  is  an  eigenvalue  and  the 
associated  eigenvector  can  be  chosen  to  be  real.  Therefore,  a  real  number  e  (*  0  iff 

H  *  II ),  a  complex  vector  w,  and  a  real  vector  w3  can  be  found  to  form  three  distinct 
eigenpairs 

(£,wX  (“£,wX  (0,w  3)  g 


satisfying 

Hw  =  eZv  Hw,  Hw3  =  Hw3 


(6.8) 


Any  two  eigenvectors  are  orthogonal  in  the  sense 

w^  Hw  =  w^  Hw3  =  \Vr  Hw3=0 

Orthogonality  conditions  involving  H  can  be  obtained  by  taking  the  complex  conjugation 
of  the  above. 

The  two  vectors  w  and  w3  are  fully  determined  by  the  eigenvalue  problem  except 
for  a  complex  and  a  real  normalizing  constants,  respectively.  In  general  they  should  be 
normalized  to  be  dimensionless  to  give  conventional  dimensions  for  stress  intensity  factors 
(see  6.16  below).  We  choose  to  leave  the  normalization  of  these  vectors  otherwise 
unspecified  at  this  point,  since  the  results  presented  below  are  unaffected  by  the  specific 
normalization. 

Every  complex-valued  vector  g  can  be  represented  as  a  linear  combination  of  the 
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wTHg 


^wTHw’  ^^Hw'  *3=V3Hw3 


three  eigenvectors,  that  is 

8  =  *,w+S2w  +  s3w3  (6.10) 

where  the  complex  numbers  g|  can  be  thought  of  as  the  components  of  vector  g,  and 
evaluated  by  taking  inner  products,  i.e., 

w7*  Hg  w^Hg 

(6.U) 

When  g  is  real-valued  (for  example,  g  is  the  traction  in  the  interface  or  the  prescribed 
traction  along  the  crack  faces),  one  may  confirm  that  g2  =  8\ ,  and  g3  is  a  real  number. 

Now  we  return  to  the  main  problem.  The  admissible  singular  solution  to  (6.4)  is 
then  a  linear  combination  of  the  three  homogeneous  solutions  of  form  (6.5): 

h(z  )  =  z“,/2(a  wz  k  +  b  wz“,c  +  cwj]  .g 

where  a,  b  and  c  are  three  undetermined  complex  numbers.  Substituting  (6.12)  into  (6.2) 

and  requiring  traction  to  be  real  along  the  interface,  one  concludes 

a=cls*b,  c  =  real  (6.13) 

thus,  only  one  complex  constant  and  one  real  constant  are  independent,  chosen  to  be  K 

and  K3,  respectively,  such  that 

h(fc  em:Kzksv+  w  ,  ^3W3 

2V2tc"  cosh  to  2 V 2nz  (6.14) 

Other  constants  in  (6.14)  are  embedded  in  a  manner  similar  to  the  isotropic  bimaterial 

crack  tip  fields  (c.g.,  Rice  1988).  The  potentials  for  the  two  half  spaces  are  thereby 

e*Kz>cvr  +  e~m  Kz~'cvf  ,  ^3W3 

(6.15) 


T  v  e"  Kzv/+  e  -  Kz  w  .  ”3  "a 

- aVSTcah®  2VST 

r  Jiw  X  e'*Kzicw+  e+m  Kz’^yf  .  ^3W3 

2  2  Z  2V 27tZ  cosh  TO  2V2 7TZ 


It  is  interesting  to  note  that  the  structure  of  the  singular  fields  is  the  same  for  the  two  half 
spaces,  except  for  a  change  of  the  combination  to  to  -to  everywhere. 

Substitution  of  (6.14)  into  (6.2)  gives  the  traction  in  the  bonded  interface  a  distance 
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r  ahead  of  the  crack  tip 

<r(r )  =  (2 nrTm{Kr  k  w  +  w  +  *3w3)  (6  16) 

In  words  it  reads  that  the  interface  traction  at  each  fixed  point  r  can  be  decomposed  into 
two  components:  one  is  along  w3  and  the  other  is  in  the  plane  spanned  by  Re[w]  and 
Im(w).  The  components,  in  the  sense  of  (6.1 1),  are 


vtT  Ho(r ) 
wHw 


Kr{c 
'iKr  ' 


Oj(0 


H<r(r )  *3 


wT3Hw3 


(6.17) 


where  cr3  is  the  w3  component  and  Oj  is  the  (complex)  planar  component.  These  equations 
may  be  taken  as  defining  equations  for  the  complex  K  and  real  K3.  As  r  approaches  the  tip, 
the  w3  component  has  a  square  root  singularity  and  the  planar  component  is  oscillatory, 
with  K3  and  K  measuring  their  intensities,  respectively.  The  results  are  clearly  the  analog 
of  the  corresponding  ones  for  isotropic  bimaterial.  For  an  isotropic  bimaterial, 

<r,(r)a  cr„  +  is  the  in-plane  traction,  and  c^r)  is  the  anti-plane  traction. 

The  displacement  jump  a  distance  r  behind  the  tip  is 

6(r )  =  (H  +  H)y^[(1  +  2^r)(Jsh  m  +  (1  _  lie  )cosh  tx  +  K* wa]  (6 18) 

Due  to  the  anisotropy,  the  matrix  (H  +  H)  may  rotate  the  base  vectors  in  (6.18),  implying 
that  non-oscillatory  direction  of  the  displacement  jump  may  not  coincide  with  that  of  the 
interface  traction,  and  similarly  for  the  oscillatory  planes. 

The  energy  release  rate  defined  in  (5.14)  is 

G  =  wT  (H  +  H)wi  K  |2/(4cosh  2  ne )  +  w3(H  +  R)w3Af3 /8  (619) 


In  deriving  this  the  integral  identity  (5.16)  has  been  used  with  q  =  1/2, 1/2  ±  ie. 

The  structure  of  the  near-tip  fields  around  an  interface  crack  has  been  identified, 
with  only  one  real  and  one  complex  normalizing  factors  K3  and  K.  In  principle,  for  a  given 
boundary  value  problem,  these  factors  should  be  determined  by  the  external  geometry  and 
load,  and  can  be  used  the  similar  way  as  the  conventional  stress  intensity  factors  in  Irwin's 
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fracturc  mechanics. 

Remember  that  a  normalization  to  the  two  eigenvectors  has  not  been  assigned  yet 
The  different  choices  of  normalization  affect  the  definition  of  stress  intensity  factors  by  a 
real  factor  to  K3  and  a  complex  factor  to  K.  As  clearly  indicated  by  an  example  in  section 
9,  it  is  impossible  to  find  a  specific  normalization  such  that  the  stress  intensity  factors  so 
defined  reduce  to  the  classical  stress  intensity  factors  for  a  crack  tip  in  a  homogeneous, 
anisotropic  medium  as  the  two  materials  become  the  same.  A  tentative  normalization  is 
proposed  as  follows,  which  recovers  the  stress  intensity  factor  definition  for  isotropic 
bimaterials 

»  ^3  -  (620) 
where  (*)  signifies  numbers  determined  by  the  eigenvalue  problem  (6.6).  Note  this 
normalization  may  not  always  be  valid.  For  example,  when  w3  is  an  in-plane  vector 
containing  no  anti-plane  components,  (6.20)  is  invalid. 

Now  consider  the  collinear  crack  problems  specified  in  Sec.  5  for  the  complex  H. 
From  (6.2),  the  prescribed  traction  (r0(x)  on  the  crack  lines  C  results  in  the  Hilbert  problem 
h+(x  )  +  H  !Hh"(x  )  =  cr0(r  ),  x  e  C  ,62n 


Writing  the  above  equation  in  its  components,  or  equivalently,  taking  the  inner  product  of 
(6.21)  with  and  w^H  ,  one  obtains 

/t[(x)+e-2*  /."(*)  =  cr01(r)' 
h+(x)+  e+Vth~(x)-  o-0l(x  )  •,  xeC 
/^(x)  +  hj(x)  =  cr03(x  )  (6.22) 


The  components  are  defined  in  the  sense  of  (6. 10)  and  (6.1 1).  Note  that  these  equations  arc 
decoupled.  Furthermore,  since  they  contain  no  explicit  material  dependence  besides  e,  one 
may  conjecture  that  they  should  be  identical  to  those  for  isotropic  bimaterials.  Indeed  they 
are  (cf.  England  1965,  Erdogan  1965,  Rice  and  Sih  1965).  Constructed  from  the  known 
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solutions  for  isotropic  bimaterials,  the  complete  solution  is 

h(x  )=  Aj(r  )w+  kfi  )w+  Aj(x  )w3 


(6.23) 


where 


hXi  ) 


2m 


CX  «*  Xx-z) 


V2)  =  1|)J_^_ 

2m  C  x  <*)(*-*) 

k(z)x^LL  [-3^x)dc 

A3(Z)  2m’  i  v+/y 


(6.24) 


Zb  )=  fl(r  -  aXm-k( z  -  h. 
)•  o  J  J 


c  Xo  (*)(*  -  O 

In  the  above  Xo(z)  is  the  same  as  that  of  (5.20)  and  x(r)  is  the  standard  function  used  in 
isotropic  bimaterial  interface  crack  problems,  and  is  defined  as 

j-t/2+k 

(6.25) 

Knowing  h(z),  one  can  obtain  the  full  Held  solution  via  (6.1). 

The  stress  intensity  factors  can  by  easily  extracted  by  comparison  with  the 
asymptotic  solution .  As  a  matter  of  fact,  by  construction  the  answer  should  have  the  same 
structure  as  their  isotropic  bimaterial  counterparts.  For  example,  the  stress  intensity  factors 
for  a  semi-infinite  crack  are 


u 

*3  =  -  (2/*)"2J  J  -  x  )~U\(x  )dK 
0 

K  =-(2/7r)1/2cosh  nejj-  x)",,2"i£cr0l(x  )dx 


(6.26) 


and  for  an  internal  crack  the  stress  intensity  factors  are 


a  _ 

(6.27) 

A r  =  -  VJcosh  its (2a)-m-"j (f^f  )dx 
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whcrc  the  complex  a0]  and  real  o03  are  the  components  of  the  applied  traction  <r0  in  the 
sense  of  (6.11).  Without  actually  re-solving  the  problems,  one  can  easily  write  done  any 
other  solutions  for  anisotropic  bimaterials,  providing  one  knows  the  solutions  for  an 
isotropic  bimaterial. 

Notice  that  in  the  above  the  auxiliary  conditions  discussed  in  §  5,  as  well  as  an 
arbitrary  polynomial  in  each  equation  of  (6.24),  have  been  omitted.  One  may  confirm  that 
the  auxiliary  conditions  are  identical  to  those  for  isotropic  bimaterials. 

7.  SiNGULARlTY/iNTERFACE-CRACK  INTERACTION 

Now  the  interaction  problem  illustrated  in  Fig.  lc  can  be  readily  solved  by  the 
superposition  scheme  illustrated  in  Fig.  1.  The  only  relatively  non-trivial  part  is  the 
integral  involved  in  the  process.  We  will  not  pursue  the  interaction  problem  for  the  general 
singularity,  as  has  been  done  for  isotropic  materials  in  Suo  (1988a).  Instead,  we  will 
concentrate  on  a  special  problem  to  illustrate  the  process.  The  technique,  though,  is 
generally  applicable. 

Consider,  for  example,  a  dislocation  or  a  line  force,  embedded  in  material  2, 
interacting  with  the  traction-free  semi-infinite  interface  crack.  The  non-oscillatory 
condition  H  =Tf  is  assumed.  For  the  problem  in  Fig.  la,  from  (4.7)  the  traction  in  the 
interface  is 

<r(x  )  =  C? 0*  (r  )  +  C*0'  ( x )  (7 

where  ^0(z)  is  of  the  form  (3.1),  and  C  is  an  abbreviation  of 

C=  H”'(Bj+ It  j)Lj  .  (7,2) 

The  negative  of  this  traction  is  prescribed  on  the  crack  faces  in  Fig.  lb.  The  solution  for 
this  problem  has  been  examined  in  Section  5.  The  key  is  to  evaluate  the  integral  (5.19).  In 
the  present  context,  it  is 
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Xq  (*  A*  *  / 

where  %0(z)  *  lWz,  with  the  branch  cut  along  the  crack.  The  integral  can.  be  evaluated  by  a 
contour  integral  (for  detail  see  Suo  1988a).  The  final  result  is 


h(=  )  =  -[C*0’(z  )  +  C?0‘(:  )-  r-W2CD^(r  )-  2->'2£B*0’(z  )]/2 
D  =  diagyrvy/Tv^p J] 


(7-4) 


where  Sj  arc  defined  in  (3. 1)  and  diag[  ]  denotes  a  diagonal  matrix.  The  complete  solution 
can  be  obtained  using  (5.8).  Comparison  of  (7.4)  and  (5.10)  gives  the  stress  intensity 
factors  induced  by  a  dislocation  or  line  force 

k  =  - 2(27r)1/2Rc{H-l(B2  +  <//3“wrf  }  g5) 

where  dj  and  Sj  are  defined  in  (3.1)  with  elastic  constants  for  material  2. 

The  dislocation  interacting  with  a  crack  was  treated  in  a  homogeneous  medium  by 
Atkinson  (1966).  The  Green  function  for  an  internal  interface  crack  was  obtained  recently 
by  Tcwaiy  et  al.  (1989a). 


8.  ANTIPLANE  FELD 

Consider  materials  with  x,  y-planc  as  a  mirror  plane,  in  which  the  in-plane  and 
antiplane  deformations  are  decoupled.  They  will  be  treated  separately  in  this  and  the  next 
section. 

In  equation  (2.3),  /3(p)  is  identically  zero  for  a  material  with  such  a  symmetry.  The 
characteristic  equation  for  antiplane  deformation  thus  becomes 

(2(^)  2  *55  ^  ~  2,f45  +  *44  =  0  (g 

The  expression  S44S55  -  (S45)2,  a  principal  minor  of  the  compliance  matrix,  is  positive. 
Hence  there  are  two  complex  conjugate  roots  to  (8.1).  According  to  the  convention  the 
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root  with  positive  imaginary  part  is  chosen,  i.eM 

1/2 

^i=  J4S^5S+  *(SUS55~  ^45  ^  ^55  (8,2) 

Only  one  holomorphic  function  <Xz3)  is  needed  to  represent  antiplane  deformations,  with  z3 
*  x  +  f^y.  The  LES  representation  (2.2)  reduces  to 

“j  =  2Re[A*  (*3>1.  /3  =  -  2R c[U(>  (r3)] 

cr23=2Re(^'(:3;:  crl3  =-2Re[L/i^'(r3)) 

Now  all  3  x  3  matrices  defined  in  Section  2  reduce  to  scalars.  Keeping  the  same  notation. 


one  has 


L=-l,  A  =  iB,  B  «  (sMs5S  -  rj.) 


Clearly,  B  can  be  interpreted  as  the  inverse  of  an  equivalent  shear  modulus,  which  reduces 
to  the  standard  shear  modulus  as  the  material  degenerates  to  be  transversely  cubic,  or 
tetragonal.  Subscripts  1  and  2  will  be  attached  to  3  to  signify  the  two  materials. 
Consistent  with  Ting's  (1982)  general  results,  B  is  an  invariant  under  an  in-plane  rotation. 
The  bimaterial  matrix,  now  a  scalar,  H  *  Bi  +  B2,  is  identically  real!  Consequently,  for 
the  decoupled  deformations,  the  mode  III  near-tip  field  of  an  interfacial  crack  is  non- 
oscillatoiy. 

Tiic  solution  for  a  screw  dislocation  with  Burgers  vector  b,  and  a  line  shear  force 
with  density  p  at  point  (x<j,  y0)  in  an  infinite  homogeneous  medium  is 

<l>(z  )=  d  ln(z  -  j3X  s^x0  +  ^y  (g5) 

d  =-(4nB)~lb+  i  (4*  )-1  p 


The  stresses  and  displacements  can  be  calculated  using  (8.3)  and  (8.5)  with  zazj. 

The  potential  fora  singularity  in  two  bonded  blocks,  embedded  in  material  2,  say, 
can  be  constructed  by  the  potential,  <*>0(z),  for  the  same  singularity  in  an  infinite 
homogeneous  medium  as 
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f252/(fl1  +  B2)^0(r), 
f{-Z}~\t0(z)+(B2-Bl)/(Bl  + 


B2)fQ(?  ),  2*2 


The  energy  of  >  screw  dislocation  with  Burgers  vector  b  lying  on  the  interface  is 

U  -  [2*  (Bj  +  fl2)]-1b2ln(fl  tr ) 

Near-tip  fields  for  an  interfacial  crack  in  the  two  blocks,  respectively,  are 

-1/2 

^(:)=*2'(r)  =  -(2/rz)  Km!2 

The  traction  a  distance  r  ahead  of  the  crack  tip  is 

<r23(r)=(2nr)"1/V/tf 

and  the  displacement  jump  a  distance  r  behind  the  crack  tip  is 

^(r)«(2r/jt),/2(B,  +  ^2)^ 

The  energy  release  rate  is  related  to  the  stress  intensity  factor  by 

G  -  (By  +  B^Kgj  /  4 


(8.10) 


(8.11) 


Consider  a  set  of  collinear  cracks  lying  along  the  interface,  with  self-equilibrated 
traction  Tq(x)  prescribed  on  the  crack  faces.  The  potentials,  with  proper  interpretation  of 
the  arguments  for  the  two  materials,  are  exactly  the  same  (except  for  a  factor  of  -1/2)  as 
those  for  cracks  in  isotropic  homogeneous  materials,  namely 


where %(z)  is  given  by  (5.19),  and  the  polynomial  P(z)  should  be  determined  to  satisfy 
some  auxiliary  conditions  (see  §  5  for  detail). 

The  solution  for  a  singularity  interacting  with  traction-free  cracks  can  be  solved  by 
the  superposition  scheme  illustrated  in  Section  7.  Taking  the  singularity  of  form  (8.5)  as  an 
example,  in  addition  to  the  contribution  due  to  the  singularity  in  well  bonded  bimatcrial 
system  (eqn.  (8.6)  and  Fig.  la),  one  obtains  the  image  contribution  due  to  the  presence  of  a 


semi-infinite  crack  (Fig.  lb) 
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*'«> ) = w  y -  -  *)r^ + (V?  -  >)r^}  (8'13) 

where  d  and  s*  should  be  c *iic ni m tc%l  from  (8i5)  snd  {816^1  v»ith  the  vleettc  ccriSt«ut«  Tor 
material  2.  The  stress  intensity  factor  is  given  by 

Km  =  4(2x)mB1l(Bl  +  5,)Re[dr-l/2]  (8-14) 

For  a  screw  dislocation,  using  (8.5)  for  d  (setting  p  *  0),  one  obtains  a  nice  result 

Ku,  =  -2 A/(fl,  +  fl2)Re[(2«r3)",/r)  <8-15) 

The  isotropic  one-material  version  of  the  interactive  problem  was  documented  in 
Thomson  (1986). 


9.  IN-PLANE  FIELDS;  ORTHOTROPIC  MATERIALS 
For  a  homogeneous  material  with  x,y-plane  as  a  minror  plane,  the  characteristic 
equation  for  in-planc  deformation,  specialized  from  (2.3),  is 

+  (2j12+ ra)/t  - 2 f26 p.  +  =  0  (91) 

It  has  been  shown  by  Lckhnitskii  (1963)  that  the  roots  of  eqn.  (9.1)  can  never  be  real,  and 

thus  they  occur  in  two  conjugate  pairs.  Assuming  they  are  distinct,  one  can  choose  two 

different  roots,  p1  and  ji2,  with  positive  imaginary  parts,  to  each  of  which  a  complex 

variable  zj  =«  x  +  Pjy  is  associated.  The  field  quantities  can  be  expressed  by  two 

holomorphic  functions  4>i(Z|)  and  as  obtained  by  discarding  ^fe)  in  (2.2).  The 

matrices  A,  L,  B  and  H  are  2  x  2  now.  the  elements  for  A  and  L  can  be  specialized  from 

(2.5)  and  (2.6)  with  rij  =  “  °*  while 

•At-1  r -ii  *“<*+/*>  ~  i(f*i  IVii  ~ 

B »  i  AL  =  _  _  _i  _i 

.  *(Mi  p2s\\  ~  S\J  ”  *22  ^  (9.2) 

In  deriving  (9.2)  the  standard  relations  between  roots  and  coefficients  have  been  used. 
These  algebraic  results  are  basically  all  one  needs  to  specialize  various  solutions  in  the 
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prcvious  sections. 

To  gain  more  insight,  we  consider  below  orthotropic  materials.  The  principal  axes 
of  each  material  are  taken  to  be  in  x  and  y  axes,  since  other  orientations  may  be  treated  by 
in-plane  rotations  and  the  associated  tensor  rules  in  $2.  Given  an  orthotropic  solid,  since 
sifi  =  s26  ■  0>  onty  four  clastic  constants,  Sn,  s22.  Sj2  and  s$$,  enter  the  plane  problem 
formulation.  Following  the  notation  introduced  earlier  (Suo  1988b),  we  define  two 
nondimensional  parameter,  as 

P  =(2<ri2+  j66)(J11J22)  U  /2  (Q  3) 


The  two  parameters  measure  the  anisotropy  in  the  sense  that  X  -  1  as  the  material  has 
transversely  cubic  symmetry  and  X  =  p  -  1  as  the  material  becomes  transversely  isotropic. 
The  positive  definiteness  of  the  strain  energy  density  requires  that 

X  >0and-l  <  p  <**. 

The  characteristic  equation  (91)  is  then 

Ap4  +  2pA*  2p2+  l-  0  (94) 


The  roots  with  positive  imaginary  pans  are 

.,-1/4.  .  .  ,,-1/4  . 

=  m,  (n  +  m),  11,  =  iX  (n- m), 

,-l/4„  ,  ,-!/*,. 

X  (in  +  m\  X  (in-  m), 
.,-1/4 

Pi  =/^iX  , 


for  1  <  p  <  «• 
for  -  1  <  p  <  1 
for  p  =  1 


«=[(!+ p)/2JW2,  m  =  Ql- pl/2]1,Z 


(9.5) 


From  the  above  we  know  the  LES  representation  (2.2)  does  not  hold  for  the  degenerate 
case  p  =  l.  The  significance  of  this  special  case  will  be  discussed  in  the  next  section. 

The  matrix  B  for  an  orthotropic  material,  reduced  from  (9.2),  is 

2/tX  •yj 5 \\* "22.  *  (‘\f*llS22  J12^ 

® =  #  ^  -1/4  ^ 

-i  Ujsus22  +  ^12^  -\/SnS22  J  (9t6) 

It  is  interesting  to  note  that  B  is  still  well-behaved  even  if  p  =  1  (A  and  L  are  singular  for 
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The  displacement  jump  across  the  crack  is 
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The  energy  release  rate  is  thereby 


2  HnKrm+lt 
(1  +  2/c)cosh  acVTx 


(9.13) 


G  =  HU\K  |2/(4cosh2*E)  (9I4) 

The  stress  intensity  factors  for  this  case,  however  defined,  may  not  reduce  to  the  classical 
definition  as  the  material  pair  degenerates  to  have  e  «  0,  since  H^/Hn  *  1  if  X#  1.  For  the 
case  e  *  0  one  may  rescale  Kt  by  (Hj^Hn)172  to  recover  the  classical  stress  intensity 
factor. 


The  stress  intensity  factor  for  an  internal  crack  subjected  to  traction  on  the  faces  is 


(9.15) 

Fora  traction-free  internal  crack  under  remote  stresses  ct22  10(1  ai2>  l^c  stress  intensity 
factor  at  the  right  hand-side  is 

K  =  (1+2/c  {(HnIHn)U2on  +  /05  J(2«rto(w),/2  (9  16) 

In  addition  to  P  (or  c),  another  generalized  Dundurs  parameter  a,  or  E,  can  be 
defined  as 

*=[V^HVV^]  *(1  +a)/(l-a) 

J2lv  (9.17) 

Obviously  E(and  a)  measures  the  relative  stiffness  of  the  two  materials.  It  can  be  shown 
that,  for  a  composite  of  two  aligned  orthotropic  materials,  aandP(oreandE)arethe  only 
bimaierial  parameters  needed  for  traction  prescribed  problems,  in  addition  to  two 
anisotropy  measuies,  X  and  p,  for  each  material. 


10.  On  Solutions  for  e  =  0  and  p  =  l 

Schemes  to  ignore  e  for  an  interface  crack  in  isotropic  bimaterials  were  proposed 
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long  time  ago  (e.g.  Cherepanov  1979).  This  simplification  has  been  considered  seriously 
by  Hutchinson  (1989),  He  and  Hutchinson  (1988),  and  Suo  and  Hutchinson  (1989), 
motivated  by  recent  efforts  to  develop  an  engineering  theory  of  interface  fracture.  The 
condition  £  ■  0  has  been  referred  to  as  the  non-oscillatory  condition,  and  a  material  pair 
satisfying  this  condition  has  been  termed  as  a  non-pathological  pair. 

Calculations  of  over  hundreds  of  isotropic  bimaterials  have  indicated  that  £  seldom 
exceeds  a  few  percent  in  magnitude,  even  for  material  pairs  with  very  large  stiffness  ratio  Z 
(c.g.  Hutchinson  et  al.  1987,  Suga  et  al.  1988).  The  same  is  true  for  typical  non-metals 
(taken  to  be  isotropic)  bonded  with  anisotropic  metal  crystals  (tables  1  and  2,  plane  strain  is 
assumed).  Consequently,  for  many  bimaterials  the  simplification  can  be  achieved  in 
practice  by  an  imagined  small  perturbation  of  elastic  constants.  Such  a  perturbation,  which 
can  be  thought  of  as  a  mathematical  idealization,  is  not  expected  to  change  the  assessment 
of  fracture  behavior  dramatically.  After  all,  man  has  already  imposed  many  idealizations 
onto  a  solid:  elastic,  isotropic,  incompressible,  to  name  a  few.  It  seems  pointless  to 
tolerate  so  many  others  and  then  reject  this  appealing  one,  especially  at  this  stage  of 
development  of  intcrfacial  fracture  mechanics,  when  many  other  important  issues  arc  yet  to 
be  well  understood. 

The  corresponding  non-oscillatory  condition  for  an  interface  crack  between  two 
anisotropic  media  is  that  the  matrix  H  is  real.  A  question  is  whether  this  condition  is  a 
property  of  a  given  material  pair  independent  of  the  relative  orientations.  Since  the 
matrices  B  and  H  are  second  order  tensors  under  a  rotation  in  (x,  y)-plane,  two  important 
results  can  be  easily  inferred.  First,  for  two  materials  with  a  fixed  relative  orientation,  E  is 
invariant  under  the  rotation  of  the  interface  in  the  (x,  y)-plane  (Ting  1986).  Secondly,  for  a 
material  pair  with  the  (x,  y)-plane  as  a  mirror  plane,  if  H  is  real  (e  =  0)  for  one  relative 
orientation  of  the  two  materials,  it  is  real  for  any  relative  orientation.  A  special  case  of  the 
latter  statement  was  contained  in  Qu  and  Bassani  (1988),  where  bicrystals  (mis-oriented 
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but  otherwise  identical  crystals)  are  considered.  If  one  focuses  on  bimaterial  composites 
with  the  (x,  y)-plane  as  a  mirror  plane,  as  a  consequence  of  the  two  statements,  one  can  talk 
about  the  non-pathology  without  referring  to  the  relative  orientations  of  the  constituents 
with  respect  to  the  interface. 

For  two  orthotropic  materials  so  bonded  such  that  the  (x,y)-plane  is  a  mirror  plane 
of  the  composite,  the  non-oscillatory  condition  is  P  ■  0,  or  equivalently,  from  (9.8) 
[VJnx22  +  j12]2  =  [W22  +  J12]j 

where  the  compliances  are  referred  to  the  principal  material  axes,  although  the  two 
orthotropic  materials  may  not  be  aligned  with  each  other.  If  the  two  materials  satisfy  pj, 
p2  >  I,  (most  fiber-reinforced  composite  materials  satisfy  these  conditions),  it  can  be 
shown  p  is  less  than  1/2.  Sample  calculations  indicate  that  P  is  usually  much  smaller  than 
this  value. 

The  reward  of  the  non-oscillatory  condition  is  significant.  The  near-tip  fields  are 
decoupled  in  two  senses:  the  three  modes  can  be  separately  defined;  and  the  fields  in  the 
two  materials  do  not  interact  with  each  other  in  the  sense  mentioned  earlier.  The  inherent 
simplicity  of  various  solutions,  as  indicated  Section  5,  makes  it  straightforward,  at  least  in 
principle,  to  implement  interfaces  into  many  micromechanics  models,  such  as  those  of 
Dugdale  (1960)  and  Rice  and  Thomson  (1974).  Three  recent  examples  are  a  prediction  of 
the  plastic  zone  around  a  biciystal  crack  tip  using  the  Schmid  law  governing  single  crystal 
plastic  flow  (Bassani  and  Qu  1988),  a  cohesive-zone  model  for  an  interfacial  crack 
presented  in  Ortiz  and  Blume  (1983),  and  a  cleavage  vs.  blunting  model  for  mctal/ceramic 
interfaces  (Rice  et  al.  1989). 

By  the  same  token,  for  an  orthotropic  material,  one  may  invoke  p  *  1  as  a 
simplification.  It  appears  that  p  is  typically  somewhere  in  the  range  from  0  to  5.  A  more 
important  fact  is  that  the  known  solutions  only  weakly  depend  on  p  (e.g.,  Suo  1988). 
Hence  we  believe  that  it  will  turn  out  that  the  primary  measure  of  orthotropy  for  woods  and 


composites  is  X,  the  ratio  of  stiffnesses  in  two  principal  directions.  In  terms  of 
compliances,  the  condition  p  ■  1  is 

s66  ~  2^/snsn  ~  sii>  (io,2) 

The  benefit  of  this  simplification  is  that  for  many  problems  of  practical  significance,  the 
solutions  for  the  case  p  =  1  but  X  *  1  can  be  extracted,  without  much  effort,  from  the 
existing  solutions  for  an  isotropic  material  by  a  rescaling  technique,  as  illustrated  in  Suo 
(1988b)  and  Gupta  and  Suo  (1989). 

With  those  two  degenerate  values  taken,  i.e.,  E  »  0  and  p  »  1,  only  three  constants 
(two  one-material  parameters  X  and  one  bimaterial  parameter  I)  are  needed  to  characterize 
an  aligned  onhotropic  bimaterial  system. 

Notice  however,  the  case  p  -  1  makes  the  roots  of  the  characteristic  equation  (9.4) 
degenerate.  Although  it  can  be  treated  as  a  limiting  case  of  the  general  LES  representation 
when  the  field  quantities  have  been  obtained,  it  may  be  more  convenient  to  start  from  a 
degenerate  formulation.  The  complex  potential  formulation  is  analogous  to 
Muskhelishvili's  for  isotropic  materials.  The  Airy  stress  function,  U(x,y),  can  be  expressed 
in  terms  of  two  holomorphic  functions  $(z)  and  \j/(z)  as 

f/(x,y)  =  Re[^(:)  +  Jv^(:)ri] 


z  =  x  +  iX  y 


The  various  field  quantities  can  be  derived  from 


(10.3) 


Cy  +  f  or,  =  4Re[^'(z  )] 

<jy  -  XU2ax  +  2iXl\  =  2[zl>"(z  )  +  y'(:  )] 

2 £  (ux  +  iXUAUy )  =  Kf>(z  )  -  z?'(z")  “  Y(f) 

i(Xmfx  +  ify)=<P(z)+2?'(Z-)+  Yin 


(10.4) 


where 
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l  1  1+  K  VJ11J22  *->J*n*to 

*66  2(y/snsn  -  J12)’  4  ^jsnsn  -  J12  (105^ 
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Table  1.  OSCILLATORY  INDEX  £ 


A1203 

Boron 

Carbon 

E-glus 

SiC 

Al(fcc) 

-.047 

-.049 

-.062 

+.017 

-.049 

Cr(bcc) 

-.025 

-.031 

-.064 

+.061 

-.028 

Cu(fcc) 

-.029 

-.032 

-.049 

+.040 

-.030 

Pb(fcc) 

-.034 

-.035 

-.039 

-.006 

-.035 

Zr(hcp) 

-.042 

-.046 

-.062 

4.030 

-.045 

Table  2.  STIFFNESS  RATIO  I 


A1203 

Boron 

Carbon 

E-giass 

SiC 

Al(fcc) 

5.5 

6.2 

9.1 

1.0 

6.8 

Cr<bcc) 

1.2 

1.3 

2.0 

0.2 

1.5 

Cu(fcc) 

5.0 

5.6 

8.3 

0.9 

6.2 

Pb(fcc) 

29.5 

33.0 

49.0 

5.6 

36.5 

Zr(hcp) 

3.2 

3J 

5.3 

0.6 

4.0 

-/,2- 


Fig.  1  Superposition  scheme,  a)  a  singularity  in  a  well  bonded  bimaterial, 
b)  interface  crack  with  traction  prescribed  on  the  faces,  c)  a  singularity 
interacting  with  a  traction-free  crack. 


*1 
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'i 


Fig.  2  Two  basic  crack  configurations,  a)  a  semi-infinite  crack, 
b)  a  finite  internal  crack. 
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ABSTRACT 

A  semi-infinite  crack  in  an  infinite  strip  of  orthotropic  material  is  analyzed.  Analytic 
expressions  for  mixed  mode  stress  intensity  factors  are  derived  with  only  one  parameter 
undetermined,  which  is  then  extracted  from  numerical  solutions  to  integral  equations.  The 
results  are  relatively  simple  and  complete,  and  provide  the  flexibility  to  simulate  a  wide  range  of 
practical  problems,  such  as  fracture  specimens  and  edge  delamination  phenomena  of  woods  and 
fiber-reinforced  composites.  As  an  illustration,  specimens  with  transverse  splitting  from  notches 
are  analyzed  based  on  the  general  solution.  The  validity  of  using  solutions  for  an  isotropic 
material  to  calibrate  some  testing  geometries  of  orthotropic  materials  is  discussed. 

1 .  Introduction 

Cracks  in  homogeneous,  isotropic  materials  tend  to  grow  under  mode  I  conditions.  By 
contrast,  cracks  are  often  trapped,  with  mixed  mode  local  field,  to  geometrically  particular  paths 
such  as  the  fiber  direction  of  woods  and  uniaxial  fiber  reinforced  composites,  the  interface  of 
bimaterial  systems,  and  the  adhesive  layer  between  bonded  joints,  owing  to  anisotropy  and/or 
inhomogeneity  in  stiffness  and  toughness.  The  mixed  mode  fracture  problem  is  not  only  of 
fundamental  interest,  but  also  of  significant  technical  importance.  High  apparent  toughness 
under  tension  in  the  fiber  direction  for  woods  and  composites,  for  example,  is  largely  attributed 
to  crack  splitting,  or  fiber/matrix  debonding  (Ashby  et  al.,  1985,  Marshall  and  Evans,  1985, 
Budiansky  ct  al.,  1986).  Experimental  investigations  on  fracture  in  woods  and  composites 
appear  to  be  initiated  by  Wu  (1967).  Recent  efforts  in  this  direction  are  found  in  Ashby  et  al. 
(1985),  Marshall  and  Evans  (1985),  Prewo  (1986),  Michalske  and  Hellmann  (1988),  and 
Sbaizero  ct  al.  (1988).  Research  on  analogous  situations  such  as  adhesive  joints  and  bimaterial 
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interfaces,  where  mixed  mode  fracture  is  crucial,  are  found  in  Liechd  and  Hanson  (1988),  Chai 
(1988),  Argon  ct  al.  (1988),  and  Charalambides  et  al.  (1988a, b).  The  present  work  is  motivated 
in  part  by  the  intention  of  using  a  four-point  bend  specimen  to  conduct  fracture  tests  on  fiber 
reinforced  composites  (Sbaizero  et  al.,  1988). 

The  basic  problem  analyzed  is  introduced  in  Fig.  la.  A  semi-infinite  crack  in  an  infinite 
strip  of  orthotropic  material  is  considered.  More  specifically,  the  strip  surfaces  are  traction-free 
and  in  the  direction  of  a  principal  axis  of  the  material.  The  crack  is  parallel  to  these  free  surfaces, 
and  driven  by  the  edge  loads  P{  and  Mj,  the  resultant  forces  and  moments  per  unit  width, 
respectively.  The  material  is  taken  to  be  homogeneous  and  linearly  elastic.  Both  plane  stress 
and  plane  strain  deformations  will  be  considered.  The  analysis  provides  the  complete  solutions 
for  the  mixed  mode  stress  intensity  factors.  The  body  of  the  paper  will  be  devoted  to  the 
representation  and  application  of  tire  major  results.  Mathematical  details  are  grouped  into  three 
appendices,  which  may  be  of  some  interest  in  themselves. 

2.  Representation  of  Stress  Intensity  Factors 

For  generally  anisotropic  materials  Hooke's  law  can  be  written  as 

E.  =  X  s-j  t  i  =  1, 2, 3,  4, 5, 6  (1) 

J-  »  J 

The  standard  correspondence  is  adopted,  i.e.,  {ej}  »  (ex,  Ey,  Er,  Yyi*  Yzx>  Yxy)T>  - 
{ax,  CTy,  cz,  tyZ,  Xjj,  xXy}T,  and  [S|j]  is  a  six  by  six  symmetric  matrix,  referred  to  as  the 
compliance  matrix,  with  twenty-one  independent  elements.  When  the  material  has  an  clastic 
symmetry  plane  normal  to  z-axis,  the  stress-strain  relation  for  the  deformation  in  (x,  y)  plane  can 
be  reduced  to  (see  Lekhnitskii,  1963) 

i-I.2.6  (2) 

J-l.2.6 


where 


-S,, ,  for  plane  stress 

b  .{  ’  l.j- 1.2.«  (3) 

Sjj  -  SjjSjj/Sjj ,  for  plane  strain 

On  the  other  hand  if  the  material  is  orthotropic  with  x  and  y  axes  coincident  with  the  principal 
axes  of  the  material,  there  are  only  four  independent  elastic  constants  bj|,  bl2->  b2l,  b^  and 
bg$,  but  bj$«  b^-  0. 

For  any  simply  connected  domain  of  orthotropic  medium  with  traction  prescribed  or.  its 
boundary,  the  stresses  should  only  depend  on  two  (rather  than  three)  nondimensional  elastic 
parameters  (sec  Appendix  I) 


,  _  ll  . 
*Z2 


2t)l2  +  h,-j 


These  parameters  measure  the  anisotropy  in  the  sense  that  X  »  1  as  the  material  symmetry 
degenerates  to  be  transversely  cubic  and  X  =  p  =  1  as  the  material  becomes  transversely 
isotropic.  The  positive  definiteness  of  the  strain  energy  density  requires  that  X  >  0  and 
- 1  <  p  <  **>.  Many  nondimensional  parameters  for  orthotropic  materials  other  than  those  in  (4) 
have  been  used  in  the  literature,  but  none  of  them  have  offered  the  unique  feature  discussed  in 
Appendix  I.  In  Table  I,  the  plane  stress  values  of  X  and  p  are  listed  for  some  single  crystals, 
woods  and  composites  (no  dramatic  differences  have  been  found  for  the  corresponding  plane 
strain  values).  It  appears  from  this  list  that  p  is  typically  somewhere  in  the  range  from  0  to  5, 
while  X  can  be  significantly  greater  or  less  than  1. 

The  elastic  stress  field  at  the  crack  tip  for  generally  anisotropic  body  has  a  square  root 

singularity.  Accordingly,  stress  intensity  factors,  Ki  and  Kj|,  can  be  defined  such  that  the 

stresses  at  a  distance  r  ahead  of  the  crack  tip  are  given  asymptotically  by 

K.  K„ 

<v-j=L  (5) 

"  J2 w  ”  yis 


For  a  crack  in  an  orthotropic  body,  lying  in  a  principal  plane  and  with  its  front  in  a  principal 
direction,  the  relative  crack  face  displacements  at  a  distance  r  behind  the  crack  tip  are 
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5y.8b„X->«nK,^/I  .  5,.8buX-'“„Koyi 
where  the  frequently  encountered  constant  n  is  defined  by 


(6) 


(7) 


The  energy  release  rate,  derived  from  (5)  and  (6),  is  related  to  the  stress  intensity  factors  by 

G*bnna-3MK*  +  X-,,4KJ)  (8) 

These  results  are  contained  in  the  work  by  Sih,  Paris  and  Irwin  (1965).  The  present 
normalization  is  related  to  theirs  by  Kj  ■  Vx  kj,  K»  ■  Vx  k2.  Rearrangements  have  been  made 
using  the  two  anisotropy  measures  identified  above  to  suit  our  purpose. 

The  analysis  of  the  problem  in  Fig.  la  is  now  taken  up.  The  aim  is  to  solve  for  K|  and 
Kji  a;  functions  of  the  loads  P's  and  M's,  geometry  specifications  h  and  H,  and  anisotropy 
measures  X  and  p.  Overall  equilibrium  provides  two  constraints  among  the  six  loads  P(  and  Mu 
Therefore  only  four  of  them  are  independent,  say  Plt  P3,  Mj  and  M3.  Superposition  of  the 
systems  in  Fig.  la  and  lb  gives  that  in  Fig.lc,  with  P  and  M  given  by 


P  =  P,-C,  P3-G,Mj/h 

m  =  m,-c3  m3 


C«  = 


1/q+l 


,  C„  = 


6/t| 


(  1/T|  +  1  )3 


1 

(I/Tl+1)3 


O) 


Since  no  stress  singularity  is  present  in  the  beam  in  Fig.  lb,  ilie  stress  intensity  factors  must  be 
identical  for  both  systems  in  Figs,  la  and  lc.  We  will  concentrate  on  the  reduced  problem  in 
Fig.  lc  below.  Once  the  latter  problem  is  solved,  the  solution  to  the  general  problem  in  Fig.  la 
can  be  constructed  by  the  above  relations. 

The  energy  release  rate  for  the  system  in  Fig.  lc  can  be  computed  exactly  by  using  the 
energy  stored  in  the  structure  per  unit  width  per  unit  length  far  behind  the  crack  tip  (e.g.  Rice, 
1968).  The  result  is  a  positive  definite  quadratic  in  P  and  M  which  can  be  written  as 
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b..  p2  Nf  PM 


00) 


The  geometric  factors  are  given  by 

i-l+4n  +  6ti2  +  3n\  J-=  12(1  +T13),  ~U6t\2(1+ti)  (11) 

A  1  VAI 

where  the  angle  f  is  restricted  to  |  y|  <  Jt/2  for  definiteness.  Without  loss  of  generality,  attention 
will  be  restricted  to  h  5  H,  or  equivalently,  0  £  q  <i  1.  The  energy  release  rate  given  by  (10)  and 
(1 1)  is  valid  even  if  the  material  is  generally  anisotropic. 

As  shown  in  Appendix  I,  for  the  problem  in  Figs,  la  and  lc,  the  combinations  X*3/8KI 
and  X‘1/SK|(  are  independent  of  X.  It  will  be  obvious  immediately  that  this  fact  simplifies  the 
problem  significantly.  Equating  the  two  energy  release  rate  expressions  (8)  and  (10),  one  can 
verify 


where  i  =  V-l  and  |  a  |  stands  for  the  magnitude  of  a  complex  number  a.  Equation  (12)  states 
that  two  complex  quantities  have  the  same  magnitude.  Consequently,  they  can  differ  only  by  a 
phase  angle  shift,  designated  as  0),  namely, 


On  dimensional  grounds,  <0  should  be  a  nondimensional  function  of  nondimensional  quantities 
Ph/M,  Tj,  X  and  p.  However,  by  linearity,  to  should  not  depend  on  Ph/M;  nor  should  it  depend 
on  X,  since  both  sides  of  eqn.  (13)  are  independent  of  X.  Therefore  the  angle  to  depends  on  q 
and  p  only,  i.e., 

to=  co(q,  p)  (14) 


Rewrite  eqn.(13)  more  explicitly  as 


•6- 


Ki 


P 

-pjxCQSU)  + 

/hA 


sin(co  +  y) 


1 


X, 


M 


IWI  —S rSinCO-  — r 


•COS(CO  +  Y) 


(15) 


so  thai  the  stress  intensity  factors  are  fully  determined  apart  from  the  single  dimensionless  real 
function  co(q,  p).  From  (15)  one  can  restrict  to  in  the  range  0  <  cu  <  tt/2  to  recover  th«  positive 
signs  of  Kj  and  K|t  anticipated  for  the  special  case  P  >  0  but  M  -  0. 

Specific  determination  of  the  function  co(q,  p)  requires  that  the  crack  problem  in  Fig.  lc 
be  solved  rigorously  for  a  given  pair  (q,  p),  for  an  arbitrary  set  of  values  of  X,  h,  P  and  M.  Wc 
'.vill  show  below  that  co  is  around  50°.  Some  early  work  on  partitioning  mixed  mode  stress 
intensity  factors  from  the  energy  release  rate  was  based  on  unjustified  symmetry  arguments  and 
contains  significant  errors  (e.g.  Tada  et  al.,  1985,  pp.  29.2,  29.4, 29.9  and  Williams,  1988,  Fig. 
10a).  In  the  following,  an  exact  solution  for  co  is  found  for  the  case  h  «  H,  or  q  «1.  Numerical 
solutions  are  presented  for  other  cases,  and  a  simple  estimate  is  given  for  practical  applications. 


r.  a (1,  p) 

Exact  solution  can  be  obtained  for  the  this  case  by  considering  a  special  loading  P  =  0, 
M«=  1.  The  geometric  factors  in  eqns.  (9)  and  (11)  for  q  =  l  are 


r  1  r  3  1 

> =  2*  2  =  ?  3sg 


(16) 


Notice  that  Kjj  =  0  due  to  the  symmetry,  which,  when  substituted  into  eqn.(15),  gives 
cos(co+y)  =  0.  Thus,  co  =  tc/2  —  y=  cos*W(3/7)  «  49.-10.  It  is  striking  that  co(l,  p)  does  not 
depend  on  p-  This  indicates  that  the  function  co(q,  p)  may -vary  weakly  with  respect  to  p  even  if 
q  *  1. 
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**.  oft,  0 

This  case  is  equivalent  to  the  isotropic  version  of  the  same  problem,  which  has  been 
solved  by  Suo  and  Hutchinson  (1988a,  b).  For  0  £  T)  £  1,  an  excellent  approximation  is 

<0  =  52.1  -3q,  in  degrees  (17) 

in.  co(n,  p) 

An  integral  equation  is  formulated  and  solved  numerically  in  Appendix  U  for  the  general 
case.  The  extracted  values  of  <o  are  listed  in  Table  II,  One  notes  immediately  that  o>  is  a  very 
weak  function  of  p.  This  implies  that  eqn.  (17)  is  an  adequate  estimate  for  a  wide  range  of  p  for 
1. 

3.  Fracture  Specimens 

3. 1  A  four-point  bend  specimen 

The  specimen  illustrated  in  Fig.  2a  is  considered  first.  The  beam  is  cut  from  an 
orthotropic  material,  with  its  principal  axes  coincident  with  the  material  principal  axes.  When  the 
crack  is  long  compared  with  h,  but  still  lying  within  the  central  region  of  the  specimen,  the 
specimen  can  be  well  approximated  by  the  system  in  Fig.  2b.  It  has  been  shown  by  finite 
element  calculations  (Charalambides  ct  al,  1988a,  b)  for  an  analogous  specimen  that  the  “rack  tip 
field  is  indifferent  to  the  crack  length  if  it  is  sufficiently  long.  Consequently  the  structure  in  Fig. 
2b  can  be  imagined  to  be  infinitely  long  in  the  crr.sk  direction.  This  falls  into  the  class  of  the 
problems  (Fig.  2a)  analyzed  in  the  previous  section,  with  the  special  loading  combination 

P,  =Mj  =* Pj *0,  (18) 

The  equivalent  loads  controlling  the  singular  field  are  calculated  from  eqn.(9),  i.e., 

P  =  C2M(/h,  M  =  C3M0  (19) 

The  stress  intensity  factors  are  obtained  when  the  above  are  substituted  into  (15),  that  is 
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Mq  h,J/2  [c2  A'^cosa  +  C3  f  insin(u  +  Y)j 


K|«-pr  M|jn  [^2^  J 

'I2*  (20) 

Kjj  .  M0h‘3rt[c2  A’Wsino)  -  Cj  Vlt2cos((a  +  7)] 

where  w  can  be  approximated  by  (17).  For  the  special  case  h  =  H,  or  T|  ■  1,  CO  +  y  =  rc/2, 
costo  *  V(3/7),  sinti)  -  V(4/ 7),  with  various  geometric  factors  given  in  (16),  cqn.  (20)  can  be 


specialized  to 


v  /T, 3/S  -1/2.,  u'il2  v  3«J/S  -1/2  w  u-3^ 
K. a^3  A.  n  M0h  ,  K.. «  —  X  n  M0h 


This  is  an  exact  solution.  Notice  that  from  (21) 

(21a) 

K,  L 

Equation  (21a)  indicates  that  mode  I  and  mode  II  stress  intensity  factors  are  comparable  for  this 
test  arrangement. 

3.2  A  tensile  specimen 

Parallel  results  for  the  same  geometry  under  tension  (Fig.  2c,  d)  are  listed  below. 

The  stress  intensity  factors  are  given  by 

*  3/S 

K,  =  Qh'1  a  C(  A‘l/2ccs(i) 

V2n  (22) 

,l/s 

. m  ^  -  1/2  >  .  *1  /2  » 

Kjj  *  —==  Qh  C,  A  sino) 

V2n 

where  for  an  arbitrary  value  of  Tj  =  h/H,  Cj  and  A  are  defined  in  eqns.  (9)  and  (1 1),  and  to  can 
be  approximated  by  (17).  The  solution  for  the  case  h  =  H,  or  q  =  I,  is  exact,  which  is 


Kj=£x3VV/2Q,  Kn»Xwn’lnh’,flQ 


thereby  the  ratio  Kn/Kj ,  for  the  case  h  =  H,  is  given  by 
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KJ1  2  .jm 

V7t 


(23a) 


Again  there  is  a  comparable  amount  of  stress  intensity  of  the  two  modes.  This  specimen  was 
considered  by  Williams  (1988)  who  by  virtue  of  unjustified  assumptiopns  arrived  at  the 
conclusion  that  the  near-tip  field  was  pure  mode  II. 


3.3  More  specimens 

Illustrated  in  Fig.  3  are  geometries  utilized  predominantly  in  composite  and  wood  fracture 
testing.  The  specimens  are  cut  from  bulk  materials  with  principal  material  axes  aligned  with 
specimen  axes.  A  common  feature  for  all  these  specimens  is  that  no  specific  length  scale  is 
involved  in  one  direction.  With  such  specimens,  it  has  generally  been  the  practice  to  use  the 
stress  intensity  factors  determined  for  the  corresponding  isotropic  specimens  (e.g.  Ashby,  et  al., 
1985,  Michalske  and  Hellmann,  1988).  This  can  be  easily  justified  as  follows.  The  stress 
intensity  factors,  in  general,  depend  on  the  two  anisotropy  measures,  X  and  p.  Exploiting  the 
rescaling  technique  outlined  in  Appendix  I,  one  can  confirm  that,  for  all  configurations  in  Fig.  3, 
the  stress  intensity  factors  are  independent  of  X.  Given  the  fact  that  p  is  typically  in  the  range 
between  0  and  5,  and  that  the  solutions  for  analogous  problems  only  weakly  depend  on  p,  one 
can  reasonably  expect  that  the  stress  intensity  factors  are  almost  independent  of  p. 
Consequently,  the  stress  intensity  factors  for  these  geometries  are  nearly  independent  of  any 
anisotropic  factors,  and  thus  the  use  of  solutions  for  isotropic  materials  should  be  appropriate. 
Evidently  unaware  of  the  roles  played  by  X  and  p,  Sweeney  (1988)  carried  out  a  numerical 
analysis  for  an  edge  crack  in  an  orthotropic  half  plane  (Fig.  3a).  The  Table  I  in  his  paper  can  be 
reduced  concisely  as 


Kj  =  Yct/na ,  Y=  1.12 -0.01  l(p -  i),  forl<p<8 


(24) 
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4 .  Extension  to  An  Anisotropic  Strip 

Arguments  leading  to  the  stress  intensity  factor  expression  (IS)  have  been  used 
successfully  in  various  contexts  by  Thouless,  et  al.  (1987),  Hutchinson,  et  al.  (1988),  Drory,  et 
al.  (1988)  and  Suo  and  Hutchinson  (1988a, b,c).  The  generality  may  be  appreciated  by 
considering  the  problem  with  the  same  configuration  as  Fig.  lc,  but  with  a  generally  anisotropic 
material  replacing  the  orthotropic  material  considered  earlier.  The  Sih-Paris-Irwin  energy  release 
rate  expression  can  be  rearranged  as 

G  «  b,  ,(n,X‘3'4  K  2  +  A* 1,4  kJ  +  2^njn^  X*1'2  K,  K„  sinv )  (25) 

Here  n  j,  n2  and  v  can  be  extracted  from  the  work  by  Sih  et  al.  (1965)  as 

n,  =- jlm  ( t j*  +C‘),  n2  =  ilm[t1 +  1,),  ynjn^sinv^ilmft,^)  (26) 


and  tt  and  t2  arc  roots  with  positive  imaginary  parts  of 

t4  -  2p(t3  +  2  p  t2  -  2p2 1  +1 »  0 


where  pi  and  p2  are  defined  in  Appendix  I.  Comparing  (25)  with  (10)  one  obtains 
•3/*  .  -tv  / —  ,  -l/s 


F 


—  ,  -3/8  „  .  -tv  / —  ,  -1/8  „  I  1 

n,  X  K,  +  ie  In,  X  K„  =-— 

p 


P  .  ir  M 

■  1  c  f~7= 

h3I 


/hA 


(27) 


(28) 


where  A  and  I  are  defined  by  cqn.  (11).  Again  one  can  introduce  a  phase  angle  shift 
0)  =  co(T|,  p,  pi,  p2),  such  that 


(29) 


Consequently,  the  stress  intensity  factors  Kj  and  K;;  are  fully  determined  apart  from  the  function 
to.  One  may  anticipate  the  approximation  (17)  to  be  valid  for  wide  ranges  of  p,  Pj  and  p2. 

It  is  not  a  very  difficult  exercise  to  derive  a  formula  analogous  to  (26)  for  an  interface 
crack  between  two  layers  of  dissimilar  anisotropic  materials,  so  that  such  interesting  problems  as 
bicrystal  specimens  (c.g.  Wang,  1988)  and  interlaminar  fracture  in  composites  can  be 
addressed.  Helpful  hints  may  be  found  in  Suo  and  Hutchinson  (1988a),  The  corresponding 
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rclaiion  between  energy  release  rate  and  stress  intensity  factors  of  form  (22)  can  be  extracted 
formally  from  Willis  (1971). 
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APPENDIX  I  On  Material  Dependence 

Let  U(x,y)  be  the  Airy  stress  function,  namely, 

a\i  afa  a^j 

(J  *  *■  *  ■■  ,  O'  *  “  1  ■ ,  T  a  •  ■pin  ■  ■ 

■  3y=  '  8x2  * 


(AI.l) 


Then  one  can  obtain  the  differential  equation  of  U(x,y)  for  rectilinearly  anisotropic  materials 
from  the  compatibility  equation  (cf.  Lekhnitskii,  1963) 

9x  2  <*33y  3x"3y2  1  3x3yJ  8y 


where  X  and  p  arc  defined  in  the  body  of  the  paper  and  PiX3M  =  b^/bii,  p2X,/4  «  b2$/b22. 
Now  it  is  obvious  that  for  any  simply  connected  domain  of  anisotropic  medium  with  traction 
prescribed  on  its  boundary,  the  stresses  should  only  depend  on  four  (rather  than  five) 
nondimensional  elastic  parameters.  If  the  material  is  orthotropic  with  the  principal  axes  in  x  and  y 
directions,  P|  =  p2*  0,  the  stresses  should  only  depend  on  two  parameters  X  and  p.  Moreover, 

for  the  problem  in  Fig.  2a,  with  no  specific  length  scale  in  x  direction,  we  are  able  to  show 
explicitly  the  way  in  which  stress  intensity  factors  depend  on  X.  Rescale  the  x-axis  by 

5  =  X!M  x  (AI.3) 


The  boundary  value  problem  in  Fig.  2a  is  then  governed  by  the  following  differential  equation 


3  U  .  a4U  _  34u  „  34u  34u  n 

“T‘2p2^r  +2P-n"2P, - 7+— r=0 

3%*  2  ^33y  3^V  1  3^3 y3  3y4 


and  boundary  conditions  on  (§,  y )  plane 


32U 


- -  0,  ——•=  prescribed  traction,  $->±»,-H<y<h 

W  3y2 

- —  =  — —  =  0,  ^ < 0,  y  =  0;  -«<^<«>l  y  =  -  H, h 

X,2  d$dy 


(AI.4) 


(AI.5) 


Clearly  U(  y)  will  not  depend  explicitly  on  X.  This  has  very  strong  implication  as  the  stress 
intensity  factors  K|  and  Kjj  are  calculated 


K1I«limy^T¥(x,0)--Xl'*lim  (AU) 

*-*o  y  $-*o 

so  that  the  combinations  X*3/l  Kj  and  X*J/f  K1(  are  independent  of  X. 


APPENDIX  II  Integra]  Equation  Formulation 

An  integral  equation  for  the  plane  elasticity  problem  of  Fig.2c  is  formulated  based  on  the 
dislocation  solutions  developed  in  Appendix  ID.  Since  only  the  function  (o(T|,p)  is  to  be 

extracted  from  the  numerical  solution,  one  can  take 

X  =  1,  h«l,  P «  1,  b,j «  1  (AII.l) 

and  M  will  be  specified  shortly  to  simplify  the  numerical  analysis. 

The  semi-infinite  crack  is  simulated  by  an  array  of  continuously  distributed  edge 
dil'oeations  along  the  negative  x-axis,  with  component  ba(5)  at  x  *  The  traction-free 

condition  along  the  crack  faces  results  in  the  integral  equations 

o  o 

f2B£)  f 

j-^-d^  +  J  Fo{J(x-5)BpK)d5»0,  for  - ••  < x < 0  (A1I.2) 


where  the  first  integral  is  in  the  Cauchy  principal  value  sense,  and  the  convention  of  summing  up 
a  repeated  Greek  suffix  is  adopted  Here 


B(5)  =  .t>  ft), 

a  8ra  ° 


n  =  . 


(AII.3) 


The  kernel  functions  F^fO  are  given  in  Appendix  HI;  they  are  well-behaved  in  the  whole  range 
-  «•  <  £  <  +  •»,  with  asymptotes 

V>  =  -55<4>  +  0(^)  WW> 

Noticing  that  by  definition  the  Burgers  vector  btt  is  related  to  the  crack  face  relative  displacement 
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ba(x) 


(A1I.5) 


one  can  verify  the  following  asymptotic  behaviors  for  Ba(§) 

B2(§)-(2  K)'Zn^L 

V'S  V*5 

as  q  -»  0"»  and 

B.($ »  ( 1  +  ti  (4  +  3q)  -  6M  (1  -  T\2) ),  B.(^)  «  constant 

1  &tn  2 


M  = 


(All. 6) 


(AII.7) 


as  ^  ->  -  «,  where  M  has  been  chosen  such  that  B2(- «»)  remains  finite.  And  Kj,  Kjj  and  the 
"constant"  in  (AII.7)  arc  not  known  a  priori ,  but  must  be  determined  as  part  of  the  solution  to 
the  integral  equations.  The  integral  equations,  together  with  the  specified  asymptotes,  constitute 
a  well-posed  mathematical  problem  for  the  unknown  distributions  Ba(£).  The  details  of  the 

numerical  solution  procedure  for  analogous  problems  can  be  found  in  Thouless,  et  al.  (1987), 
and  Suo  and  Hutchinson  (1988a, b). 

Once  the  Ba(lj)  are  obtained  for  a  given  pair  Tj  and  p,  the  stress  intensity  factors  arc 
evaluated  from  eqn.(AII.6).  The  function  w(n,p)  is  then  extracted  by  specializing  (13)  with 
(AD.  1,7)  to 

IC  +  iK  I1--^Le,(u+T)  (AII.8) 

1  “  V2nA 


The  numerical  solution  yields  both  K]  and  KH  and  each  results  in  a  value  of  0).  This  provides  a 
consistency  check  on  the  accuracy  of  the  solution.  For  example,  knowing  K[  and  Kjj,  one  can 
calculate  cos(g>*y)  and  sin(GHT)  independently  from  (AII.8),  and  hence  the  check  can  be  chosen 
as  [cos2(o>+Y)+sin2(6)+Y)],/2-  1.  The  results  reported  in  Table  II  were  computed  with  the 
consistency  check  satisfied  to  better  than  0.1%.  It  is  believed  that  the  accuracy  of  0)  is 
comparable. 


-17- 


APPENDIX  m  An  Edge  Dislocation  in  Anisotropic  Structures 

In  Appendix  II,  the  solution  of  an  edge  dislocation  embedded  in  a  strip  of  cubic  material 
(Fig.  4)  is  used  as  the  kernel  of  the  integral  equation.  This  solution,  together  with  analytic 
solutions  to  a  dislocation  in  an  infinite  and  semi-infinite  space  of  generally  anisotropic  material, 
is  constructed  in  this  appendix. 

It  has  been  shown  in  Lekhnitskii  (1963)  that  the  problems  of  plane  anisotropic  elasticity 
can  be  conveniently  formulated  in  terms  of  two  analytic  functions,  $i(zi)  and  <{>2(22)  two 
complex  variables,  zj  =  x  +  )tj  y.  The  parameters  m  and  p2  are  solved  from  the  algebraic 
equation 

b,/  -  2b,/  +  <2bJ2  +  b66)  H2  -  2b26  fl  •»  b22  *  0  fAIII.l) 

The  roots  of  eqn.  (AIII.l)  can  never  be  seal,  and  thus  they  occur  in  conjugate  pairs.  Here  and 
p2  arc  chosen  to  be  the  ones  with  positive  imaginary  parts.  The  stresses,  resultant  forces  on  an 
arc  and  displacements  are  given  by 

ax  =  2Re[^V(z,)  +  ^w] 

<xy  =  2Re[  ♦j’(zi)  +  V^] 


T  =  -  2  Re  [  +  ] 

*7 

f  =2Re[WZl)  +  M2(z2)] 

(AIII.2) 

fy«-2Re[W  +  W] 
ux  =  2  Re[P|^i^zl^ +  p2^2^] 
uy  -2Re[^i^  +  cl2^z2^] 


where  Rc[  ]  signifies  the  real  part  of  a  complex  quantity,  and 
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Pj  a  ^11  +  ^12  *  ^I6^j '  °  +  ^12^j  *  ^26 


(A1II.3) 


The  potentials  for  an  edge  dislocation  with  Burgers  vector  bx  and  by  at  the  point  (x0,  y0) 
in  an  infinite  body  are  of  the  form 


^j0(z)  =  Wjln(z-Sj).  sj  =  x0  +  pjy0 


(AIII.4) 


where  the  suffix  0  attached  to  the  potentials  indicates  that  the  solution  is  for  an  infinite  body. 
The  complex  constants  Wj  and  W2  arc  determined  from 


frnfW,  +W;]«=0 

Im(Hj  Wj+HjW,)^ 

ImdiJw^iiJw^-.b^Kb,,) 

Im  [  Wj/p,  +  Wj/Jij]  =  -  by/(4jib,,) 


(AIII.5) 


where  Im  [  ]  represents  the  imaginary  part  of  a  quantity.  For  the  special  case  that  the  material  is 
cubic  with  the  principal  axes  along  the  x  and  y  axes,  eqn.(AIII.5)  yields 


b 

B  = — — 
“  8nnb. 


(All  1.6) 


Specializing  (AHI.1)  to  a  cubic  material  (bj$  =  b2$  *  0,  bjj  =  b^ )  gives 
H,  =  i  (n  +  m),  fij  =  i  (n  -  m),  for  1  <  p  <  <*» 
H!=in  +  m,  p^in-ra,  for-1  <  p  <  1 


,  m  = 


(AJII.7) 


The  degenerate  value  p  =  1  (corresponding  to  isotropic  materials)  can  be  treated  as  the  limiting 
case.  With  the  dislocation  at  the  origin,  i.e.,  Xq  =  yo  =  0,  the  stresses  are 
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(AIII.8) 


where 


for  p  >  1,  and 


(n  +  m)y  .  .  (n  +  ra)x 

8„ ,(«")- - - —  ,g1I2(m)-g12|(m)- — — - 

r  r 

.  /_n  .  y/(n  +  m)  _  _  ,_s  (n  +  m)y 

“  *  2  '  8221'^)  “  8|22'^'  ~  2 

r  r 

2  2.  .22 

r  »  x  +  (n  +  m)  y 


gin(m)"-'---,  8m(m)"8m(m>“^T^ 
r  r 

,  .  mx  *py  ,  .  .  .  x  +  my 

8222^°^  2  '  8221^)  *  8|2j(®)  “  * '  2  " " 

r  r 

r2  =  (x  +  my)2  +  (ny)2 


(AIII.9) 


(Am.  10) 


for-1  <  p  <  1. 

For  a  point-wise  singularity,  such  as  dislocation  and  point  force,  in  generally  anisotropic 
half-space  with  traction-free  boundary  y  *  0,  it  has  been  shown  by  Suo  (1988)  that  the  potentials 
can  be  constructed  with  the  solution  for  the  same  singularity  in  an  infinite  body,  namely, 


4>,(z)  =  *,0(z)  +  — — [^2 '  ♦.0<z> +  ^2 '  ^ 

Fj  ’  1*2 

s  $20®  +  [^1  ’  $10®  +  ^4“  ^20®] 


A  superposition  scheme  is  used  here  to  construct  the  solution  for  an  edge  dislocation 
embedded  in  an  infinite  strip  (Fig.3).  Attention  will  be  confined  to  cubic  materials  with  a 
principal  axis  along  the  direction  of  the  strip.  A  solution  without  singularity  in  the  strip,  which  is 
represented  by  the  Airy  stress  function  U(x,y)  in  Appendix  I,  is  superposed  onto  the  solution  to 
an  edge  dislocation  in  an  infinite  body  to  nullify  the  traction  on  the  the  strip  boundaries.  The 


-20- 


following  conventions  of  the  Fouricr-cos  and  -sin  transforms  for  even  and  odd  functions, 
respectively,  will  be  adopted 


▼ 

f(x)  =  J  f(8)  cos8x  d8,  f(0)  =  -  J  f(x)  cos0x  dx 
o  o 

g(x) =  J  g(8)  sinSx  d0,  g(0)  <=  1 1  g(x)  sin0x  dx 


(AIII.12) 


Owing  to  the  symmetry  of  the  configuration,  the  stress  function  can  be  expressed  by  the  Fourier 


integrals 


U(x,  y) «  B  [{0,(0,  y)}T  {A  (0)} 

J  i  q2 


f  .  t  sin0x 

J  {0,(0,  y)}T  {qe»  —  dB 


(Arn.  13) 


where  0's  are  solved  from 


,4  ~_n2  d2  d4  U 


Q  -  2p0"  — +  —  U  (0,  y)  =  0 
3y  dy 


(Ain.  14) 


The  solutions  are 


{0.(0.  y)}T  = 


I  /  (n«n)y6  (o-m)y0  (-n-tn)y9  (-o+m)y0.  , 

le  c  e  e  p  >  t 

{eny9sin(my0)  eDy9cos(my0)  e'ny0sin(my8)  e‘nyflcos(my0)} 


(AIH.  15) 


—  1  <  p  <  1 


i  (e*9  y0  e*9  e’*9  >0  e'*9} ,  p  =  I 


The  stresses  are  derived  form  (AI.l). 
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-  -  B  J  {O,(0,y)}T  (Aj(8)}  cos0x  d9 
o 

M 

-  ByJ{CF,(e,  y)}T  {C,(e)}  sinexde 
o 


^y(x.y)  -  +  BXJ  {aOjO.yVay}1  {A,(0)}  sin9x  d9 
o 

M 

-  ByJ {30,(0,  y)/3y}T  {C,(0)}  cos0x  d9 
o 

The  coefficients  A's  and  C's  are  used  to  satisfy  the  strip  boundary  conditions. 
Fourier  transform  variables,  these  conditions  become 


f  {0,(h)}T  1 

A.  C,‘ 

\  C2 

•  ?  aft) 

• 

f^(h) 

O 

i 

"'H 

2t(h> 

fI22(h) 

{0,(-H)}t 

\  C3 

A.  C, 

S 

f  22, (”H) 

{30,(-H)/3y}T 

A  A 

• 

-f  ,2|C-h>  ?I22(-H> 

where  the  Fourier  transforms  of  the  functions  defined  in  (AM.8-10)  arc 
f  (y)  -  (»n«  c-  »  -  (n-m)  e  (“) »] 

i  1  I"  1  (n»Bi)  ty!9  t  1  ,-(n-ro)|y|8] 

^  222  M  =  'JJJ'  I  n+m  n-m  I 


f22i(y)  =  fmW  = 


Sgn(y)  [*  -  (n+m)  (y|9 
m  L 


c-  (n-m)  brie 


] 


(AID.  16a) 


(AIII.  1 6b) 


Written  in  the 


(AIII.  17) 


(All  1. 18) 


forp  >  l,and 
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Wy)-2 

f22(y)-2 


cos(my8)  -  n 


sin(m  |y|8) 


cos(my8)  +  n 


L,(y)«f,22(y)«-2 


n - 

m 

-J 

_  sin(m  |y|8) 

u 

m 

sin(my8) 

• »! 
c 

•  n|y|9 


■  nlyl® 


(AIII.19) 


m 


for  - 1  <  p  <  1.  The  dependence  on  8  has  not  been  noted  explicitly. 

In  the  integral  equation  formulation  in  Appendix  II,  the  stresses  at  x  induced  by  the 
dislocation  at  x  »  0  are  desired  along  the  line  parallel  to  the  strip  boundaries  with  the  dislocation 
on  it.  They  can  be  written  in  the  form 

2  B 

ff2  Jx)  a  —  +  FaP<x)Bp  (AIII.20) 


where  Fs  arc  to  be  evaluated  numerically  using  the  Fourier  integrals  (AIIL16)  letting  y  »  0. 
However,  for  the  half-plane  problem,  i.e.,  H  -♦  «•,  analytic  expressions  are  obtained  from 
(AlII.ll).  The  results  are 

f  -  *  V  m) '  2D=f>(0v"z]  • «-  P 

V  1  (AIII.20 

Fap  -  (s)  ["V”  +  D«»C'  m> '  2D°I>(0)]  '  “  ’  P 


where 


_  ,  ,  (n  +  m)x  _  .  ,  (n-m)x 
D11(m)  =  -2 - -i-,  D22(rn)  =  --i — -i- 


nr 


nr 


(AIII.22) 


_  .  ,  ~  ,  2(n  +  m)h  2  2  ,  ,2,2 

D,2(m)  =  -  D2,(m)  - - — ,  r  =  x  +  (n+m)Tt 


nr 


forp  >  1,  and 
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_  .  .  x  _  ,  .  x-4mh 
j(m) i  ^^(rn)  *  2 

r 

2h  2  2  2 

D,2(m)  -  -  D2,(m)  -  -±,  r «  (x  +  2mh)  +  (2nhf 

r 


(AIII.23) 


for -1  <  p  <  1. 
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Table  I  values  of  X  and  p  for  some  materials 


Material 

1  fk 

P 

Al  (FCC) 

1 

0.74 

Cu  (FCC) 

1 

0.03 

Fc  (BCC) 

1 

0.20 

Pb  (FCC) 

1 

0.33 

Ash 

10.5 

1.67 

Balsa 

21.0 

2.13 

Oak 

2.7 

1.16 

Pine 

14.8 

1.10 

Graphite/Epoxy 

9.5 

3.34 

GY70/Epoxy 

42.0 

3.36 

Boron/Epoxy 

14.3 

4.91 

Graphitc/Al 

5.0 

1.12 

Table  II  ooCn.p)  (in  degrees) 


-j 

0 

1 

2 

3 

4 

n 

51.0 

51.7 

52.1 

52.2 

52.2 

52.3 

19 

50.4 

50.4 

50.9 

51.1 

51.1 

51.7 

1 1 

49.1 

49.1 

49.1 

49.1 

49.1 

49.1 

Qh/2 


Fig.  2  Transverse  splitting  from  notches. 
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ABSTRACT 

Solutions  to  singularities  such  as  point  force,  point  moment,  edge  dislocation  and 
transformation  strain  spot  embedded  in  bonded  elastic  blocks  of  dissimilar  materials  are  found 
to  relate  to  the  solutions  to  the  same  singularities  in  an  infinite  homogeneous  plane  by  a 
formula  independent  of  the  nature  of  the  singularities.  This  universal  result  is  then  used  to 
analyze  the  interactions  between  singularities  and  interface  cracks.  The  complete  solutions  and 
stress  intensity  factors  are  presented  for  two  important  interface  crack  configurations. 

1 .  Introduction 

Recent  interest  in  micromechanics  calls  for  the  analyses  of  the  elastic  fields  for  point- 
wise  singularities,  such  as  point  force,  point  moment,  edge  dislocation  and  circular 
transformation  strain  spot,  interacting  with  interfaces  and  cracks.  For  example, 
crack/dislocation  interaction  plays  an  important  role  in  understanding  the  brittle  versus  ductile 
response  of  crystals  [1,2);  enhanced  toughness  in  ZiOj-particle-cnriched  ceramics  has  been 
modeled  successfully  in  recent  years  [3-7],  where  an  analysis  of  the  transformation  strain  spot 
interacting  with  cracks  is  usually  the  first  step;  embrittlement/ductilization  of  polycxystals  by 
impurity  segregation  such  as  P  in  Fe  and  B-doped  NijAl  alloy  have  received  much  attention 
recently  (e.g.,  see  [8]),  mechanistic  modelling  of  which  has  been  attempted  by  considering 
crack  tip  (anti-)shielding  by  impurities  (essentially  dilatation  spots)  [9,10].  Along  with  the 
intrinsic  physical  significance  of  these  interaction  solutions,  they  are  frequently  used  as  kernel 
functions  of  integral  equations.  A  well-known  approach  to  simulate  cracks  by  arrays  of 
dislocations  was  outlined  in  the  article  by  Rice  [11],  and  explored  extensively  by  Edogan  and 
his  group  (e.g.  [12]).  Recent  applications  are  found  to  model  phenomena  such  as  crack 
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kinking  (13-15],  edge  spalling  (16],  composite  delamination  (17-20],  and  to  analyze  some 
interface  fracture  specimens  (20, 21].  As  suggested  by  the  success  of  a  method  of  analyzing 
homogeneous  cracks  (22],  use  of  point  force  solutions  in  a  cracked  bimaterial  system  as  the 
fundamental  solutions,  in  conjunction  with  a  procedure  to  extract  mixed  mode  stress  intensity 
factors  from  path  independent  integrals  (23],  may  lead  to  an  efficient  Boundary  Element 
algorithm  for  interface  crack  analyses. 

Apparently  there  are  many  applications  foi  this  class  of  solutions,  which  may  partially 
justify  a  unified  presentation  for  such  classical-looking  problems.  Another  fact  is  that  most  of 
the  work  cited  above  is  confined  to  cracks  in  homogeneous  materials,  and  consequently,  most 
singularity/crack  interaction  solutions  scattered  in  the  literature  are  for  homogeneous  materials. 
As  a  matter  of  fact,  this  note  results  from  the  investigation  of  the  author,  and  the  research 
group  to  which  he  belongs,  on  the  mechanics  of  thin  film  and  interface  fracture  (14-21]. 
Attention  here  will  be  focussed  on  the  construction  of  the  basic  solutions.  Guidelines  for 
sophisticated  applications  may  be  found  in  the  above  mentioned  pa  pen. 

The  plane  elasticity  problem  analyzed  is  depicted  in  Fig.  1.  A  singularity  interacting 
with  the  bimaterial  interface  is  considered  first  (Fig.  la).  Without  loss  of  generality, 
singularities  arc  only  embedded  in  material  2.  The  solution  is  built  on  the  complex  potentials 
for  the  same  singularity  in  an  infinite  homogeneous  plane.  As  illustrated  in  Fig.  1,  the 
interaction  between  singularities  and  interfacial  cracks  is  analyzed  by  superposition.  To  make 
the  scheme  possible,  one  needs  the  solution  to  the  problem  specified  in  Fig.  lb,  with 
interfacial  cracks  loaded  by  traction  on  the  crack  faces.  This  latter  problem  has  been  solved  by 
several  authors  in  the  1960's  (24-26],  and  will  be  adapted  here  by  using  the  two  Dundurs' 
parameters  defined  below. 

The  nondimensional  elastic  moduli  dependence  of  a  bimaterial  system,  with  simply 
connected  domain  and  traction  prescribed  on  its  boundary,  may  be  expressed  in  terms  of  two 
Dundurs' parameters  [27] 
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r(«c  +i)-(k  +i)  r(K  —  i) — (>c  —  i) 

a= - 1 - 1 - ,  B= — 2 - 1 -  (1) 

roca+i)+Oc,  +  o  H  roc2+i)+(Kt  +  i) 

Subscripts  1  and  2  refer  to  the  two  materials,  k  =  3  -  4v  for  plane  strain  and  (3-v)/(l+v)  for 
plane  stress,  r  =  Hj/Hj,  v  is  Poisson's  ratio  and  p.  is  shear  modulus.  The  physically 
admissible  values  of  a  and  (J  are  restricted  to  a  parallelogram  enclosed  by  a  =  dt  1  and  a  -  40 
=±  1  in  the  a,  (3-plane.  The  two  parameters  measure  the  elastic  dissimilarity  of  two  materials 
in  the  sense  that  both  vanish  when  the  dissimilarity  does.  Two  other  bimaterial  parameters,  I, 
the  stiffness  ratio,  and  e,  the  oscillatory  index,  are  related  to  a  and  p,  respectively,  by 

£=fl«JL±£L  ,  £  =  -l-h-L^-  (2) 

ct  1-a  2n  1+p 

where  c  »  (k  +  l)/jt  is  a  measure  of  the  compliance  of  a  material  and  will  appear  again.  Thus 
a  can  be  readily  interpreted  as  a  measure  of  the  dissimilarity  in  stiffness  of  the  two  materials. 
Material  1  is  suffer  than  2  as  a  >  0  and  material  1  is  relatively  compliant  as  a  <  0.  The 
parameter  e,  thus  P,  as  has  been  discussed  extensively  in  the  literature  on  interfacial  fracture 
mechanics,  is  responsible  for  various  pathological  behaviors  at  an  interfacial  crack  tip  (e.g.(28- 
30]).  However,  e  is  typically  very  small.  Indeed,  since  |  p  |  5 .5,  from  (2)  one  finds  |  E  |  £ 
ln(3)/2rt  »  0.175.  Various  proposals  for  handling  or  ignoring  the  e-effccts  have  been 
considered  (21,28).  In  this  paper  no  special  consideration  is  given  to  such  effects  as  crack 
face  contact  due  to  non-zero  e  (29,30]  in  deriving  the  results  for  the  crack/singularity 
interaction. 

2.  Complex  Potentials 

Stresses  and  displacements  for  a  homogeneous  body  under  plane  deformation  can  be 
represented  by  two  standard  Muskhclishvili  complex  potentials  $(z)  and  y(z)  (31).  However,  . 
another  pair  of  commonly  used  potentials,  O(z)  and  Q(z),  defined  as 

0(z)  =  $’(z),  n(z)  =  [z$'(z)  +  y(z;  ]' 


(3) 
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prove  to  be  more  convenient  for  our  purpose.  Stress  and  displacement  components  are  then 
derived  from 

0,,+Oyy  "2  (<&{*)+  ‘I’Wl 

-  -  (4) 

an  +  *  aiy  ■  +  +  (z  - z)  ***'(z) 

-  2ip  ^  (uy  +  i  \it )  -  k  <5(2)  -  fl(z)  -  (z  -  z  JO'(z) 

One  can  confirm  a  useful  coordinate  translation  rule  (see  Fig.  2).  Suppose  that  <X>#(z«) 
and  £U(z*)  are  the  potentials  in  the  coordinate  system  z*  ■  x*  +  i  y*,  while  O(z)  and  fl(z)  are 
the  potentials  for  the  same  problem  in  the  coordinate  system  z  «  x  +  i  y,  where  z*  ■  z  -  s,  then 

C>(z)  =  <I><(z-s) ,  n(z) = n  (z  -  s)  +  (s  -  s )  $/(z  -  s)  (5) 


Potentials  for  singularities  in  an  infinite  homogeneous  plane  are  the  building  blocks  of 
this  paper.  Listed  below  are  some  frequently  used  examples. 

An  edge  dislocation  at:  *  s 


<s(z)=B(r~)  .  + 

0  Z*S  0  (z-s)2  z-s 

li 

B  = 


ni  (1  +  k  ) 


(b^  +  ibJ 


(6) 


where  bx  and  by  are  x  and  y  components  of  the  dislocation. 
A  point  force  at  z  *  s 


s-s 


now=-Q[;.sf 


•l+KQt— 1 — 1 


Q=— (P.+iP.) 

2n(ic+l)  1  y 


(7) 


where  Pxand  Py  are  force  components  in  x  and  y  directions. 
A  point  moment  Matz  =  s 


(8; 


®0(z)=o, 

2m  (z  -  si) 

A  Circular  Transformation  Strain  Spot 
Let  a.  circular  region  of  radius  R  and  center  z  «  s  in  an  infinite  homogeneous  plane 
undergo  a  uniform  transformation  straining  e^.  Continuity  of  tractions  and  displacements 
across  the  circular  boundary  is  maintained.  This  is  a  2D  version  of  the  Eshclby  problem, 
which  is  included  in  an  unpublished  report  by  Hutchinson  (32).  The  potentials  for  the  clastic 
field  outside  the  circular  spot,  |  z  -  s  |  >  R,  are 

%(z) »  -  AR2  [  — I-- ) 

<z-s) 

n(z).-(A  +  4B)RJ(-i-  )-3AR4(~i-)+2AR2(-^i-)  < 

(z-s)2  (z-s)4  (z-s)3 


e  +e 

A« — U — (e  -e  +2iE  ),  Bs- “ — (  — - ^  ) 

i  +  K  **  **  i  +  K  2 


Singularities  Interacting  with  a  Bimaterial  Interface 

Now  the  problem  in  Fig.  la  is  considered.  Let  the  potentials  for  the  two  blocks  be 

® '(z)  +  <D  (z),  z in  #1  f fl'(z)  +  Q  (z),  z In  XI 

®(z)  =  {  ,  f2(z)  =  <  , 

®2(z)  +  ®0(z),  z  in  #2  yfl2(z)  +  aQ(z),  z  in  #2 


where  ®0(z)  and  Qq(z)  signify  the  potentials  for  a  singularity  in  an  infinite  homogeneous  plane 
of  material  2,  which  could  be  one  of  those  listed  in  Section  2.  Obviously  ®o(z)<  ^o(z)»  ^'(z) 
and  Ol(z)  are  analytic  for  z  above  the  x  axis,  while  <t>2(z)  and  02(z)  are  analytic  for  z  below 
the  x  axis.  The  task  below  is  to  relate  ®l(z),  fl'(z),  ®2(z)  and  fl2(z)  to  ®0(z)  and  The 
continuity  of  (Xyy  +  i  (Jxy  across  the  interface  requires 

®,(x)  +  Q1(x)=®2(x)  +  Q2(x)  (1 


-6- 


so  that  the  singularity  solutions  in  bonded  half  planes  of  dissimilar  materials  can  be  constructed 
using  the  corresponding  singularity  solutions  in  an  infinite  homogeneous  plane  by  eqn.  (16). 
This  relation  is  universal  in  the  sense  that  it  is  completely  independent  of  the  physical  nature  of 
the  singularities. 

Singularities  in  a  half  space  interacting  with  the  traction-free  surface  can  be  treated  as  a 
special  case  by  letting  a  =  -  l,or  A  =  n  =  - 1.  Specializing(l6)tothiscaseoneobtains 

C<z)  =  0Q(z)  -  IT0(z)(  fl(z)  =  fl0(z)  -  $0(z) 


(16a) 
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Continuaiion  arguments  have  been  applied  to  the  3D  version  of  the  same  problem  in 
(33,34),  where  the  Kelvin  solution  was  used  to  construct  the  point  force  solutions  in  a  half- 
space  and  more  generally,  in  two  bonded  half-spaces  of  dissimilar  materials. 

4 .  Interfacial  Cracks 

The  singular  stress  field  of  an  interfacial  crack  tip  shows  »  r‘w*lc  type  singularity 
(35).  Accordingly,  the  complex  stress  intensity  factor,  K  ■  Kj  +  iK2,  is  defined  (17)  such 
that  the  traction  in  the  interface  a  distance  r  ahead  of  the  crack  tip  is 

0  +io  =  -£=ik  (17) 

”  *»  fto 

and  the  relative  crack  face  displacements  a  distance  r  behind  the  aack  lip  are  given  by 

cJ±h - K^rr1  08) 

+  2  i  t)  cosh  (nt) 

thereby  the  energy  release  rate  is  (36) 

G,  C|  +  C*— jKf  (19) 

16  cosh  TIE 

To  make  the  superposition  scheme  in  Fig.  1  possible,  one  needs  the  complete  solution 
for  the  problem  in  Fig.  lb.  Suppose  the  cracks  considered  lie  on  the  interface  of  two 
dissimilar  material  blocks.  It  suffices  to  consider  only  the  case  of  traction  prescribed  on  the 
crack  faces,  for  other  methods  of  loading  may  be  reduced  to  this  case  by  superposition.  This 
problem  was  solved  in  (24-26).  Outlined  below  is  the  solution  in  the  present  notation.  The 
derivation  is  simplified  to  some  extent  by  the  use  of  the  Dundurs'  parameters. 

Let  the  potentials  for  the  two  half-planes  in  Fig.  lb  be  written  as 


6  "t"  i5  —  i — ■ 

»  1 
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C^z),  zhm  f2*(z),  zinll 

0(z)  =  .  0(z)  =  {  . 

Ofc(z),  zia#2  \flk(z),  ziol2 


where  the  supersript  "a"  indicates  that  the  potential  is  for  the  material  above,  while  "b"  is  for 
the  material  below.  The  continuity  of  +  i  aiy  across  the  interface  requires 

®*(z) «  £2k(z) ,  zin#2 

-  (21 
<t>k(z) «  n‘(z) ,  zinll 

With  (21)  one  can  show  that  the  derivative  of  displacement  jumps  across  the  interface,  or  the 
components  of  the  Burgers  vector,  can  be  written  as 


■  ( 5y  +  i  5x)  -  ^-p-[(l  -  P)ftfc(x)  -  (1  +  m\*)] 


Consequently,  due  to  the  continuity  of  the  displacement  across  the  bonded  portion  of  the 
interface,  one  can  define  a  function  f(z)  which  is  analytic  in  the  whole  plane  except  on  the 


crack  lines,  such  that 


rf(z)*(l-p)f(z),  ziflKl 
nb(z)  -  (1  +  P)f(z),  zin  #2 


In  terms  of  f(z),  the  Burgers  vector  (22)  can  be  written  as 


-2 i  (5y  +  i  Sx)  *  (1  -  P2)  [f(x) -  *)] 


and  the  traction  on  the  interface  is  given  by 


+  i  axy  -  (1  +  P)  f  (x)  +  (1  -  P)  f+(x) 


The  prescribed  traction  on  the  cracks  thus  leads  to  the  following  Hilbert  problem 
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(1  +  P)f  (x)  +  (1  -  P)f* (x) «  o^(x)  +  i  aiy(x),  on  crack  lines  (26) 

Suppose  there  are  n  finite  cracks  in  the  intervals  (aj,  bj)  and  two  semi-infinite  cracks  in 
the  intervals  (-•*,  bo)  and  (ao,  +••),  respectively,  on  the  x  axis.  Following  the  methods  of 
Muskhclishvili  [31),  a  homogeneous  solution  of  eqn.(26)  (i.e.,  a  solution  of  f(z)  when  setting 
the  right  hand  side  of  eqn.(26)  to  be  zero)  can  be  written  as 

Xto-n^-a/1'2  (27) 

j-0 


where  the  branch  cuts  are  chosen  along  the  crack  lines  so  that  the  product  for  each  finite  crack 
behaves  as  1/z  for  large  z.  The  solution  to  (26)  is 


m 


j_xw  rV*> +»%(*> 

1  - P  2rti  x*(x)(x.z) 


dx  +  y(z)P(z) 


(28) 


where  the  integral  should  be  taken  over  the  union  of  the  cracks,  and  P(z)  is  a  polynomial 
which  should  be  chosen  so  that  f(z)  is  bounded  at  infinity  and  the  net  Burgers  vector  for  each 
of  the  n  finite  cracks  is  zero.  From  (24)  this  latter  statement  leads  to  n  equations 

bi 

|  [f (x)  -  f*(x)]dx  a  0,  j  a  1, 2 . n  (29) 

*1 

Thus  f(z)  can  be  determined  and  also  the  potentials  ®(z)  and  £2(z)  by  (20),  (21)  and  (23). 
Once  f(z)  is  obtained,  the  complex  stress  intensity  factor  defined  in  (17)  can  be  extracted  from 
(25).  Noticing  that  f*(x) «  f*(x)  «  f(x)  on  the  bonded  portion  of  the  interface,  one  obtains 

K-^2n  lan  2(x-a),/2'U  f(x)  (30) 

X-*4 


if  the  crack  tip  is  at  x  =  a,  running  in  the  direction  of  positive  x-axis. 
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Two  configurations  depicted  in  Fig.  3  are  of  particular  importance  in  the  application. 
The  cracks  are  loaded  by  equal  but  opposite  tractions  +  i  axy  ■  -  T(x)  on  the  crack  faces. 
One  can  verify  for  the  semi-infinite  crack 

X(t)-z,/24it,  PU)*0  (31) 

Thus  f(z)  can  be  determined  from  (28).  And  the  complex  stress  intensity  factor  is  given  by 

o 

K.. /iccrfmcf'  ,3  -  dt  (32) 

V*  _lc-.)lo-k 

In  the  case  of  a  finite  crack  of  length  2a  the  corresponding  •'csults  are 

X(c)  *  (z  -  a)’1/1 4  iC(z  +  a)',a " U,  P(z)«0  (33) 

and  the  stress  intensity  factor  at  the  right-hand  side  tip  is 

r—  +  * 

K  -  -  coshw  (2a)' W  * te  f  ( — )W  * fc  T(t)  dt  (34) 

V  K  {  a*1 

A  short  list  of  stress  intensity  factors  for  some  special  loading  eases  can  be  found  in 

(23). 


5.  Singularities  Interacting  vrith  Interfacial  Cracks 

Now  the  interaction  problem  illustrated  in  Fig.  lc  can  be  readily  solved  by  the 
superposition  of  the  solutions  obtained  in  the  last  two  sections.  This  scheme  was  used  in  (2) 
to  construct  the  interaction  solution  of  dislocation  and  a  crack  in  a  homogeneous  body. 

The  potentials  for  a  singularity  at  z  =  s  in  an  infinite  homogeneous  plane  can  be  written 
in  general  as 


B 


M  a  M 

-w-X-V  vi-I ,  . 

»■!  (z*s)  (Z‘S) 


(35) 
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wherc  the  coefficients  Am  and  Bn  may  depend  on  s  and  the  nature  of  the  singularity.  Several 
examples  are  given  in  Section  2.  Suppose  the  potentials  (35)  are  known,  the  potentials  for  the 
same  singularity  embedded  in  one  of  two  bonded  blocks  as  in  Fig.  la  are  readily  constructed 
by  (16).  In  particular,  the  stresses  along  the  interface  in  Fig.  la  are 

<Jyy(x)  +  i  axy(x) «  (1  +  A)  3>0(x)  +  (1  +  n)  fij/x)  (36) 


The  negative  of  these  stresses  are  applied  to  the  faces  of  the  crack  in  Fig.  lb.  It  follows  from 
(28)  that 


1  y(z)  f  (I  +  A)$0(x)  +  (U  n)Q0(x) 
X+W(x-i) 


(37) 


Here  we  have  set  P(z)  =  0.  One  has  to  specify  the  crack  configuration  in  order  to  evaluate  the 
integral 


,  f(i+A)50(x)  +  (i+n)n0(x) 


2niJ 


X+to  (x-z) 


dx 


(38) 


where  the  integral  should  be  taken  on  the  crack  lines.  Only  the  two  configurations  depicted  in 
Fig.  3  will  be  analyzed  below.  Consider  the  following  contour  integral 


1  r(UA^)  +  (Un)Q0© 
l-—,* - dq 

^ 7  x(5)6-z) 


(39) 


with  the  contours  specified  in  Fig.  4.  It  is  easy  to  confirm 

J  =  J  +  —  l  (40) 

-  1-j) 

where  J„  is  the  same  integral  as  (39)  integrated  over  a  circle  |  z  |  *  R  as  R->  •».  It  can  be 
shown  that 


Jw=(l+A)Al+(l+n)B( 


(41) 
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for  the  finite  crack  and  J„  ■  0  for  the  semi-infinite  crack.  On  the  other  hand  J  can  be  evaluated 
by  its  residues 

J  „  _L  [<HA)$0(z)  +  (l+n^z)]  +  ^[(1+A)AbFb.1(Z,  s )  +  (l+n)BBFB.t(z,s)]  (42) 

n-I 


where 


(43) 


Consequently,  one  obtains 

Ki) « .  i[d+A)50(z) ,  (i+n)n0(i>]  (44) 

.  X[(HA)A.F^,(»)  ♦  (UHB/JI.,)] 

o-t 

for  :hc  semi-infinite  crack  &  ' 

'*  '  -  j  +  (l+njBj  J 

.i[(l’.:'f4(z)  +  (ltrDO0(2)] 

-22  y[(l-A)A„F..|<“)  +  (l*r»Bn,F».,(«)] 

1  0-1 

• 

for  the  finite  crack.  Therefore  the  potentials  for  the  problem  in  Fig.  lb  can  be  obtained  from 
(20),  (21)  and  (23)  with  f(z)  given  in  (44)  and  (45).  The  potentials  for  the  interaction  problem 
in  Fig.  lc  are  thus  the  superposition  of  (16)  and  those  for  Fig.  lb. 

Since  no  stress  intensity  is  present  in  the  structure  in  Fig.  la,  one  can  deduce  the  stress 
intensity  factors  from  (44)  and  (45).  The  results  are 


-13- 


K- -Jn  ^[O+AJA^^O.S)  +  0+n)BBFw>l(0,  s)] 


F.(0,$)« 


(46) 


for  the  semi-infinite  crack  and 


K  .  +  1/l;(2a)''n'i‘jW)Ai  +  (I+n)B,] 


,<M>] 

m-1 


(47) 


for  the  finite  crack. 

The  stress  intensity  factors  induced  by  point  forces,  dislocations  and  transformation 
strains  for  some  3D  crack  configurations  in  a  homogeneous  body  are  found  in  [37,38). 

6 .  Summary 

Complete  solutions  to  three  problems  for  bimaterial  systems  specified  in  Fig.  1  can  be 
found  in  this  paper.  Singularities  of  an  arbitrary  physical  nature  are  treated  within  the  same 
framework.  In  particular,  a  universal  relation  is  found  between  the  potentials  for  singularities 
in  an  infinite  homogeneous  plane  and  in  bonded  blocks  of  dissimilar  materials  (eqn.  (16) 
above).  Stress  intensity  factors  are  identified  for  the  two  crack  configurations  for  both  face- 
loaded  problem  (see  Fig.  lb  and  eqns.(32,34))  and  the  interaction  problem  (see  Fig.  lc  and 
eqns.(46,47)).  It  is  believed  that  the  present  work  will  be  helpful  for  those  who  arc  interested 
in  micromechanics  modelling  as  illustrated  in  the  Introduction.  Parallel  results  for  cracks  on 
the  interface  between  dissimilar  anisotropic  bodies  will  be  reported  in  the  sequel  of  this  paper. 
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Fig.  1  Superposition  scheme,  a)  a  singularity  embedded  in  one  of  two  well  bonded  blocks, 
b)  interface  crack  with  traction  prescribed  on  the  faces,  c)  interaction  between  a  singularity 
with  a  traction-frcc  crack. 


Fig.  2  A  coordinate  translation. 
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ABSTRACT 


The  effects  of  reinforcement  debonding  and  work  hardening  on  ductile 
reinforcement  toughening  of  “y-TiAl  have  been  examined.  Debonding  has  been 
varied  by  either  the  development  of  a  brittle  reaction  product  layer  or  by  depositing 
a  thin  oxide  coating  between  the  reinforcement  and  matrix.  The  role  of  work 
hardening  has  been  explored  by  comparing  an  Nb  reinforcement  that  exhibits  high 
work  hardening  with  a  solution  hardened  Ti-Nb  alloy  that  exhibits  negligible  work 
hardening.  It  is  demonstrated  that  a  high  work  of  rupture  is  encouraged  by 
extensive  debonding  when  the  reinforcement  exhibits  high  work  hardening. 
Conversely,  debonding  is  not  beneficial  when  the  reinforcement  exhibits  minimal 
work  hardening. 
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1.  INTRODUCTION 


Substantial  toughening  of  intermetallics  and  ceramics  by  ductile 
reinforcements  has  been  established.1-5  It  has  also  been  demonstrated  that  the 
toughening  due  to  bridging,  A Gc,  has  a  steady-state  magnitude  given  by5*7; 

A&  =  <r0fR  X  0) 

where  cr0  is  the  uniaxial  yield  strength,  f  is  the  area  fraction  of  reinforcements,  2R  is 
the  reinforcement  thickness  and  £  is  a  work  of  rupture  parameter  that  can  vary 
between  -  1/2  and  ~6,  depending  upon  the  extent  of  interface  debonding  and  the 
reinforcement  constitutive  behavior.1-3*8  Furthermore,  the  magnitude  of  %  is 
reflected  in  the  non-dimensional  stress-stretch  relationship 

a 

X  ~  J(a/a0)da 

o  (2) 

where,  CX  =  u/R,  with  u  being  the  crack  opening  displacement  and  a*  is  the  value 
of  a  at  the  rupture  displacement,  u\  The  principal  intent  of  the  present  study  is  to 
examine  the  specific,  yet  coupled,  effects  of  debonding  and  work  hardening  on 
including  the  role  of  the  interface/coating  properties. 

The  systems  selected  for  investigation  consist  of  •y-TiAl  reinforced  with  Nb 
and  Ti-Nb  alloys.  These  systems  have  been  demonstrated  to  exhibit  appreciable 
toughening  in  composite  form  4*9.10  and  also  are  susceptible  to  interface  debonding 
when  a  brittle  reaction  product  (e.g.,  cr  phase)  forms  between  the  reinforcement  and 
the  matrix.3  Furthermore,  extremes  of  work  hardening  behavior,  as  well  as  a 
substantial  range  of  flow  strength,  are  accessible  in  this  system.3 
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Tests  that  reflect  toughening  characteristics  may  be  conducted  using  either 
composite  cylinders2*3  (Fig.  la)  or  laminates10  (Fig.  lb).  Test  specimens  arc  more 
readily  produced  for  the  latter  geometry,  by  direct  diffusion  bonding.  Furthermore, 
this  geometry  is  typical  of  that  used  for  ductile  phase  reinforced  intem.etallics.4 
Consequently,  a  test  procedure  based  on  a  plane  strain  laminate  geometry  (Fig.  lb)  is 
devised  and  used  to  evaluate  the  toughening  potential,  based  on  Eqn.  (2). 

The  degree  of  debonding  can  be  independently  varied  by  introducing  a  non- 
reactivc  coating  between  the  matrix  and  the  reinforcement.  For  this  purpose,  the 
potential  for  thin  oxide  coatings  is  given  explicit  consideration,  with  the  extent  of 
debonding  assessed  in  terms  of  the  fracture  properties  of  the  oxide  material. 


2.  MATERIALS 

Matrix  plates  (1.5  mm  thickness)  of  TiAl  (Ti-505  at%Al)  have  been  prepared 
from  I-flPed  and  forged  billets  by  electro-discharge  machining  (EDM),  followed  by  a 
homogenization  heat  treatment  at  1000  °C  for  20  hrs.  The  resultant  microstructure 
consists  of  predominantly  equiaxed  grains  of  ^TiAl  (grain  size  100  fwt)  with  small 
amounts  of  a2  in  a  ( CC2  +  )$-lath  structure.  Thin  reinforcement  plates  (from  0.12  to 
0.17  mm  thickness)  of  either  pure  Nb  or  Ti-33  at%Nb  produced  by  hot  rolling  have 
been  annealed  in  vacuum  at  1066°C  for  4  h.  This  material  consists  of  single  phase  P 
with  equiaxed  grains. 

Some  of  the  reinforcement  plates  are  coated  on  both  sides  with  ~2  fim  of 
either  AI2O3  or  Y2O3.  Coadngs  are  deposited  by  radio-frequency  reactive  sputtering 
of  99.9%  pure  aluminum  or  yttrium  metal  targets  using  a  50%-50%  mixture  of 
research  grade  argon  and  oxygen.  Substrates  are  rotated  at  -1  rpm  during  sputtering 
to  ensure  uniform  coverage,  and  are  not  externally  cooled,  heated  or  biased.  As- 
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deposited  coatings  were  examined  by  SEM  and  found  to  correspond  to  a  zone  1  or 
zone  T  microstructure/  as  determined  by  Thornton.12 

Laminates  suitable  for  testing  (Fig.  lb)  are  produced  by  diffusion  bonding.  To 
achieve  representative  microstructures,  the  TiAl  plates  are  carefully  polished  to 
provide  good  planarity  and  inserted  into  a  bonding  fixture  depicted  in  Fig.  2.  The 
diffusion  bonding  is  carried  in  vacuum  under  a  10  MPa  pressure  at  1066°C  for  times 
varying  between  1  hr.  for  the  Ti-Nb  alloys  to  4  hrs.  for  the  pure  Nb.  In  some  cases, 
split  plates  of  TiAl  are  used  to  facilitate  matrix  precracking,  as  indicated  on  Fig.  2. 


3.  MICROSTRUCTURES 

The  bonded  laminates  have  been  investigated  by  both  scanning  (SEM)  and 
transmission  (TEM)  electron  microscopy  on  sections  normal  to  the  interface. 
Analytical  electron  microscopy  has  indicated  the  following  general  features.  In  the 
absence  of  oxide  coatings,  both  SEM  and  TEM  investigation,  (Fig  3a, b),  showed  that 
the  Nb  reacts  with  the  TiAl  to  form  T2  and  a  intermediate  phases3;  whereas 
Ti-33%Nb  produces  0-2,  and  a  duplex  a.  /p  layer3  (Fig.  3c,d).  Coatings  of  V2O3  are 
found  to  be  essentially  inert  and  also  prevent  the  formation  of  reaction  products 
between  the  reinforcements  and  the  matrix  (Fig.  4a), 

The  AI2O3  coating  was  subject  to  extensive  reaction  with  the  Ti-Nb 
reinforcement  and  fully  reacted  during  diffusion  bonding  to  form  a  complex 
multiphase  reaction  product  zone  (Fig.  4b).  These  specimens  were  not  subjected  to 
mechanical  testing.  Conversely,  little  reaction  occurred  upon  bonding  with  the  Nb 
reinforcement  (Fig.  4b).  The  incidence  of  reactions  in  the  presence  of  AI2O3  is 
consistent  with  previous  studies,  which  have  revealed  that  high  purity  Nb  bonds  to 
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AI2O3  without  reaction  product  formation,13  whereas  Ti  reacts  with  AI0O3  to  form  a 
multiphase  Ti  aluminide  layer.14 


4.  MECHANICAL  CHARACTERISTICS 

4.1  TENSILE  PROPERTIES 

The  mechanical  properties  of  the  laminates  were  evaluated  by 
conducting  uniaxial  tensile  tests,  using  the  geometry  indicated  on  Fig.  lb. 
Symmetric  precracking  of  the  TiAl  outer  layers  prior  to  tensile  testing  was  an 
essential  feature  of  the  experiment.  This  was  most  systematically  achieved  when 
the  split  plate  bonds  were  used,  followed  by  tensile  loading.  Some  tests  were 
conducted  in  a  servohydraulic  machine  with  displacements  monitored  from  an 
axial  extensometer.  Other  tests  were  conducted  in  silu  in  the  scanning  electron 
microscope.  Tests  were  also  conducted  on  the  reinforcements,  without  bonding  to 
the  TiAl.  Tensile  stress/strain  characteristic  obtained  on  the  unbonded  Nb  and  Ti- 
Nb  reinforcements  (Fig.  5a)  confirm  previous  studies3  which  revealed  that 
appreciable  work  hardening  occurs  in  the  Nb,  but  that  Ti-Nb  exhibits  early  unstable 
plastic  flow  due  to  a  low  work  hardening  rate.  It  must  be  pointed  out  that  since  Ti- 
Nb  undergoes  localized  plastic  deformation,  the  nominal  strain  plotted  n  Fig.  5a  is 
dependent  on  the  initial  gauge  length.  Tests  on  laminates  indicate  marked 
differences  in  behavior  between  the  Nb  and  Ti-33  at%Nb  reinforcements  and 
between  specimens  with  and  without  oxide  coatings,  as  summarized  in  Table  I  and 
in  Fig.  5. 

The  presence  of  oxide  coatings  encouraged  extensive  debonding,  which 
initiated  with  minimal  plastic  deformation  of  the  reinforcement  (Fig.  6)  at  stresses 
of  the  order  of  the  uniaxial  yield  strength  G0  .  The  debonding  occurred  primarily 
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between  the  oxide  and  the  reinforcement.  Detailed  investigation  revealed  that  the 
debond  lengths,  d,  for  the  Nb  reinforcements  coated  with  either  V2O3  or  AloC^ 
(Figs.  6b, c)  were  substantially  larger  than  those  for  uncoated  reinforcements.  The 
largest  debonds  occurred  for  Y2O3,  d  -  24R,  while  the  AI2O3  coating  gave, 
d  -  7-10R,  and  the  uncoated  reinforcements  gave,  d  »  5R,  (Fig.  6d).  Furthermore, 
for  oxide  coated  Nb  reinforcements,  the  rupture  stretch,  u*,  is  found  to  be 
proportional  to  the  debond  length,  d  (Fig.  7).  Accordingly,  the  work  of  rupture  %  is 
largest  with  Y2O3  coatings  ( X  m  8)  and  of  intermediate  magnitude  for  Al203  coatings 
( X  "  4),  such  that  X  exhibits  a  linear  dependence  on  either  d/R  (Fig.  8)  or  u*  /R. 

The  behavior  of  the  composite  can  be  most  effectively  understood  by 
comparing  the  above  stress /stretch  characteristics  of  the  laminates  with  the 
correc''-v‘',ing  curves  for  the  unbonded  reinforcements,  configured  such  that  the 
gauge  length  coincides  with  the  final  debond  length  observed  in  the  laminates. 
Then,  the  plastic  stretch,  u,  and  the  nominal  strain,  E,  are  related  by:  u  =*  E  d.  The 
results  are  plotted  on  Fig.  9.  A  comparison  of  the  normalized  stress/nominal  strain 
curves  for  the  Nb  laminates  with  those  for  unbonded  reinforcements,  (Fig.  9) 
indicates  that  the  peak  stresses  oTO8X/CJ0.are  similar,  but  that  this  peak  occurs  at  a 
lower  value  of  the  nominal  strain  for  the  laminates,  whereas  the  nominal  strain  at 
failure  is  similar  for  both  laminated  and  unbonded  reinforcements.  It  is  apparent 
from  the  value  of  Oy/O0  -  1.5,  (Table  I),  that  despite  the  large  amount  of  early 
debonding  there  is  still  a  significant  constraint  effect.  Frictional  sliding  and 
ligament  bridging  along  the  debond  surface,  (Figs.  6b,  c,  d),  could  contribute  to  the 
constraint  and  modify  the  subsequent  work  hardening,  (Fig.  9).  For  the  Ti-Nb 
reinforcements  (Fig.  5c),  somewhat  different  behavior  is  obtained.  Notably,  this 
material  does  not  exhibit  a  stage  of  uniform  plastic  deformation.  Consequently,  the 
displacement  to  failure  in  a  tensile  test  is  dependent  on  the  initial  gauge  length. 
Accordingly,  an  equivalent  measure  of  the  plastic  stretch,  u,  for  unbonded  Ti-Nb, 
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(Fig.  5c),  is  simply  the  difference  between  the  current  and  the  initial  gauge  length. 
Based  on  this  choice,  it  is  evident  (Fig.  5c)  that  the  stress /stretch  behavior  is 
essentially  the  same  for  both  the  coated  Ti-Nb  laminate  and  the  unbonded 
reinforcement. 

In  the  absence  of  oxide  coatings,  the  behavior  has  similar  features  to  that 
noted  in  previous  studies  on  composite  cylinders3  and  on  actual  composites.4*5'10 
Notably,  the  cr  phase  that  forms  with  the  Nb  behaves  as  a  debond  layer  (Fig.  6d),  and 
debonding  extends  primarily  in  the  cr  phase.  Necking  then  initiates  and  rupture 
occurs  at  a  stretch  u  «  2R,  such  that  the  work  of  rupture  is  of  intermediate 
magnitude,  %  «  2.5.  Consequently,  it  is  apparent  that  the  a  phase  is  not  as  effective 
a  debond  medium  as  either  the  V2O3  or  AI2O3  coatings.  The  Ti-33  at%Nb 
reinforcement  does  not  form  a  brittle  reaction  product3.  However,  the  present 
observations  (Fig.  6e)  indicate  that  the  TiAl  matrix  can  crack  parallel  to  the  interface. 
Such  cracks  inhibit  the  development  of  full  constraint  and  apparently  encourage  the 
formation  of  shear  bands  that  lead  to  reinforcement  rupture.  The  work  of  rupture 
X  "  1.5  is  comparable  than  that  apparent  when  the  Y2O3  coating  is  used,  although 
some  constraint  ( a  -  2cr0)  develops  before  the  matrix  cracks  nucleate.  Nevertheless, 
the  complete  avoidance  of  matrix  debonding  might  be  desirable,  since  it  would  lead 
to  high  crack  growth  resistance  while  maintaining  similar  values  of  toughness.10 


4.2  DEBOND  FRACTURE  ENERGIES 

The  fracture  energies  of  some  of  the  interfacial  layers  have  been  measured 
using  the  UCSB  flexural  test15  (Fig.  10).  For  this  test,  sandwich  specimens  are 
notched  in  the  TiAl  layer  on  the  tensile  side  and  loaded  in  three-point  flexure  to 
introduce  a  precrack  along  the  interface.  Subsequently,  the  specimen  is  loaded  in 
four-point  flexure  to  cause  further  crack  extension  along  the  interface.  The  crack 
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extension  load  and  the  specimen  dimensions  may  then  be  used  to  give  the  fracture 
energy  Tj.15  Tests  conducted  on  specimens  with  Y2O3  coatings  gave  Tj  *■  25  Jm“2, 
with  crack  propagation  occurring  primarily  between  the  Y2O3  and  the 
reinforcement.  This  value  is  typical  of  the  fracture  energy  found  for  polycrystallinc 
oxides.  Tests  conducted  on  the  TiAl/Nb  specimens  with  a  a  reaction  product  phase 
gave  H  «  45  Jm~2,  with  crack  growth  occurring  primarily  within  the  a  phase. 


5.  IMPLICATIONS 

5.1  DEBONDING 

Debonding  in  ductile  reinforcement  toughened  intermetallics  is  strongly 
influenced  by  the  fracture  properties  of  the  phases  that  exist  between  the 
reinforcement  and  the  matrix.  Oxide  coatings  that  have  a  small  fracture  energy 
(Pi  *  25  Jm-2  for  Y2O3)  debond  extensively  prior  to  significant  plastic  deformation 
of  the  reinforcement.  Simple  elastic  calculations  would  suggest  steady-state  energy 
release  rates15  and  predict  unlimited  symmetric  debonding  at  a  critical  stress.  In 
practice,  the  debond  is  found  to  arrest.  The  actual  extent  of  debonding  is  thus 
influenced  by  other  factors,  such  as  frictional  sliding  and  bridging  ligaments  along 
the  debond  surface  (Fig.  6  b,  c,  d).  Additionally,  the  somewhat  larger  debond 
resistance  of  the  a-phase  (r  ~  45  Jm-2)  is  apparently  sufficient  to  substantially 
stabilize  the  debonding.  Finally,  it  is  noted  that  matrix  debond  cracking  is  possible 
with  high  strength  Ti-Nb  reinforcements.  This  occurs,  albeit  erratically,  subject  to  a 
fracture  energy4,  f  »  200  Jm-2. 


5.2  TOUGHENING 
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The  present  experiments  provide  a  definite  rationale  for  the  attainment  of  an 
optimum  steady-state  toughness,  as  manifest  in  the  work  of  rupture,  %.  The  largest 
values  of  %  (~  8)  occur  for  reinforcements  that  work  harden  substantially  and  for 
interfaces  that  debond  readily.  The  work  hardening  coefficient  applicable  to  Nb 
(n  =  0.3)  coupled  with  an  interface  fracture  energy  typical  of  that  for  oxides, 
(T { -  25  Jm“2)  satisfies  these  requirements.  Conversely,  a  fracture  energy  applicable 
to  the  <T-phase  reaction  product  (Pj  ~  45  Jm-2)  is  apparently  too  large  to  allow  the 
requisite  debonding.  To  further  relate  %  *°  debonding,  the  behavior  of  the 
reinforcement  over  the  debond  length  is  addressed.  For  fixed  d,  the  engineering 
strain  in  this  region,  £,  is  related  to  u  and  d,  such  that 


£  =u/d  (3a) 

or,  at  rupture, 

E*  =  u*/d  (3b) 

The  engineering  plastic  strain  at  rupture  is  governed  by  the  work  hardening 
coefficient  n,  viz.. 


£*  -  en  - 1  (4) 

Consequently,  for  fixed  d,  u*  and  d  are  expected  to  be  related  by: 

u4 »  d  (e°  - 1)  (5) 


This  result  is  indeed  consistent  with  the  measured  trend,  summarized  in  Fig.  7. 
Based  on  the  same  simplification  that  d  remains  constant,  X  can  also  be  estimated  by 
re-expressing  equation  (1)  as 
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(6) 


X  = 


d 

a0R 


Then,  based  on  a  power  law  hardening  representation  where, 

<J0(et/e0)n 


(7) 


ai  and  are  the  true  stress  and  true  strain.  Assuming  that  the  true  strain  at  failure 
is  £t  “  n,  then  integration  of  equation  (6)  gives; 

x  =[nn*'/e0"(n  +  l)]  (d/R)  (8) 

The  trend  in  X  predicted  by  equation  (8),  plotted  on  Fig.  8,  conforms  quite  well  with 
the  present  experimental  results,  and  rationalizes  the  influence  of  debonding. 

The  behavior  typified  by  the  Ti-Nb  reinforcement  provides  an  important 
contrast.  This  reinforcement  gives  a  desirably  large  work  of  rupture  without 
debonding.  Seemingly,  in  this  case,  when  cracking  of  the  matrix  is  suppressed, 
moderate  constraint  accompanied  by  appreciable  plastic  dissipation  within  shear 
bands  is  possible. 

To  further  comprehend  the  significance  of  the  above  results,  an  important 
duality  in  behavior  is  noted,  based  on  related  research.17  The  work  of  rupture 
provided  by  the  Nb  reinforcements  can  only  be  partially  utilized  to  give  composite 
toughness.  This  limitation  arises  because  of  resistance  curve  and  large  scale  bridging 
issues,  which  become  accentuated  as  the  debond  length  increases.16'17 
Consequently,  strictly  on  the  basis  of  toughness,  the  Ti-Nb  reinforcements,  which  do 
not  debond  and  have  a  high  yield  stress,  are  superior  to  the  coated  Nb 
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reinforcements.  However,  the  full  plastic  dL.-r  tion  allowed  by  debonding  of  the 
reinforcement  can  be  utilized  in  loading  situations  that  sample  the  complete  range 
of  material  resistance,  such  as  Charpy  tests .l7  Therefore,  when  the  criterion  used  for 
material  selection  is  based  on  the  Charpy  energy,  oxide  debond  coatings,  and 
reinforcements  with  high  work  hardening  are  preferred.  The  duality  in  behavior 
associated  with  debonding  suggests  that,  in  some  cases,  when  both  high  Charpy 
energy  and  high  toughness  are  needed,  a  dual  reinforcement  scheme  may  be 
required:  one  reinforcement  debonds  and  contributes  to  the  Charpy  energy,  whereas 
the  other  bonds  well  and  has  the  strength  needed  to  provide  a  large  toughness. 

6.  CONCLUDING  REMARKS 

The  present  set  of  experiments  clarify  the  influence  of  debonding  on  the  work 
of  rupture,  %  •  °f  intermetallics  toughness  with  highly  ductile  reinforcements,  such 
as  Nb.  In  particular,  for  such  reinforcements,  it  has  been  established  that  %  exhibits 
a  linear  dependence  on  the  debond  length,  d.  It  is  also  apparent  that  inert  oxide 
coatings  emplaced  between  the  reinforcement  and  the  matrix  have  a  sufficiently  low 
fracture  energy  that  extensive  debonding  is  induced,  leading  to  enhanced  values  of 
X  •  However,  it  remains  to  explicitly  relate  the  debond  length  to  the  specific  fracture 
energy  of  the  coatings.  Furthermore,  it  has  been  demonstrated  that  debonding  is 
undesirable  when  the  reinforcements  have  limited  intrinsic  ductility,  caused  by  an 
absence  of  work  hardening,  as  exemplified  by  Ti-Nb  reinforcements. 
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TABLE  I 


Summary  of  Parameters  Obtained  from  Composite  Laminate  Tests 


REINFORCEMENT 

(1) 

(Jyl  (Jo 

u*/  R 

d/R 

X 

Nb 

-1.4 

-2 

-5 

-25 

Nb 

Y2O3  coating 

-1.7 

-6 

-24 

-8 

Nb 

AI2O3  coating 

-1.7 

-3 

-7  to  10 

-4 

Ti/Nb 

-2 

-1.4 

cracking  length 
-1.5R 

-1.5 

Ti/Nb 

Y2O3  coating 

1 

-2 

-25 

-1.4 

(1)  Oy  is  the  reinforcement  yield  stress. 
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FIGURE  CAPTIONS 


Fig.  1.  a)  Schematic  of  a  composite  cylinder  test  specimen 

b)  Schematic  of  a  composite  laminate  test  specimen 

Fig.  2.  The  split  plate  geometry  used  for  a  convenient  precrack  specimen  by 
diffusion  bonding 

Fig.  3.  A  summary  cf  reactions  that  occurred  upon  diffusion  bonding 

a)  The  Nb/TiAl  interfaces  showing  an  SEM  micrograph  of  the  a  phase 
and  T2  reaction  layer  and  the  associated  phase  diagram18  with  the 
reaction  paths  indicated 

b)  TEM  micrograph  of  T2  and  a  phase  reaction  product  layers  shown  in  (a) 

c)  The  TiNb/TiAl  interface  showing  an  SEM  micrograph  of  the  Ok  and  Ok 
&  P  matrix  product  layers,  and  the  associated  phase  diagram18 

d)  TEM  micrograph  of  the  CC2  and  Ok  &  /3  layer  for  (c) 

Fig.  4.  a)  Optical  micrograph  of  V2O3  coating  between  TiAl  and  both  Nb  and 
TiNb  after  diffusion  bonding  showing  the  absence  of  reaction  products 
b)  Micrograph  of  AI2O3  coatings  between  TiAl  and  both  Nb  and  TiNb 
after  diffusion  bonding 

Fig.  5.  a)  Tensile  stress/strain  curve  for  the  unbonded  reinforcement.  The 

specimen  gauge  length  was  10mm.  Tensile  stress/stretch  curves  for 

produced  laminates  b)  Nb  c)  TiNb.  The  letters  refer  to  the  points  on 

the  curve  that  correspond  with  the  in  situ  SEM  pictures  shown  in 
Fig.  6 

Fig.  6.  In  situ  SEM  views  of  the  laminate  specimens  used  to  generate  the 
stress/stretch  curves  shown  in  Fig.  5:  a)  TiNb  with  V2O3  coating;  b)  Nb 
coated  with  Y2O3;  c)  Nb  coated  with  AI2O3;  d)  uncoated  Nb:  note  bridging 
ligament  along  the  debond  with  <7  phase;  e)  uncoated  TiNb 

Fig.  7  Trend  in  the  critical  plastic  stretch  u*/R  with  debonded  length  d/R  for  Nb 
reinforcements.  The  line  is  the  prediction  from  equation  (5) 


8  Trend  in  the  work  of  rupture  x  with  the  debond  length,  d/R,  for  Nb 
reinforcements.  The  line  is  the  prediction  from  equation  (8) 

9.  A  comparison  of  the  normalized  strcss/nominai  strain  curves  for  bonded 
Nb  laminates  and  unbonded  Nb  reinforcements 


TO  A  schematic  of  the  test  specimen  used  to  measure  the  interface  fracture 
energy 
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FLOW  CHARACTERISTICS  OF  HIGHLY 
CONSTRAINED  METAL  WIRES 

M.  F.  ASH1Y,  F.  J.  BLUNT  and  M.  BANNISTER 
University  Engineering  Department,  ffumptfigton  Street.  Cambndge  CBJ  IPZ,  England 

K  .Wxmtxr  1911) 

AWctki— Brmle  wWi  tin  be  toughened  by  meerperating  ductile  incluoens  into  them  The  inwluiiom, 
bfwJre  the  c«k  and  art  jtcicheJ  at  the  crack  opens,  absorbing  energy  **hi<h  contribute*  tit  the  toughness 
To  calculate  the  contribution  to  the  toughnett  It  it  necessary  to  Vno*  the  Mm*  ,i„i.  iV-r 

an  inclusion.  contiraineii  tat  it  it)  by  the  tuff,  brittle  main*  McavurcJ  u*r*c  dt'placcrocni  vine*  t..r 
highly  constrained  metal  wires  arc  described  and  related  to  the  unconstrained  pt.<>  titue  >*t  the  wire  t\ 
constraint  **at  achieved  by  bending  the  wire  into  a  thick  <al!cd  glavv  capillar*.  **‘Mih  **a«  then  oactcd 
In  a  plane  normal  to  the  atit  of  the  core  and  letted  m  Icr.'ion  Contiraint  factor*  at  Inch  a*  r>  were  lound 
but  a  ktKf  contiraint  goes  a  larjrer  contribution  to  the  toughnevs  The  diameter  of  the  wire*  tor  of  the 
tneluuont)  playt  an  Important  role.  Simple,  approtimate.  modelt  fot  the  failure  of  Ik  vine*  ate  developed 
The  rctultt  allow  the  contribution  of  ductile  pamelet  to  the  toughness  of  a  brittle  mains  vvmpiwtie  to 
be  calculated 

>l«— >1  II  ett  poutble  d<  curttr  det  matinaut  Triplet  en  leur  tncorp*irant  det  inclusions  ductilct  Lc> 
tneluuont  traiertent  la  litturc  ct  sallongent  letsqoe  la  future  t  outre.  ab*otKmi  dc Fence  g.e  qw  *onin!>tie 
J  la  rettliencc.  Pour  calculer  la  contribution  a  la  resilience.  tl  ett  nccettaitc  dc  tonnaiirc  U  .,-nrK 
/eece -d/pfarenvnr  d'une  indutiot.  qutnd  cite  cat  con!  ramie  par  ia  maincc  fragile  ct  npdc  Sou*  devnu-n* 
let  courbet  nperimenialei  foree-deplacement  dc  Alt  miialhquet  fortement  ccntratntt.  cl  nou>  let  relmn* 
aut  pro  petit  et  du  Al  non  tor.tratnt  La  contramtr  ett  trek  tn  Riant  It  A!  a  ITntcrtcur  d'un  capillairc  en 
vent  i  pa  roll  ipatmi.  qoc  Ton  krate  cniutte  dint  un  plan  perpendieuburt  4  late  du  til.  et  que  Ion 
deforme  tn  traction.  Let  faetturt  de  eontramlt  peu*tni  auemdre  6.  matt  une  contramtc  momt  eieves 
partieipe  davanug*  i  la  resilience  Le  dtametre  del  Alt  iou  cc'ui  det  mclutiontl  jouc  un  f*Mc  important 
Nout  dittleppoot  det  modi  let  approchit  limplet  de  ia  rupture  det  fils.  Let  rcsultats  rermtticnt  dc 
calculer  la  contribution  del  ptrticulei  duettkt  4  U  resilience  d'un  compotite  4  matnee  fraplc 

Zwamweerfawnt  Sprbdo  FettkOrper  VfinMn  mil  emgebrachlen  duklilen  Em*ch!u*<en  fchailct  uerden 
Wenn  tich  der  RI3  Offntt.  ubrtbnkkcn  die  Emtehluitc  den  RiB.  tie  uerden  gedehni  und  ahsoihicrcn 
Enetpe  und  tra|cn  to  ?ur  Fesiigkeiiscthohung  bet.  Urn  dctien  llohc  esi  htrechnen.  muQ  man  die 
fur  crier;  EmtchluO,  tingeengt  durch  die  tteift  und  tprdde  Matm.  kennen  Die  an 
cnttprcchcndcn  Mctalldrik’cn  femeuenen  Kr»ft-W<g.Xutvtn  uerden  besehneben  und  mil  Mcitunprn 
det  Verhaltcni  frtitf  Dilate  tct|lrchen.  Die  Emsehramkung  uurde  dadurch  erreugt.  dalt  dcr  Oraht 
in  diekuandije  Clatkapilurto  tin|«betitt  wurde.  diete  uurdtn  ilanr.  m  cmer  Ehene  tcnVrtchi  /or 
Drahuchte  ftbrockcn  un-J  tm  Zugversueh  terformt  El  erjeben  tich  CintchranVur.pfaKtorrn  bit  /u  t 
allerdmit  trajen  genngeft  Pektoten  starker  cur  Zahipkeu  bet  Dcr  Durchmet*ct  dcr  IJrahte  uMcr  dcr 
Eintchliitte)  tit  lehr  v*tcii|i«j  Et  uerden  cir.fachc  trgenaheete  Muddle  fur  den  Hroch  der  Drahte 
cntwickclt.  Die  Et|ebnittc  ermdptchcn.  den  Bettrig  der  duklilen  Eintchlutie  rur  Zahiglctt  etner  sproden 
Matm  »u  btrechntn. 


I.  INTBODUCriON 

Bnttk  solids  can  be  iou|hencd  by  incorporating 
ductile  inclusions  into  them  Alumina  and  magnesia 
have  been  toughened  in  this  w-jy  by  dispersing  alum¬ 
inium  and  nickel  particles  in  them  (1.2];  brittle 
gUtt-enamels  are  made  mort  resistant  to  cracking 
by  the  inclusion  of  metal  particles  (3.4];  brittle 
metalt  art  toughened  by  the  incorporation  of  more 
ductile  fibres  into  them  15—7];  and  the  toughness 
of  cermets  derives  from  the  ductility  of  the  cobalt 
binder  Included  in  the  WC  framework  (8-1 1].  The 
physical  mechanism  of  toughening  is  straightforward 
enough  (see  Fig.  I):  if  ductile  ligaments  span  the 
advancing  crack,  they  must  stretch  as  the  crack 
opens  until  they  fracture  or  decohere;  the  work-of- 


stretching  contributes  to  the  overall  toughness  of  the 
solid. 

If  the  particle  is  »o  weakly  bonded  to  the  matrix 
that  tt  easily  pullt  free  as  the  crack  approaches,  then 
n  u  not  stretched  and  there  is  almost  no  contribution 
to  the  toughness.  But  if  it  is  strongly  bonded,  it  is 
(tmtraintJ;  and  then  its  force-displacement  curve  is 
very  different  from  that  of  the  unconstrained  material 
as  measured  (for  instance)  m  an  ordinary  tensile  test. 
This  is  an  important  difference  because  the  energy 
absorbed  in  stretching  the  particle,  crucial  m  calculat¬ 
ing  the  contribution  to  the  toughness,  depends 
strongly  on  the  degree  of  constraint 

This  paper  describes  experimental  measurements 
of  the  force-displaecmcm  curve  of  highly  constrained 
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metal  Mires  which  ire  strongly  bonded  within  a 
bard,  brittle,  matrix  The  results  show  that  several 
fMlurt  mtihammi  arc  involved  (they  are  described  in 
Section  4.2):  the  shape  of  the  force-displacement 
cone  and  tbr  total  energy  absorbed  depends  on 
which  mechanism  is  dominant.  The  results  provide 
ilie  necessary  experimental  data  to  validate  models 
for  constrained  plasticity,  and  for  the  development  of 
an  understanding  of  the  toughening  of  ceramics  by 
ductile  inclusions. 

The  symbols  used  in  the  text  are  defined  m 
Table  I 


J.  BACKGROUND  to  the  experiment 


A  number  of  atteniptx  have  been  made  to  analyse 
the  plastic  stretching  of  a  plasttcally-dcformable  en¬ 
clave  wnhin  an  elastic  medium  The  earliest  (I.  J-7J 
assumed  that  the  fiow  strength  and  fracture  strain  of 
the  plastic  material  was  the  same  as  that  measured  tn 
a  simple  tensile  test  on  the  unconstrained  material, 
bui  this  assumpiion  is  false. 

Approximate  calculations  which  recognise  the 
constraint  have  appeared  in  the  last  2  years.  All  have 
the  objective  of  calculating  the  namlnut  urtu 


ol«)» 


FW 
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(I) 


earned  by  the  stretching  particle  for  a  given  erode 
optima  «.  and  relating  this  to  the  uniaxial  stress- 
strain  curve  of  the  particle  material  (Here  F  is 
ihe  force  and  it,  the  radius  of  a  particle,  as  shown 
in  Fig.  2.)  The  function  ami.  once  denved,  relates 
directly  to  the  increase  in  toughness  of  the  composite 

IV 

AC?.  -  I',  j  ufuldw  (2) 

where  V,  is  the  area-fraction  of  ductile  maienal 
intercepted  by  the  crack  and  u'  is  the  crack  opening 


Fig  I  A  crack  m  a  bnlile  matnx.  intersected  hv  ductile 
patters  The  pantiles  stretch  anil  fail  as  the  ifasi.  .-per* 
The  work  of  stretching  comnhuics  io  the  toughness .  ( ihe 
vompomc 

at  the  point  when  the  ductile  material  fails,  as  shown 
in  Fig.  I.  For  later  convenience,  we  define 

H'-f  o (Ml dn  t'l 

It  has  the  units  of  J  m\  and  is  a  measure  ol  ihe 
toughening  capacity  of  a  given  ductile  reinforcement 
Then 

AC.-r.lF  t4i 

Three  methods  of  analysing  the  problem  have  been 
tried:  finite  clement  methods  [I2j.  n  slip-line  field 
analysis  (131  and  an  approximate  plasticity  approach 
based  on  the  Bndgcmxn  analysis  for  necking  1 1  a.  15] 
They  compliment  each  other.  The  slip-line  field  ana- 
lysis  and  the  plasticity  approach  are  most  easily 
applied  to  the  later  stages  of  deformation,  when  a 
stretch-zone  has  formed  m  the  middle  of  the  particle. 
The  finite  element  calculations  are  possible  only  for 
the  early  stage  when  the  geometry  change  of  the 
particle  is  small  Combined,  they  give  a  broad  indica¬ 
tion  of  the  way  0(h)  vanes  from  initial  yield  w  -  h,i 
to  final  lailure  im  mu’) 

These  predictions  are  shown  in  Fig  2  Here  (he 
normal  stress  m  (he  particle  <t(h)  is  normalised  by 


Fig,  2  The  normalised  particle  stress  a  a plotted  against 
the  normalised  crack-opening,  u  <j»  Here  a ,  is  the  initial 
yield  sirenglh  of  the  maienal  of  ihe  panicle  in  uniaxial 
tension,  and  u«  is  Ihe  initial  particle  radius 
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a„,  (he  initial  unconstrained  yield  strength  of  the 
inclusion;  and  the  displacement  u  is  normalised  by 
the  particle  radius  u„.  Work  hardening  affects  the 
curve.  The  results  plotted  here  arc  for  a  work  harden* 
in*  coefficient,  /t.  of  0.1  where  n  is  defined  in  uncon* 
strained  uniaxial  tension  by 

'•"'•(S)  (» 

and  t  is  the  yield  strain  and  c,  is  the  true  stress  at  a 
true  strain 

The  important  features  of  the  figure,  to  be  com¬ 
pared  with  experiments  and  a  new  set  of  models  in  a 
later  section,  arc 

(a)  The  steep  nsc  in  stress  to  a  peak  value  of  a  tf4 
of  between  3  and  o.  reflecting  the  very  large  constraint 
imposed  by  the  matrix  on  the  particle;  and 

to)  the  sharp  decline  in  stress  from  the  peak,  falling 
to  near  zero  at  a  displacement  of  about  i a,. 2. 

Through  useful,  considerable  uncertainty  underlies 
the  calculations  which  led  to  Fig.  2.  First,  it  is  not 
certain  that  the  physical  model  is  appropriate;  the 
mrchamsm  may  not  be  that  of  pure  plastic  rupture 
but  (as  we  shall  see)  may  involve  cavitation,  debond¬ 
ing.  or  even  brittle  fracture  of  the  matrix.  Second,  the 
calculations  involve  assumptions  which,  while  they  do 
not  alter  the  general  shape  of  the  curve,  certainty 
make  the  peak  stress  and  the  failure  displacement 
uncertain.  Before  proceeding  with  further  modelling, 
it  is  helpful  to  seek  guidance  from  experimental 
measurements  of  the  force-displacement  curve  and 
from  direct  observations  of  the  mechanisms. 

3.  EXPERIMENTAL 

Lead  was  introduced  into  thick-walled  pyrex 
capillary  tubing  using  the  following  procedure. 
Lengths  of  tube  were  degreased  with  acetone  and 
dried  in  an  oven.  Analar  grade  lead  (m.p.  327'C)  was 
melted  in  an  alumina  crucible  and  drawn  by  suction 
into  the  tubes.  These  were  then  immediately  trans¬ 
ferred  to  a  furnace  at  300  C  and  cooled  gradually 
to  room  temperature  over  a  period  of  12  h.  This 
treatment  gave  a  consistent  structure  to  the  lead 
and  minimised  thermal  stresses  (the  expansion 
coefficients  of  pyrex  and  of  lead  are  5  x  I0*‘/K  and 
29  x  10"*, i X  respectively  so  the  thermal  mis-match 
is  large).  Lead  introduced  in  this  way  adheres 
strongly  to  the  glass. 

The  capillary  tubes  were  90  mm  long  with  inside 
diameters  of  1.3  and  2.1  mm.  and  a  wall  thickness  of 
3.3  mm.  Samples  were  selected  in  which  the  lead  was 
free  from  bubbles  and  other  defects  over  a  length  of 
at  least  40  mm.  These  were  scored  round  the  circum¬ 
ference  with  a  glass  cutter,  glued  with  eooxy  resin 
into  brass  holders,  and  mounted  in  a  table-model 
Instron  test  machine.  A  hot  flame  applied  briefly  to 
the  scored  line  nucleated  a  crack  which  propagated 
through  the  glass,  but  arrested  at  the  central  lead 


Fig. )  A  diagram  of  the  sample  immediately  before  tevimg 
The  crick  is  introduced  by  scoring  the  glass  with  a  diamond 
and  applying  a  small,  intense,  heat  source 

core.  The  cracked  specimen  was  allowed  to  cool  to 
room  temperature  before  the  load-displacement 
curve,  in  tension,  was  recorded.  A  sketch  of  a  sample, 
roughly  to  scale,  is  shown  in  Fig,  3. 

Lead  wires  were  extracted  from  uncrackcd  speci¬ 
mens  by  etching  away  the  glass  with  20-30%  hydro¬ 
fluoric  acid.  The  bare  wires  were  mounted  in  brass 
chucks  and  tested  to  give  unconstrained  stress-strain 
curves  for  the  lead.  The  fracture  surfaces  of  both  the 
constrained  and  the  unconstrained  samples  were 
mounted  and  photographed  in  the  scanning  electron 
microscope. 

4.  EXPERIMENTAL  RESULTS 

4.1.  Forct-JitpliKtmtnt  amts  and  isssoaoitd  ohttr- 
rollons 

Nominal  stress-strain  curves  for  the  unconstrained 
lead  wires  (etched  out  of  glass)  arc  shown  in  Fig.  4. 
they  failed  by  drawing  down  to  a  point  or  a  wedge 
as  shown  m  Fig.  3.  A  value  of  3.3  MPa  was  taken  for 
the  initial  yield  strength,  a,,  of  the  lead;  it  was  the 
mean  of  10  samples.  Plots  of  logfir,)  vs  lo«<,)  (the 
true  stresses  and  strain)  arc  shown  in  Fig.  6.  They 
give  an  average  work  hardening  index  of  0.23.  The 
true  stress-strain  curve  of  the  lead,  up  to  the  onset  of 
localisation  is  thus  described  approximately  by 

ff'-JJ^J’.MPa.  (6) 

When  constrained  in  glass,  the  response  of  the 
lead  was  quite  different.  Fractographs  showed  that, 
almost  always,  the  lead  core  had  developed  a  single 
large  internal  void  like  that  shown  in  Fig.  7(a)  and 
(b).  The  first  figure  shows  no  sign  of  decohcsion:  the 
second  shows  a  little:  decohesion  occurred  when  the 
glass  was  not  properly  cleaned  before  introducing 
the  lead.  Occasionally,  several  voids  grow  simulta¬ 
neously.  as  in  Fig.  7(c),  which  also  shows  limned 
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Fig.  4.  Suets 'Straw  cut\«  to  kiJ  »irn  Curses  16. 25  and  21  ijpify  po)><r>si»llint  curves,  cunts  24 
4ixi  25  i>p»fy  ocomchmI  wngl«-cr>«<at  »im 


Fig.  5  A  fracture  surface  of  a  kid  wire 


tkcohesion  When  the  kid  remained  bonded  to  the 
(list,  the  glits  itself  often  fractured  by  the  formation 
of  cracks  concentric  ssith  the  core,  as  shown  in 
Fig.  7(d).  Occasionally,  when  decohesion  or  glass 


fracture  was  extensive,  there  was  no  central  void  in 
the  lead,  which  drew  down  to  a  point  |hg  ’id)] 

The  stress  displacement  records  were  sorted  into 
three  groups,  based  on  the  microscopic  cvtmmuiMi. 
as  follows 

iai  sunples  wnh  pence!  adhesion  between  lc.nl  .md 
glass,  and  minimal  damage  to  the  glass  uh’II,  aiwax» 
with  a  central  void. 

ihi  samples  wuh  pariial  loss  of  adhf'ion  Iveivveen 
lead  and  glass. 

ici  simples  with  gixsd  adhesion  between  lead  and 
glass,  hut  with  extensive  damage  io  the  glass 

Plots  of «  «r*  vx  u  a,  were  grouped  accordingly  and 
are  shown  in  Fig.  8tai.  tbi  and  id.  The  area  under 
each  curve 

W  f*  *  d* 

- - -  (7) 

J,  «t  «*. 

was  metsurtd:  this  dimensionless  number  gives  a 
measure  of  the  energy  absorbed  in  stretching  the  kad 
to  fracture.  The  results  arc  given  In  Tabk  2  In  all 
the  plots  the  stress  «>««  rose  rapidly  to  a  peak  at 


Fig.  6  A  pls’t  of  logic  I  vs  nwhcre  <r  is  ihe  true  stress  and  r.  the  true  strain)  for  the  kid  wires  of 
Fig.  4,  The  work  hardening  index  is  close  to  0.25 
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I  t*  7  Ul  Failure  h>  (ho  growth  of  4  single  mlcrnal  void  The  lead  glass  junction  remained  intact  and 
flaw  wji  not  fragmented  ibi  Failure  involving  devohoion  plui  the  gro*ih  of  an  internal  void.  The  lead 
hav  been  turn  a»av  tr.im  the  glass  over  part  of  lit  ciuumfcrencc  tel  Failure  involving  dccohcvion  with 
multiple  voiJmg.  tdi  failure  involving  matnv  cracking.  The  lead  glavs  junction  remained  intact,  hut 
concentric  cracks  termed  in  the  .utreunding  (law  and  the  tractuie  surface  is  cavitj-frce 

displacement  u  (r.  of  about  si  05  It  then  fell  away.  Plots  of  samples  in  category  fa)  |Fig,  Stai)  had 
although  m  quite  a  number  of  samples  in  categories  mavima  of  a  a,  of  about  6.  The  normalised  areas 
rbj  and  tet  there  wav  a  second  shallow  mavtmum  under  these  curves  were  small:  between  I.J  and  2.0 
which  suggested  work  hardening  in  the  lead.  The  displacement  at  failure.  u/at.  was  06  in  those 
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Fig.  I.  Ml  L*»d  in  gUss,  t)p*  (»)  fiilwrt:  later**!  c*  vilwt  with  minim*!  »Uu  d*m*ge.  The  order  of 
incrr-iting  damage  lo  the  glett  was:  J4,  5, 4.  S.  7.  (b)  U*d  in  gUss,  type  (b)  failure:  internal  cavities  plus 
detachment  from  th«  wall  The  tweptional  initiml  peaks  art  uuted  by  incomplete  fracture  of  the  glass. 
(0  Lc»<i  tn  g!*u.  rype  (c)  failure:  |Uu  fracture  with  torn*  cavitation, 


with  kail  glati  damage,  riling  io  approximately  1.0 
with  ilightly  more  glati  damage. 

Foree-diiplacemeni  curves  for  samples  m  cate- 
gorici  |b)  and  (c)  (Fig.  8(b)  and  (c)]  showed  more 
variation  and  cannot  eatily  be  diitinguithcd  from  on* 
anolher  The  initial  maximum  in  a,«%  wai  smaller: 
between  3.6  and  5.1.  but  the  areai  under  th«e  curvet 
were  larger:  from  2.0  to  6.5  In  category  (b)  it  wrat 
not  possible  to  perceive  any  positive  correlation! 
between  the  area  under  the  curve  and  the  extent  to 
which  adhesion  between  lead  and  glass  was  lost. 
However  in  category  (c)  there  was  a  positive  correla¬ 
tion  between  the  length  of  lead  with  glass  fragments 


attached  drawn  out  from  the  core  and  the  area  under 
the  curve. 

In  a  few  instances,  there  was  an  exceptionally  large 
peak  in  the  force-displacement  curve,  followed  by  a 
precipitate  fall.  It  was  caused  by  incomplete  cracking 
of  the  glass;  the  pattern  of  internal  stress  caused  by 
thermal  contraction  of  the  lead  caused  the  initial 
crack  to  arrest  just  short  of  the  kad  core.  When  the 
pre-cracked  sampk  was  loaded,  the  pop-in  of  >he 
crack  to  the  glass-metal  interface  could  usuali/  be 
heard.  In  these  instances  it  was  not  possibk  to  obtain 
a  reliable  value  of  the  peak  but  the  area  was  not 
much  affected. 


ASIIHY  rt  al  FLOW  OF  HIGHLY  CONSTRAINT)  MFTAL  WIRFS 


1X5.' 


Table  2  Hit  rwimalneU  peak  siren  anj  cross  ahtorpH«n  2 
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•1.2  Mechanism  of  failure 

We  dttimguish  four  metkanism  of  failure.  Ii  it 
convenient  for  the  irwlysit  of  Section  $  to  trti!  them 
as  distinct  and  separate,  although  in  practice  they 
superimpose  to  some  extent. 

First,  there  is  the  mechanism  assumed  by  the 
models  described  in  Section  2;  that  the  ductile  inclu* 
sion  deforms  plastically  to  mo  section  wuhoui  deco* 
hcsion.  carnation  or  matrix  fracture,  the  mechanism 
implies  the  inward  flow  of  material  as  m  classical 
necking  creating  a  conical  peak  on  both  fracture 
surfaces.  A  very  few  of  our  samples  approached  this 
state,  though  ail  those  which  did  showed  some  deco* 
hcsion. 

Most  of  our  samples  failed  by  the  second  mcchan* 
ism.  the  nudeanon  of  a  single  internal  cavity  which 
grew-  until  it  occupied  most  of  the  section.  Material 
flows  radially  outward,  from  the  growing  void  and 
inward  from  the  original  crack  from,  allowing  the 
stretching  of  the  remaining  cylindrical  ligament, 
which  fads  leaving  u  nm  like  that  of  a  volcano  on 
both  fracture  surfaces 


When  the  lead-glass  bond  was  weak,  a  third 
mechanism  appeared-  the  interface  separated  over  a 
length  of  between  0.1  ami  1.0  a*,  giving  n  "gauge 
length"  of  ksd  which  was  less  constrained  and  could 
draw  down,  at  a  lower  stress  but  with  a  greater 
elongation,  that  before.  When  decohesion  was  exten¬ 
sive.  no  internal  cavity  was  found.  The  peak  stress 
was  lower,  but  the  energy  absorption  greater,  than  for 
mechanism  2 

A  fourth  mechanism— that  of  brittle  fracture  of  the 
brittle  matrix— was  frequently  observed.  The  fracture 
frets  a  length  of  lead  from  the  glass  (though  with 
fragments  of  glass  still  adhering  to  it),  giving  a  longer 
"gauge  length",  as  with  decohesion  The  process  was 
characterised  hv  a  more  gentle  l.ill  in  dress  and  a 
larger  energy  absorption  than  mechanism  2 

d.J.  D* petulance  uf  uhsathcJ  energy  im  peal,  stress  uml 
Jbplactmeni 

The  important  results  arc  plotted  in  Fig  9  The  first 
of  tht  two  figures  shows  how-  the  peak  stress  falls  and 
the  maximum  displacement  increases  as  constraint  is 
last  Perfect  bonding  without  glass  fracture  gists  a 
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Fig.  9  (al  The  normalised  peak  sirtsi  a  a .  planed  againsi 
maximum  displacement  al  failure  u  a,  for  constrained  lead 
wires  Symbols  identify  the  dominant  mechanism  oi  ladurc 
tbl  The  normalised  energy  of  fracture  pVltcd  again*!  maxi¬ 
mum  displxecmcni  at  failure  for  the  wmc  samples  Sole 
lhai  data  for  thin  lopen  symbols  I  5mmi  and  thick  isolid 
symbols;  2.12  mm)  wires  fall,  when  normalised,  in  the  *ame 
curse 


UN 
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constraint  factor  as  hi|h  as  7,  but  with  failure  dis¬ 
placements  u/4,  around  0.5.  Decohesion  and  glass 
fracture  lower  the  constraint  but  increase  the  failure 
displacement  in  such  a  way  that  the  total  energy 
absorbed  increases.  The  second  figure  shows  this 
increase,  which  is  substantial:  from  about  1.5  (in  units 
of  to  about  (.5.  If  energy  absorption  it  the  goal, 
full  constraint  ts  not  ideal;  some  (limited)  decohesion 
or  matrix  fracture  is  desirable. 

The  pair  of  figures  illustrate  another  important 
point.  Data  for  the  two  different  wire  diameters  are 
distinguished  by  full  and  open  symbols;  the  normali¬ 
sation  brings  the  two  sett  of  data  Into  coincidence. 
The  results  can  be  summarised  by  the  equation 

(8) 

where  the  constant  C  from  Fig.  9(b),  depend*  on  the 
constraint,  and  thus  on  the  strength  of  the  article- 
matrix  interface,  but  nor  on  the  wire  diameter,  as 
expected.  !t  it  approximately  described  (Fig.  9(b)j  by 

C  *  2.5  — .  (9) 

In  the  ncxi  section,  a  simple,  approximate  model 
for  each  mechanism  it  analysed.  The  models  explain 
much  of  the  observed  behaviour,  but  it  should  be 
remembered  that,  in  reality,  one  mechanism  rarely 
operates  in  isolation,  and  that  the  patterns  of  fiow  are 
more  complicated  than  those  assumed  by  the  models. 


J.  .MODELLING  Of  THE 
FORCE-DISPLACEMENT  CURVE 

A  set  of  approximate  analytical  models  for  the 
force-displacement  curve  is  presented  in  this  section. 
They  are  simpler  than  the  models  described  in  Section 

2,  but  have  the  advantages  that  they  include,  more 
explicitly,  the  geometry  changes,  and  that  they  treat 
all  the  mechanisms  in  a  consistent  way. 

3.  I.  Tht  toluol,  rising,  fort  of  iht  lood -itftc  Hon  curre 

When  the  composite  is  first  loaded,  there  ts  a 
concentration  of  stress  where  the  crack  meets  the 
metal  wire.  Dislocations  nucleated  here  propagate 
across  the  metal  and  pile  up  a;  the  metal-ctromk 
interface  as  shown  in  Fig.  10.  The  number  of  disloca¬ 
tions  which  emanate  from  the  crack  tip  determines 
the  crock  opening.  A  shear  stress  #,  compresses  a 
ptlc-up  of  n  dislocations  of  Burger's  vector  b  into  a 
length  L  where  (16) 

—  (10) 

o 

and  where  G  is  the  shear  modulus.  Figure  10 
shows  that  for  slip  planes  at  45'  to  the  tensile 
axis  L  *  and  that  the  initial  stage  crock 
opening  is  u,»v'2nA.  Thus 


Replacing  o,  by  *  2  and  G  by  3£  8  gives 


The  value  of  «„.£  for  the  lead  used  in  the  experi¬ 
ments  described  earlier  is  IS  a  10  '  giving  the 
equation  for  the  rising  part  of  the  load  deflection 
curve  for  this  composite  as 

-- P0~  1)2) 

The  slip  distance  inside  a  constrained  sphere  is 
smaller,  by  a  factor  of  about  2.  than  that  in  a  wire. 
We  therefore  expect,  for  the  spherical  inclusion 


3.2.  Tht  lot tr,  foiling,  fort  of  tht  husJ  ikfltctlon  cun  t 

The  post-peak  behaviour  depends  on  the  mecAu/i- 
Ism.  We  distinguish  three  mechanisms  and  develop 
simple  models  for  each.  The  three  mechanisms  are: 

(a)  Fully  constrained  deformation  without  inter¬ 
nal  decohesion,  matrix  fracture  or  internal  voiding 
(Fig.  II) 

(b)  Deformation  with  limited  decohesion  or  matrix 
fracture  but  no  internal  voiding  (Fig.  12). 

(c)  Deformation  with  internal  voiding  but  no  deco- 
heston  or  matrix  cracking  (Fig.  13). 

(a)  Fully  constramtJ  litformotwn.  A  kineucally 
admissable  flow  field  is  shown  in  Fig.  II.  Deforma- 
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Fig.  II.  Fully constrained  deformation  with  no  decobesion,  Fig.  II  Internal  vo'ding.  frequently  observed, it  possible  by 

mitfiul  voiding  of  matrix  crxhing  u  possible  by  the  live  rto*  field  sbo»n  here.  It  require  i  a lo»er  force  than  docs 

flow  field  shown  here  It  gives  an  upper  bond  for  ihe  the  fully  constrained  deformation  of  Fig,  II 

fortt-vlitpUcdoMM  cunt. 


Fig.  12.  Decohesion  over  t  length  I,  reduces  the  constraint 
and  modifies  the  force -displacement  curve  as  analysed  in  the 
te\t  and  shown  m  Fig,  8(b) 


lion  it  confined  10  the  solid  cylinder  of  height  w  and 
diameter  2ff.  At  ihc  cylinder  extends  H  shrinks 
inwards  to  that  lit  volume  remains  consiant.  This 
condition  leads  immediately  to  two  equations.  The 
first  describes  the  overall  conservation  of  volume 

f7«iS-/7A:u  (14) 

where  u,  is  the  Initial  crack  opening  and  2a,  it 
the  original  wire  diameter.  The  second  describes  the 
inward  radial  displacement  dr  of  any  point  lying  at  a 
radius  r  caused  by  an  axial  extension  in.  It  is  obtained 
by  noting  that,  for  any  radius,  flru  -  constant. 
Differentiation  then  gives 

dr(r)  m  -~du.  (IS) 

2u 

We  now  equate  the  work  done  by  the  external  stress 
a  in  a  small  increment  of  crack  opening  Su  to  the 
plastic  work  done  on  the  cylinder.  There  are  two 
contributions  to  this  plastic  work:  that  associated 
with  extending  the  cylinder  and  that  caused  by  its 
shrinking  relative  to  the  rest  of  the  wire 

afloiiu  -  fl&o.iu  +  2j  o,2/7rdr  (r)dr  (16) 

where  a,  is  the  shear  rtow.suengih  of  the  wire. 
Substituting  for  dr  from  the  previous  equation. 
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writing  0, «  2<r..  integrating  wuh  respect  10  r  and 
replacing  R  n ,  using  equation  (Ml  gives 


In  general  it,  increases  wuh  siram  because  of  work 
hardening  [equation  (?)!•  The  strains  in  the  cylinder 
are  hard  to  calculate  exactly  hut  they  arc  obviously 
of  the  order  of  (m  is.  -  I}.  The  mam  equation  then 
becomes 


a 


lb)  Limiifit  ih •lahrutm  The  theory  remains  the 
same  a>  above,  but  the  “guage  length"  is  no  longer 
the  initial  crack  opening  hut  is  equal  to  the  decohes- 
ton  length  (/.  -u, )  vhown  :n  Fig  12  Reworking  the 
problem  uving  the  method  of  the  last  section  leads 
immediately  to 


i-  i  "iLziilTrtiij' 


Hsm&s « 


h)  Intermit  muling,  The  third  mechanism  is  that 
of  internal  void  growth  A  kinematically  admissabk 
ilow  field  is  shown  in  Fig,  13;  the  thick  annular  ring 
extends  along  the  tensile  axis  and  shrinks  in  thickness 
by  the  internal  radius  moving  outwards.  Constancy 
of  volume  now  gives 


ihiiu^Wn},- rin\u 


and 


Equating  the  external  work  to  the  plastic  dissipation 
gives 


with  the  same  correction  for  work  hardening  as  OK'd 
in  case  to). 

.U  Results  of  the  models 

The  models  arc  evaluated  in  Figs  14  and  15 
Figure  14  is  a  comparison  between  the  lorvc 
displacement  curve  for  cases  (ir)  and  tr)  using 

%!«*••  0.0}  n  m  0.23  «,■  0.004 

It  shows  that  the  force  required  to  expand  the  void 
is  a  little  less  than  the  required  to  pull  material 
inwards.  The  shape  of  the  curve  is  supcrriciallv 
like  that  of  the  experiments,  but  the  initial  fall  is  too 
steep.  The  long  tail  results  from  the  drawing  out  of 
the  ligament  without  allowing  for  'oca I  necking  sir 
further  void  nuclcaiion,  both  of  which  will  truncate 
the  curve. 

Figure  IJ  shows  the  clfeei  of  dccohcsion  As  the 
decohcsiom  length  increases,  the  peak  in  the  curve 
falls  and  the  curve  broadens.  A  small  decohesion 
length.  f,,»Q.I  it,.  gives  a  curve  which  has  a  peak 
height  and  overall  shape  which  is  close  to  that 
observed. 


4.  CONCLUSIONS 

Meul  wires,  constrained  by  bonding  them  to 
a  strong  brittle  matrix  so  that  deformation  was 


ACRMAUSEO  0IYMUCEMENI  u/a. 


Fig.  M  The  loree  displacement  curves  for  the  fully  constrained  and  Ihe  internal-void  mechanisms 
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Fi|.  U.  Th«  effect  of  decohesion  length  on  th«  force-displacement  cum. 


restricted  to  a  small  segment  of  the  wire,  show  i 
force -displacement  cunt  which  ti  strongly  influence! 
by  (he  constraint.  Three  failure  mechanisms  were 
observed:  internal  void  growth  in  the  metal:  decohe- 
sion  at  the  metal-mam*  interface;  and  cracking  m 
the  brittle  main*. 

The  overall  shape  of  the  force-displacement  curve 
resembles  that  predicted  by  Sigl  er  a I.  (1951).  even 
though  the  mechanism  assumed  by  them  differs  from 
those  observed  in  our  experiments.  A  set  of  simple 
models  £.  r  the  mechanisms  give  insight  into  the  ways 
in  which  the  shape  of  the  force-displacement  curve 
is  influenced  by  decohesion,  work  hardening,  wire 
dimensions  and  so  forth. 

The  experiments  and  models  establish  the  neces¬ 
sary  basis  for  understanding  and  designing  ceramic- 
metal  composites  with  a  toughness  larger  than  that  of 
the  simple  cetamic.  Provided  the  crack  is  attracted  to 
particles  (and  does  not  by-pass  them)  they  should 
contribute  to  the  toughness  in  the  same  way  as  wires. 
For  both  the  energy  absorbed  is 

AG,«  K,|ff(u)di<  (21) 

-CIV,  a,  (22) 

where  l'f  is  the  atea  fraction  of  ductile  material 
intersected  by  the  crack  plane.  The  constant  C  is 
equal  to  1.6  for  complete  bonding  with  no  matrix 
fracture,  but  rises  to  as  much  as  6  with  limited 
debonding  or  matrix  fracture.  The  result  can  be 
rewritten 

(2?) 

The  greatest  toughening  is  obtained  from  inclu¬ 
sions  with  a  high  modulus,  £.  a  high  strength  stjE, 
and  a  large  diameter.  As  an  example,  a  volume 
fraction  of  5V«  of  well-bonded  lead  inclusions  of 


diameter  10pm  contribute  only  0.2S  MPa  m1 :  to  the 
toughness,  whereas  the  same  volume  fraction  of 
niobium  inclusions  gives  3.25  MPa  m‘ :  and  of  tung¬ 
sten  gives  13.5  MPa  m,:.  If  limited  decohesion  is 
allowed,  the  contributions  more  than  double  Large 
inclusions  arc  more  effective  than  small  ones:  the 
same  volume  fraction  of  100 pm  inclusions  gives  a 
3  times  greater  increase  in  fracture  toughness. 
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Introduction, 


The  concept  of  toughening  brittle  matrix  composites  by  the  introduction  of  a  modest  volume 
fraction  of  a  ductile  phase  has  now  been  demonstrated  for  a  number  of  systems  (1-5).  For 
example,  incorporation  of  about  20  volume  percent  of  approximately  35  pirn  thick  pancake- 
shaped  titanium-niobium  particles  has  been  shown  to  increase  the  toughness  of  y-TiAl  matrix 
composites  by  factors  of  more  than  three  (5).  The  toughening  is  primarily  due  to  shielding  of  the 
crack  tip  stress  intensity  from  remote  loads  by  the  bridging  zone  of  unbroken  ductile  panicles  left 
in  the  wake  of  the  growing  crack.  In  some  cases,  additional  extrinsic  toughening  is  also  provided 
by  crack  deflection  and  branching  induced  by  the  panicles. 

For  conditions  of  small  scale  yielding,  bridge  toughening  produces  a  resistance  curve,  or  an 
increasing  toughness,  AK,  with  crack  extension,  L,  up  to  a  steady-state  value.  A!CSS.  Steady- 
state  occurs  when  a  balance  between  the  creation  and  loss  of  the  panicles  in  »he  bridging  zoncis 
achieved.  Tins  condition  is  characterized  by  a  steady-state  bridge  length,  which  is  controlled 
by  the  crack  face  opening,  u(L),  at  the  point  of  panicle  fracture,  u*  (Figure  la).  The  most 
fundamental  measure  oHoughening  from  ductile  reinforcements  of  a  given  size,  no,  and  yield 
stress.  a0,  is  the  normalized  stress  s(u‘)  (=  a(u')/o0)  versus  the  normalized  crack  opening 
displacement ,  u'  (=  u/ao)  function.  The  steady-state  toughness  increment  is  simply  proportional 
to  the  area  under  the  s(u')  curve  or  the  work  of  fracture,  x  (Figure  lb).  Expressed  in  terms  of 
the  J-intcgral,  AJSS  =  fpdo^Xi  where  fp  is  the  fraction  of  ductile  phase  panicles  on  the  fracture 
surface  (6). 

Much  of  the  discussion  about  ductile  phase  toughening  has  been  directed  at  approaches  to 
maximizing  X-  Both  theoretical  considerations  (2)  and  model  experiments  reponed  by  Ashby  et. 
al.(6)  have  shown  that  in  some  systems  x  increases  with  increasing  debonding  between  the  brittle 
matrix  and  ductile  phase.  More  generally,  deformation  of  the  ductile  phase  takes  place  under 
evolving  conditions  of  constraint  due  to  debonding,  strain-hardening,  the  spread  of  plasticity  and 
large  geometry  changes  due  to  necking,  crack  propagation  and  shear  band  formation. 


Figure  i  --  Schematic  illustration  of  a)  key  crack  bridging  zone  parameters;  and  b)  the  work  of 
fracture,  x,  from  the  normalized  stress  displacement  curve. 


Hcncc,  (he  behavior  of  die  particlc-matm  interface,  or  reaction  layer,  which  controls  debonding 
can  be  critical  to  ductile  phase  toughening.  Conceptually,  adherent  interfaces  lead  to  constrained 
deformation  with  correspondingly  high  effective  stresses  and  low  values  of  u'\  In  this  ease 
fracture  occurs  by  localized  plasticity  and  crack  propagation  generally  resulting  in  low  values  of 
X.  In  contrast,  extensive  debonding  results  in  lower  constraint  and  effective  stresses  but  higher 
values  of  u‘*.  In  this  case,  the  plastic  deformation  is  distributed  in  a  larger  volume,  leading  to 
higher  values  of  X-  Thus  the  debond  length,  d,  is  also  a  key  ductile  phase  toughening  parameter 
and  is  conveniently  defined  in  a  dimensionless  form  as,  d'  (=  d/ao) 

There  arc,  however,  several  complications  to  this  simple  picture.  For  example,  higher  strength  is 
beneficial  to  toughening  if  it  docs  not  lead  to  a  proportionally  larger  reduction  in  X-  Further,  the 
constitutive  behavior  and  microscopic  deformation  mechanisms  of  the  ductile  phase  can  also  play 
an  important  role  in  mediating  x  and  its  relation  to  debonding.  While  extensive  debonding  may 
lead  to  high  values  of  x.  impractically  large  crack  growth  may  be  required  to  achieve  steady-state 
conditions.  Indeed,  the  initial  slope  of  the  resistance  curve,  or  the  tearing  modulus,  Tr,  and  its 
corresponding  influence  on  crack  growth  stability,  may  often  be  a  more  important  engineering 
property  than  the  steady-state  toughness.  Debonding  would  be  expected  to  decrease  Tr.  In  many 
applications,  there  may  also  be  significant  effects  of  specimen/structurc  size  and  geometry  (i.e., 
large  scale  yielding)  which  alter  the  relation  between  x  and  the  maximum  useful  toughness 
increment.  Finally,  crack  deflection  and  branching  contribute  to  toughening  and  may  also  exert  an 
indirect  influence  on  bridging  mechanics  by  modifying  the  particle  deformation  geometries. 

Appropriate  measures  of  s(u‘)  can,  in  principle,  be  used  both  to  specify  the  entire  resistance 
curve  due  to  bridging  for  any  arbitrary  size  and  geometry  and  help  isolate  the  bridging  from  crack 
deflection  contributions.  Complementary  estimates  of  s(u‘)  can  be  obtained  from  both  resistance 
curve  along  with  u(L)  and  measurements  as  well  as  model  experiments  on  special  specimens 
such  as  laminates. 

Hence,  the  focus  cf  this  report  is  on  die  interactive  roles  of  the  interface,  matrix  and  ductile  phase 
properties  on  panicle  deformation  and  toughening.  The  behavior  of  y-TiAl  alleys  reinforced  with 
cidicr  Nb  or  TiNb  phases  is  compared  and  contrasted. 

.Review  of  TQURhcnLnsiasci^rigns.in.Nl?.and-TiNt>  Rcinforecd^TiAl 

The  resistance  curves  for  the  alloy  composites  produced  by  powder  consolidation  techniques 
have  been  evaluated  by  testing  small  (0.25  and  6.5  cm  thick)  three  point  bend  specimens  (4,5). 
The  panicles  were  in  the  form  of  irregular  pancakes,  produced  by  hot  forging.  The  processing 
times  and  temperatures  were  about  4  h  and  1066°C  respectively.  The  characteristic  dimension, 
ao,  was  taken  as  the  average  pancake  half-thickness.  The  ductile  phase  parameters  and  estimates 
of  then  mechanical  properties  are  tabulated  elsewhere  (5).  The  y-TiAl  matrix  toughness,  K0,  was 
about  8  MPaVm  in  both  cases. 

TiAl-Nb 

The  10  volume  percent  of  Nb  panicles  produced  an  apparent  maximum  toughness  of  about  16 
MPav’m  for  the  orientation  (E)  where  the  crack  intercepted  the  thin  edge  of  the  pancake.  In  this 
ease  the  crack  surface  was  fiat,  with  undeflected  cracks  bypassing  the  panicles.  The  maximum 
apparent  toughness  was  larger  at  about  20  MPaVm  in  the  orientation  (F)  where  the  cracks 
intercepted  the  broad  face  of  the  pancakes.  In  the  latter  case  the  crack  path  is  highly  tonuous. 
Normalization  of  an  energy-equivalent  toughening  increment  ( [K  •  K0]2  )  by  dividing  by  the 
ratio  of  the  total  crack,  to  projected  crack  length  resulted  in  a  superposition  of  the  resistance  curves 
for  the  two  orientations  (4,5).  The  steady-state  loughness  contribution  from  bridging  for  small 
scale  yielding  conditions  was  estimated  to  be  about  4  MPav'm  based  on  application  of  a  correction 
for  the  finite  specimen  size  (7,8). 

Intersections  of  the  cracks  with  the  pancake  face  produced  jumps  or  deflections  and  a  modest 
amount  of  crack  branching,  with  an  average  deflection  angle  of  about  45°.  The  deflections 
appeared  to  be  associated  with  matrix  crack  rcnuclcation  near  localized  strain  concentrations  in  the 
deformed  particles.  An  average  d'  of  about  2  was  observed,  with  debonding  sometimes,  but  not 


always,  on  both  sides  of  the  panicle.  Debonding  generally  occurred  between  a  thin  O  3  pm) 
reaction  layer  and  the  matrix.  The  variation  in  the  crack  opening  with  distance  from  the  crack  tip 
was  approximately  linear,  and  the  panicles  failed  by  a  highly  ductile  knife  edge  rupture  process  at 
u'*  values  of  about  1.6.  Tensile  deformation  of  Nb  was  characterized  by  fine  slip,  high  strain- 
hardening  exponents,  significant  uniform  strains  and  fracture  following  diffuse  necking. 

Based  on  a  steady  state  toughness  increment  of  4  MPa'/m  and  the  shape  of  the  resistance  curve, 
s(u‘)max  was  estimated  to  be  about  1.7  near  the  crack  tip  (u‘  -  0)  decreasing  approximately 
linearly  to  zero  at  u**.  The  corresponding  estimate  of  x  was  about  1.3. 

TiAl-M 

The  20  volume  percent  of  TiNb  panicles  produced  much  higher  maximum  apparent  toughness 
levels  of  about  36  MPaVm  in  the  E-orientation  and  40  MPavm  in  the  F-orieniation.  Considerable 
crack  deflection  and  branching  (multiple  cracking)  were  observed  in  both  orientations.  Again, 
however,  crack  length  normalization  resulted  in  superposition  of  the  resistance  curves.  The 
steady-state  toughness  contribution  from  bridging  for  small  scale  yielding  conditions  was 
estimated  to  be  about  15  MPa'/m. 

Panicle  deformation  was  associated  with  very  coarse  slip  bands  which  spread  over  a  surprisingly 
large  volume  of  the  panicle,  typically  distances  of  2ao  or  more  above  and  below  the  crack  faces. 
Significant  debonding  was  not  observed,  although  there  was  limited  cracking  at  both  the  matrix 
reaction  zone  interface  and  in  the  nearby  matrix.  Final  fracture  occurred  by  coalescence  of  coarse 
slip  bands  into  a  primary  crack  or  shear  band  at  a  u’*  of  about  0.7.  The  tensile  deformation  of 
TiNb  was  characterized  by  coarse  slip  zones  (much  like  Luder’s  bands),  minimal  strain 
hardening,  low  uniform  strains  with  fracture  following  local  necking. 

Based  on  a  steady  state  toughness  increment  of  15  MPaVm  and  assuming  the  triangular  shape  for 
s(u‘),  similar  to  that  for  Nb,  s(u')max  was  estimated  to  be  about  3.1  and  %  about  1.1.  Note  the 
shape  of  the  resistance  curve  suggested  that  s(u’)  decreases  somewhat  less  rapidly  than  assumed, 
hence,  these  values  are  approximate.  Indeed,  the  s(u')  parameter  estimates  arc  also  imprecise 
due  to  a  variety  of  other  sources  of  uncertainty,  including:  corrections  for  specimen  size  and 
crack  deflection;  estimates  of  the  ductile  phase  yield  stress  after  processing;  and  scatter  in  the 
resistance  curve,  crack  parameter  and  microstmctural  measurements. 

Crack  Panicle  Interaction  and  Particle  Deformation  Observations 

A  special  mechanical  testing  stage  was  developed  to  provide  direct  observations  of  crack-particle 
interactions  and  ductile  phase  deformation  and  fracture  in  a  JEOL  840A  Scanning  Electron 
Microscope  (SEM).  Both  loads  and  displacements  were  monitored  during  the  tests  which  were 
continuously  recorded  on  video  tape;  the  tests  were  also  interrupted  periodically  to  record  higher 
quality  still  pictures.  These  in-situ  SEM  experiments  were  complementary  to  both  previous  SEM 
observauons  of  statically  loaded  cracked  specimens  as  well  as  similar  optical  observations  (albeit 
with  a  somewhat  lower  resolution  and  depth-of-field  capability)  during  crack  growth  resistance 
curve  tests  in  a  stiff  servohydraulic  load  frame.  The  tests  permitted  the  evaluation  of  the  detailed 
history  of  a  bridging  panicle  from  the  point  of  crack  intersection  to  final  failure.  Details  of  these 
experiments  will  be  presented  elsewhere,  but  a  summary  of  the  results  is  provided  below. 

mm 

The  debonding  and  deformation  histories  of  individual  panicles  varied  considerably.  For 
example,  debonding  was  observed  first  on  both  the  front  and  back  of  a  panicle  and  both  prior  to 
and  after  the  crack  has  bypassed  a  panicle.  Often  only  one  side  extensively  debonded.  Debonding 
usually  occurred  at  relatively  low  particle  strains  and  increased  only  slightly  with  additional 
deformation.  Debonding  generally  occurred  between  the  reaction  layer  and  matrix.  Much  larger 
than  average  debonding  was  observed  in  some  cases  while  some  particles  appear  bonded  to  the 
matrix  up  to  the  point  of  fracture.  In  pan  this  variability  in  behavior  appears  to  be  due  to 
differences  in  the  particle  morphology  and  crack-particle  geometry,  and  in  part  due  to  the  range  of 
the  inherent  strength  of  the  reaction  layer.  The  crack  jumps  and  debonding  appeared  to  correlate 


wuh  the  overall  macroscopic  character  of  the  panicle  deformation  geometry.  Offset  cracks  tended 
to  produce  shear  bands  while  planer  cracks  tended  to  produce  diffuse  necks. 

Figure  2a  to  c  illustrates  several  examples  of  the  behavior  noted  above  for  a  set  of  panicles  in  the 
F-oricntaiion.  The  first  panicle  (a)  docs  not  debond  and  fractures  by  crack  propagation.  The 
second  particle  (b)  experiences  limited  debonding  on  the  front  side  and  a  large  crack  jump; 
failure  occurs  by  shear  band  formation.  The  third  panicle  (c)  debonds  extensively  on  the  back 
side  before  crack  propagation  and  also  fails  in  shear.  Figure  2d  shows  an  example  of  panicle 
failure  after  symmetric  debonding  by  the  formadon  of  a  diffuse  neck. 

TiAl-TiMh 

In  contrast,  the  TiNb  panicles  do  not  appear  to  experience  significant  debonding  as  illustrated  in 
the  sequence  of  micrographs  shewn  in  Figure  3a  to  d  for  a  panicle  in  the  F-orientation.  The 
micrographs  also  demonstrate  the  extensive  spread  of  deformation  in  the  panicles.  In  Figure  3a 
the  crack  has  by-passed  the  parricle  prior  to  significant  deformation  but  is  just  approaching  it  on 
ns  front  (right  side).  In  Figure  3b  the  crack  is  just  penetrating  the  reacdon  zone  (by  slip  line  shear 
cracks);  however,  the  crack  has  initiated  a  region  of  slip  in  the  particle  extending  far  above  the 
fracture  plane.  The  enormous  extent  of  this  region  is  illustrated  at  lower  magnification  in  Figure 
3c,  when  the  crack  had  intersected,  but  not  yet  penetrated  the  particle.  The  higher  magnification 
micrograph  shown  in  Figure  3d  shows  that  in  spite  of  the  extensive  deformation,  the  minimal 
debonding  was  confined  to  a  small  region  near  the  top  of  the  front  crack  and  a  slightly  more 
extended  region  below  the  back  crack  (not  shown). 

Another  TiNb-paniclc  sequence  is  shown  in  Figure  4a  to  d.  Figure  4a  shows  a  fine  matrix 
crack  blunting  as  it  intersects  the  reaction  zone.  In  Figure  4b  the  crack  has  penetrated  the  reaction 
zone  and  significant  slip  has  again  been  initialed  in  the  panicle.  A  lower  magnification  shot  at  this 
loading  point  in  Figure  4c  shows  a  main  shear  band  forming  between  the  jogged  crack  as  well  as 
the  initiation  of  a  secondary  crack  on  the  back  of  the  particle  running  at  about  45°.  Figure  4d 
shows  that  at  larger  openings  the  panicle  has  deformed  by  an  extensive  region  of  coarse  slip 
associated  with  both  the  primary  and  secondary  crack  and  that  a  roughly  horizontal  tertiary  crack 
has  also  formed  on  the  back  side  of  the  panicle.  Final  fracture  took  place  by  crack  propagation 
between  the  tertiary  crack  and  the  primary  region  of  intense  slip. 

Microsiniciurcs.  Migrochcrnisgigs  and. tMomaaon. Subs wciuras  ituhcHuciilSv Reaction  Zone 

_ •  \  i- _ _ 


A  three  step  thinning  procedure  involving  selected  area  dimpling,  twin-jet  electropolishing  and 
ion  milling  was  developed  to  permit  detailed  transmission  electron  microscopy  (TEM)  imaging, 
selected  area  diffraction  (SAD)  and  energy  dispersive  x-ray  spectroscopy  (EDS)  measurements  of 
adjacent  ductile,  reaction  zone  and  matrix  phases  in  both  unaeformed  and  deformed  regions  near 
a  crack  face.  Details  of  the  techniques  and  extensive  micrographic  illustrations  will  be  presented 
elsewhere,  and  only  the  most  salient  results  are  summarized  here. 

M i 

The  compositional  variations  in  the  Nb  alloy  arc  shown  on  the  1200°C  ternary  phase  diagram  in 
Figure  5  (9).  A  simplified  overview  of  the  TEM  observations  is  schematically  illustrated  in 
Figure  6.  The  characteristics  of  the  undefonried  material  can  be  summarized  as  follows.  The  Nb 
phase  had  a  fine  subgrain  structure  (-3  pro)  and  a  low  dislocation  density,  indicating  recovery 
during  hot  forging.  A  reaction  layer  approximately  3pm  thick  formed  between  the  (3-Nb  phase 
and  the  *t(Llo)*TiAl.  A  thin  (**300  nm)  layer  composed  of  only  one  or  two  clean  equiaxed  grains 
formed  immediately  adjacent  to  the  Nb.  Although  identification  by  diffraction  analysis  in  the 
reaction  zone  was  not  carried  out,  EDS  measurements  indicate  that  this  was  5-phase.  The  next 
region,  out  to  about  1.5  pm,  was  composed  of  approximately  500  nm  grains  containing  spherical 
inclusions  and  was  compositionally  consistent  with  the  0-phase.  The  remaining  reaction  layer 
was  compositionally  and  tnicestructurally  complex.  The  spectra  were  consistent  with  successive 
regions  of  T2  and  <X2-phase.  However,  the  boundaries  between  these  regions  were  not  well 
defined.  The  y-matrix  is  fine  grained  (2-5pm)  containing  a  low  density  of  dislocations,  typically 


F-igure  2  -  Some  repre  tentative  examples  of  debonding,  deformation  and  fracture  characteristics 
of  Nb  panic  les. 


Figure  3  ••  An  example  of  the  deformation  history  of  a  TiNb  particle. 


pinned  by  relatively  large  (about  100  pm)  spherical  features.  A  low  density  of  twins  was  also 
observed  in  the  matnx.  The  Nb  content  quickly  dropped  to  small  levels  l<2  at.%)  consistent 
with  die  bulk  matrix  composition. 

Deformation  substructures  could  not  be  observed  in  the  Nb  due  to  the  foil  thickness  in  this  area. 
The  rcacnon  layer  showed  no  evidence  of  deformation,  as  neither  dislocations  nor  twinning  were 
observed.  Microscopic  cracking  was  primarily  observed  near  the  6-phase  region,  in  contrast  tc 
macroscopic  evidence  of  debonding  between  the  y-macrix  and  cr-phase.  Significant  deformation 
was  observed  within  about  20  pm  of  the  crack  face  in  the  y-TiAl  phase  primarily  by  <1 1 1>{T12* 
twinning,  but  also  with  heterogeneously  distributed  regions  of  a  high  density  of  tangled 
dislocations  having  a/2<l  1  l>-typc  Burgers  vectors,  indicating  considerable  slip.  Cracks  were 
observed  emanating  from  ledges  formed  by  twin  intersections  at  the  y-matri:</o-reaction  layer 
interface. 

Ti.-M-TiNb 

The  compositional  variations  in  the  TiNb  alloy  are  also  shown  on  the  ternary  phase  diagram  in 
Figure  5.  An  simplified  overview  of  the  TEM  observations  is  schematically  illustrated  in  Figure 
6.  Three  regions  were  observed  in  the  undeformed  TiNb-particIcs  which  had  an  average  grain 
size  of  about  10pm.  Normal  solid  solution  p*phase  was  found  at  distances  greater  than  about  5 
pm  from  the  particle  interface  with  the  distinct  reaction  zone.  This  j)  region  contained  a  low 
density  of  rafted  dislocations  having  a/2<l  1  l>-typc  Burgers  vectors  on  { 1 10)  planes.  Aluminum 
replaced  niobium  at  concentrations  of  several  percent  in  this  region.  Extra  spots  also  indicated  the 
presence  of  a  diffuse  co-phase;  however,  the  intensities  were  too  low  to  obtain  dark  field  images 
of  the  precipitate  structure.  Within  about  5  pm  of  the  interface,  the  diffraction  patterns  indicated 
the  existence  of  both  ordered  Bt  and  diffuse  co-phases.  Supcrdislocation  pairs  were  observed  in 

Ti 


Figure  5  -The  composition  profiles  between  die  y-TiAl  and  the  Nb  (triangles)  and  TiNb  (circles) 
panicles  plotted  on  the  1200°C  Ti-Al-Nb  isotherm  (9).  The  numbers  or  letters  on  the 
larger  symbols  reference  positions  shown  in  Figure  fi.  The  smaller  symbols  are  for 
spectra  taken  at  other  nearby  positions. 


rafted  bounds  pilc-ups,  consistent  with  the  ordering.  Within  about  1  ,5pm  of  the  interface  a 
region  of  mixed  (X2.  B2  and  diffuse  (o-phases  were  observed.  The  C12  was  in  the  form  of  thin  (« 
2Q0nm)  lath-shaped  particles.  The  dislocation  structure  in  this  region  was  similar  to  that  found  in 
the  B2  region.  The  Nb  concentration  dropped  to  about  20%  and  the  aluminum  concentration 
increased  to  about  17%  approaching  the  interface.  However,  there  is  an  indication  of  a  reversal  of 
this  trend  in  the  immediate  vicinity  of  the  interface  where  increases  in  the  Nb  and  decreases  in  the 
A!  content  were  observed. 

The  interface  between  the  panicle  and  the  distinct  reaction  layer  was  sharp.  The  3  to  5  pm  thick 
reaction  layer  consisted  of  2  to  3  grains  (about  1  to  3pm  diameter)  of  0t2  (D0t9)  -  phase,  but  with 
a  c/a-ratio  of  about  0.929,  rather  than  the  nominal  0.801  forTfaAl.  This  distortion  may  be  due  to 
Nb  which  largely  replaces  Al,  at  a  level  of  about  10  atom-percent.  The  C12  microstructurc  was 
fairly  clean  with  only  a  few  small  unidentified  features  apparent.  A  low  density  of  long  straight 
dislocations  was  observed  in  the  undeformed  012  reaction  layer  The  y*TiAl  matrix  region  is 
similar  to  that  found  in  the  Ti Al-Nb  alloy. 

Deformation  greatly  increased  the  dislocation  density  in  all  regions.  The  deformation  in  the  TiNb 
consisted  of  extensive  localized  parallel  slip  on  planes  separated  by  about  0.2  to  2pm,  and  rafted 
dislocation  pile-ups  against  internal  boundaries  were  frequently  seen.  The  Burgers  vectors  of  the 
dislocations  were  identified  to  be  of  the  a/2<ll  l>-type  and  slip  planes  were  (110).  Dislocation 
pairing  could  not  be  observed  due  to  the  restricted  imaging  conditions.  Cross  slip  and 
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Figure  6  -  A  schematic  illustration  of  the  size  scale  and  phases  observed  in  particle,  reaction 
layer  and  matrix%regions.  The  dashed  lines  demarcating  phases  indicate  variability  in 
the  location  of  these  phases. 


the  formation  of  dislocation  networks  were  seen  in  high  strain  regions.  However,  no  evidence  of 
dislocauon  cell  formation  or  twinning  was  found.  Suppression  of  twinning  and  cell  formation 
may  be  due  to  the  presence  of  w-phasc,  interstitial  gaseous  impurities  and  Al  substitutional 
solutes.  The  dislocation  structures  in  regions  near  localized  necks  in  deformed  TiNb  tensile 
specimens  were  also  evaluated.  Intense  bands  of  paired  supcrdislocations  and  elongated  loops 
were  found,  in  spite  of  the  fact  that  neither  82  nor  o>*phasc  spots  were  observed  in  the  bulk  alloy. 

Rafted  ptleups  of  paired  supcrdislocations  against  boundaries  were  also  observed  in  the  deformed 
ct2*phasc.  The  pile-ups  occurred  at  most  frequently  at  the  B2  +  C12  boundary.  The  dislocation 
density  decreased  in  the  direction  of  the  the  TiAl  matrix  phase.  The  012  phase  dislocations  had 
<1 120>-typc  Burners  vectors  in  the  basal  planes.  Some  non-basal  plane  dislocations  were  also 
observed  in  association  with  low  angle  suboundaries.  Deformation  substructures  in  the  y-TiAl 
were  similar  to  those  observed  in  the  TiAl-Nb  alloys,  viz.  -  twinning  and  heterogeneous 
dislocation  tangles.  Twinning  ledges  at  the  y-ot2  interfaces  were  observed  but  did  not  appear  to 
nucleate  microcraeks. 

In  summary,  considering  influence  of  differences  between  processing  temperatures  and  the  phase 
diagram  isotherm,  the  microchemistry  of  the  particles,  reaction  layer  and  matrix  were  in 
reasonable  agreement  with  published  data  (9,  10).  Further,  with  a  few  exceptions,  the 
substructures  of  the  individual  phases  were  consistent  with  other  independent  evaluations  (11- 
18).  Some  notable  observations  included:  a  fine  subgrain  structure  in  Use  niobium  following 
processing,  which  may  add  to  the  strength  of  the  panicles;  significant  ductility  in  the  adherent  ot2 
reaction  layer  around  the  TiNb  particles  in  contrast  to  the  brittle  debonding  a  and  5  phases 
around  the  Nb  particles,  evidence  of  both  slip  and  twinning  in  the  y-matrix  near  the  crack  and  a 2 
reaction  layer,  crack  nuclcation  at  twinned  y-cf  interfaces,  but  not  y-ccj  interfaces;  and  highly 
localized  slip  processes  in  the  TiNb  panicles. 

CototraipcdD.gfQniwjQn.andf  ^ 

The  irregular  panicles,  deformation  geometries  and  other  effects  noted  above  make  it  difficult  to 
accurately  extract  s(u‘)  curves  and  x  directly  from  resistance  curves.  Funher,  relating  constrained 
deformation  expenments  to  continuum  mechanics  models  requires  controlled  and  relatively 
simple  (symmetric,  low  dimensional)  deformation  geometries.  Finally,  limitations  imposed  by 
surface  observations  of  crack-panicle  interactions  and  panicle  deformation  processes  are 
mitigated  by  conditions  which  enhance  uniformity  in  the  process  zone. 

Hence,  we  have  developed  techniques  for  fabricating  and  testing  simple  sandwich  specimens 
composed  of  relatively  thick  outer  layers  of  y*TiAl  diffusion  bonded  to  a  thin  (about  100pm)  Nb 
or  TiNb  central  foil  with  a  variety  of  sharp  pre-crack  geometries.  These  specimens  can  be  tested 
in  either  tension  or  bending  and  can  be  used  to  evaluate  deformation  with  symmetric  or 
asymmetric  cracks.  They  can  also  be  used  to  evaluate  interface  toughness;  and  by  prccracking 
only  one  side  they  can  be  used  to  study  particle  bypass  mechanisms.  The  tests  were  monitored 
with  either  a  high  resolution  optical  system  or  on  the  SEM  mechanical  testing  stage  described 
above.  Note  that  this  technique  can  also  be  applied  to  other  brittle  matrix-ductile  reinforcement 
combinations  of  interest.  Some  key  results  are  summarized  here  for  specimens  with  symmetric, 
planar  precracks  tested  in  tension  (Figure  7).  Typical  diffusion  bonding  conditions  were  lOMPa 
at  1066°C  for  4  h.  Details  of  the  experimental  techniques  and  additional  tests  results  are 
described  elsewhere. 

A  typical  s(u‘)  curve  for  the  TiNb  reinforcement  is  shown  in  Figure  8a  as  the  solid  line. 
Micrographs  corresponding  to  various  points  on  this  curve  are  shown  in  Figure  9.  The  peak  in 
the  normalized  stress  curve,  s(u')mav,  was  about  2.1.  The  peak  is  bounded  by  conditions  of  a 
completely  adherent  interface  (Point  A/Figurc  9a)  on  the  rising  pan  of  the  curve  and  the  formation 
of  a  matrix  debond  crack  just  beyond  the  peak  stress  (Point  B/Figurc  9b).  The  load  drops 
progressively  as  an  approximately  50°  shear  band  formed  between  the  primary  crack  and  the 
bottom  of  the  debond  (Point  C/Figure  9c).  Final  fracture  at  u'*  of  about  1.75  was  approached 
when  a  secondary  shear  band  formed  and  linked  with  the  primary  deformation  zone  (Point 
D/Figure  9d).  The  work  of  fracture  parameter,  was  a  tout  1,5  in  this  case. 
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Figure  7  --  The  sandwich  specimen  geometry  used  in  this  work  to  evaluate  normalized  stress 
displacement  curves. 
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Figure  8  --  Normalized  stress-displacement  curves  (solid  lines)  for  a)  TiNb  and  b)  Nb  foils.  The 
letters  reference  micrographs  shown  in  Figures  9  and  10.  The  dashed  lines  show 
corresponding  curves  for  uniaxial  tensile  tests  based  on  the  displacement  normaiiza- 
dons  described  in  the  text. 


Figure  9  --  The  deformation  and  fracture  history  of  the  sandwiched  TiNb  foil. 


it  is  useful  to  compare  the  behavior  of  the  sandwich  specimens  with  the  uniaxial  tensile 
characteristics  of  the  TiNb.  This  requires  an  appropriately  normalized  tensile  displacement 
parameter.  Since  the  flow  localizes  rapidly  in  this  alloy,  a  sensible  choice  is  the  net  plastic 
displacement  divided  by  the  appropriate  tensile  specimen  half-thickness,  or  u’  =  (1  -lo)/ao,  where 
l0  is  the  initial  gauge  length.  A  representative  tensile  test  s(u')  curve  is  shown  as  the  dashed  line 
in  Figure  8a.  The  s(u')m«  for  the  tensile  curve  was  about  1,  u'*  about  1.7  and  x  about  1.2. 
The  normalized  fracture  displacements  were  similar  in  the  two  cases. 


A  typical  s(u')  curve  for  the  Nb  foil  is  shown  as  the  solid  line  in  Figure  8b.  The  corresponding 
micrographs  arc  shown  in  Figure  10.  Continuous  debonding  took  place  up  to  a  d'  of  about  5  at 
u’  of  about  0.1  (Point  A/Figure  10a).  There  was  a  broad  region  of  maximum  stress  with  a  s(u') 
of  about  1.7  from  u'  of  about  0.1  to  0.5;  the  latter  displacement  marked  the  onset  of  diffuse 
necking  (Point  B/Figure  10b).  Continued  deformation  resulted  in  a  nearly  linearly  decrease  in 
stress  out  to  fracture  at  u'*  of  about  1.75  (Points  C  and  D/Figure  10c  and  d),  yielding  a  x  of 
about  2.3.  The  debond  length  did  not  increase  significantly  in  the  region  from  u’  of  about  0.1  to 
1.7.  The  interface  toughness,  expressed  in  terms  of  the  energy  release  rate,  was  measured  in  four 
point  bending  at  about  45  J/m2  (20), 

Since  deformation  in  Nb  was  characterized  by  diffuse  necking,  a  different  normalization  is 
needed  10  compare  the  sandwich  behavior  to  results  of  uniaxial  tensile  tests.  In  this  case,  it  is 
reasonable  to  equate  d'  with  a  tensile  gauge  length,  thus  u'  *  cd't  where  e  is  the  engineering 
strain.  Tensile  test  results  based  on  this  normalization  are  shown  as  the  dashed  line  in  Figure  10 
taking  d'  to  be  5.  The  s(u’)max  and  u'*  were  similar  for  the  tensile  tests  and  sandwich  foils.  This 
suggests  that  deformation  and  fracture  in  the  Nb  foil  was  largely  controlled  by  the  uniaxial  tensile 
properties  and  the  debond  length.  However,  for  the  broad  peak  stress  region  for  the  tensile  tests 
was  shifted  to  significantly  higher  displacements.  This  behavior  could  indicate  that  the  simple 
displacement  normalization  used  is  not  appropriate  due  to  aneffect  of  the  sandwich/crack 
geometry  on  perturbing  the  macroscopic  deformation  patterns.  For  example,  lower  necking 
strains  may  result  from  the  evolved  history  of  constraint  in  the  sandwich  specimens. 

While  there  were  general  similarities  between  the  behavior  of  the  sandwiched,  foil  specimens  and 
the  pancake  particles  in  the  alloys,  a  notable  difference  was  that  the  panicles  on  average 
experienced  a  smaller  amount  of  debonding.  The  variations  in  debonding  behavior  between  the 
panicles  and  foils  may  be  associated  with  the  fact  that,  unlike  the  sandwiches  (See  Figures  9  and 
10),  the  panicles  are  more  rigidly  restrained  from  any  lateral  motion  along  the  crack  plane. 
Further,  residual  stress  effects  may  be  different  for  embedded  particles  compared  to  sandwiched 
foils. 

Discussion 

Figure  1 1  summarizes  the  effects  of  debonding  on  the  various  toughening  parameters.  The 
panicles  are  represented  as  filled  symbols  and  foils  as  open  symbols;  the  Nb  data  are  shown  as 
circles  and  the  TiNb  data  as  squares.  The  data  points  shown  in  Figure  1 1  with  large  debond 
lengths  were  taken  from  a  parallel  research  effort  by  Deve  et.  al.  on  the  effect  of  AI2O3  and  Y2O3 
coatings  on  debonding  (20). 

The  Critical  Displacement  Parameter,  u'_* 

TiAl-Nb.  Figure  11a  shows  the  variation  of  u'*  with  d'.  In  the  case  of  Nb  foils,  u'*  increased 
roughly  in  proportion  to  the  debond  length.  To  model  this  behavior  we  simply  assumed  that  the 
u’*  was  proportional  to  the  debond  length  times  the  total  tensile  elongation  (£i).  The  predictions 
shown  as  the  solid  line  were  in  good  agreement  with  the  measured  u'*  for  the  foils  except  at  the 
largest  debond  length.  In  part,  this  deviation  can  be  explained  by  nodng  that  the  displacement 
contributions  beyond  the  point  of  uniform  strain  (eu)  are  not  expected  to  scale  strongly  with  the 
debond  length.  Substituting  Eu  for  Et  provides  a  better  estimate  for  d'  of  about  25  as  shown  by 
the  plus  (+)  symbol  in  Figure  11a. 
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Figure  10  --  The  deformation  and  fracture  history  of  the  sandwiched  Nb  foil. 


The  u'*  for  the  Nb  panicles,  with  a  nominal  d'  of  about  2,  also  deviates  from  the  simple  model, 
which  unphysically  predicts  that  the  critical  displacement  approaches  0  as  the  debond  length 
approaches  0.  Of  course,  there  is  a  finite  minimum  u'*  even  without  debonding.  Assuming 
volume  conservation  and  ignoring  stress-state  effects  after  crack  blunting,  an  estimate  of  the 
upper  bound  of  the  minimum  u'*  can  be  approximately  related  to  the  tensile  reduction  in  area 
(RA)  and  the  initial  displacement  during  the  crack  blunting,  u'b,  as  u’*  ■  uV(l-RA).  The  u'b 
was  estimated  from  the  dislocation  pile-up  model  proposed  by  Ashby  (6),  assuming  a  constraint 
factor  of  3  during  blunting;  thus  u'b  *  60Cc/E  where  £  is  the  elastic  modulus.  Taking  a  nominal 
value  of  Oq/E  of  1.3xlO*3,  a  minimum  u’*  of  1.6  is  consistent  with  a  RA  of  about  0.95.  While 
the  RA  was  difficult  to  precisely  characterize  in  Nb  due  to  the  highly  ductile  fracture  mode,  this 
value  is  within  the  range  estimated  from  uniaxial  tests  of  flat  tensile  specimens. 
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Figure  1 1  -  The  effect  of  the  normalized  debonding  length,  d',  on  a)  the  critical  normalized  dis¬ 
placement,  u’*;  b)  the  effective  constraint  factor,  St(u‘)max;  and  c)  the  work  of 
fracture,  %.  The  circles  represent  Nb  and  the  squares  represent  TiNb;  and  the  solid 
symbols  are  for  the  particles  and  open  symbols  are  for  the  foils.  The  origin  of  the 
solid  and  dashed  lines  are  described  in  the  text. 


TiAl-TiNb.  For  the  panicles,  the  u'*  for  TiNb  was  about  0.7  for  a  d'  of  0.  This  is  consistent 
with  the  simple  treatment  of  the  no  debonding  condition  described  above,  yielding  a  predicted  u‘* 
of  0.66,  using  the  measured  RA  of  0.8  and  a  nominal  Oo/E  of  2.2xlO‘A  The  nominal  debond 
length  for  the  foil  was  determined  by  reducing  the  observed  debond  length  of  about  1.5  by  a 
factor  of  4  to  0.38,  since  the  separation  occurred  only  on  one  side  of  the  crack  and  on  one  side 
of  the  foil;  the  corresponding  u'*  was  1.4.  At  the  large  debond  lengths  u’*  was  about  2.  The 
average  of  1.7±0.3  was  consistent  with  the  limiting  value  determined  from  the  tensile  tests 
(Figure  8b)  as  shown  by  the  dashed  tine. 

Ihg.Ma.\uimm  Constraint  Parameter,  st(u!W 

TiAl-Nb  and  TiAl-TiNb.  The  maximum  particle  stress  is  dictated  by  a  combination  of  constraint 
and  strain  hardening  effects.  In  order  to  remove  the  effect  of  strain  hardening  when  evaluating 
the  effect  of  debonding  on  constraint,  the  panicle  and  foil  stress  data  was  analyzed  in  terms  of  the 
maximum  stress  divided  by  the  ultimate  tensile  stress,  ouis,  or  Si(u')max  (=c(u')/ouiS).  The 
StdOmax  as  a  function  of  d'  is  shown  in  Figure  1  lb.  The  solid  curve  was  based  on  Ashby's 
model  of  constrained  deformation  as  a  function  of  the  debond  length  (6).  The  experimental 
results  were  consistent  with  the  rapid  drop-off  in  constraint  with  debonding  length  predicted  by 
simple  models.  Note  the  TiNb  point  at  a  nominal  d'  of  0.38  falls  somewhat  above  the  predicted 
curve.  Somewhat  better  agreement  is  observed  if  using  the  actual  st(u')  at  the  point  where  the 
crack  is  observed  (Point  B  in  Figure  8b)  as  shown  by  an  arrow  in  Figure  1  lb. 

The  Work  of  Fracture  Parameter,  v 

TiAl-Nb.  Figure  l  lc  shows  the  relationship  between  %  and  the  debond  length.  In  the  case  of 
Nb,  x  increased  systematically  with  d'.  The  solid  line  is  a  prediction  assuming  the  Nb  behaves 
like  a  uniaxial  tensile  specimen  with  a  normalized  gauge  length  of  d',  thus, 
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where  o(e)/o0  is  the  normalized  uniaxial  stress-strain  curve.  The  simple  model  predictions  were 
consistent  with  x  measured  for  both  the  panicles  and  foils  except  at  the  largest  debond  length. 
This  difference  was  again  probably  due  to  overestimating  the  displacement  contribution  beyond 
the  ultimate  stress.,  in  the  necking  region.  Integrating  the  stress-strain  curve  only  up  to  eu  rather 
than  E(,  shown  as  the  plus  (+)  symbol  in  Figure  l  lc,  gave  better  agreement  with  the  x  for  the 
foil  with  d'  of  about  25. 

TiAl-TiNb  .  Figure  1  lc  shows  that  the  magnitude  of  x  does  not  vary  significantly  for  case  of 
TiNb  particles  and  foils,  ranging  from  about  1.1  to  1.5.  The  scatter  around  the  average  of 
1.310.2  is  much  less  than  the  uncertainties  in  the  measured  values  and  close  to  the  equivalent  x 
of  1.2  found  from  the  tensile  test  as  shown  by  the  dashed  line. 

Implications 

These  results  nicely  illustrate  the  need  to  consider  the  combined  effects  of  the  ductile  phase, 
interface  and  matrix  properties  in  evaluating  toughening  potential.  For  niobium,  with  brittle 
reaction  layer  phases  (e.g  a,  and  5),  some  debonding  was  unavoidable.  However,  since  x 
scaled  with  d,  extensive  debonding  may  be  desirable  in  many  applications.  For  a  given  debond 
length,  X  was  controlled  by  the  uniaxial  stress-strain  behavior  of  niobium.  In  contrast,  for  TiNb 
particles  and  uncoated  foils  the  predominant  reaction  layer  <X2  phase  was  tougher,  resulting  in 
minimal  debonding.  In  this  case,  x  is  not  significantly  influenced  by  debonding  although  there 
were  more  significant  differences  in  the  constraint  (increased)  and  maximum  displacement 
(decreased)  for  particles  that  remain  attached  to  the  matrix.  The  behavior  of  TiNb  was  due  to  the 
rapid  formation  of  a  localized  neck  associated  with  coarse  slip 


Of  course,  steady  state  toughening  is  proportional  to  the  strength  levels  of  the  ductile  phase  as 
well  as  % •  in  particular,  the  lower  value  of  x  in  composites  containing  TiNb  versus  Nb  panicles 
was  more  than  offset  by  the  higher  strength  of  the  former  alloy.  Ductile  phases  with  both  high 
strength  and  high  strain  hardening  exponents  would  provide  the  maximum  toughening  potential, 
and  would  further  benefit  from  debonding.  Indeed,  the  combination  of  high  uniaxial  ultimate 
tensile  strength,  strain  hardening  exponent  and  uniform  elongation  along  with  a  moderately  brittle 
reaction  layer  would  be  a  good  guide  for  identifying  promising  toughening  phases. 

However,  as  noted  in  the  introduction,  the  initial  slope  of  the  resistance  curve,  or  the  tearing 
modulus,  Tr,  may  often  be  a  more  important  engineering  property  than  steady-state  toughness. 
Optimizing  Tr  generally  requires  maximizing  constraint,  hence,  minimizing  the  debonding. 
Thus,  an  idealized  composite  design  might  be  aimed  at  achieving  progressive  debonding  of 
phases  with  good  uniaxial  tensile  properties  and  which  maintain  significant  ductility  under  trixxial 
stress  states.  An  alternate  approach  approach  could  be  to  use  mixtures  of  bonding  and  debonding 
phases.  Moreover,  extensive  debonding  may  be  required  to  increase  the  energy  absorption 
capacity  of  materials  as  measured  in,  for  example,  Charpy  impact  tests.  Because  of  the  limited 
volume  of  materials  deforming  in  the  vicinity  of  sharp  cracks,  a  significant  increase  in  the 
fracture  toughness  does  not  mean  that  the  blunt  notch  energy  absorption  capacity  will  increase  in 
a  like  manner.  In  principle,  the  blunt  notch  energy  absorption  can  be  increased  by  debonding  if 
this  leads  to  a  sufficient  increase  in  the  volume  of  deformed  ductile  phase.  Note,  however,  that 
the  effects  of  ductile  phases  on  the  displacement  capacity  of  a  ductile  phase  reinforced  composite 
is  minimal  with  or  without  debonding. 


The  results  of  this  study  on  Nb  and  TiNb  reinforced  y-TiAL  alloys  can  can  be 
summarized  as  follows. 

Microsnuctures  and  Basic  Deformation  and  De bonding  Processes 

a)  The  reaction  zone  phases  and  phase  substructures  observed  in  powder  processed  alloys  are 
generally  consistent  with  data  in  the  literature. 

b)  There  is  evidence  of  high  temperature  deformation  recovery  processes  producing  a  fine 
dislocation  cell  structure  in  Nb  panicles.  The  fine  subgrain  size  may  increase  the  strength  of  the 
alloys  relative  to  the  undeformed  and  annealed  condition.  The  outer  regions  of  P*TiNb  particles 
arc  convened  to  a  mixture  of  ordered  B2  and  a2  phases  during  processing. 

c)  Deformation  in  TiNb  particles  occurs  by  formation  of  extensive  rafted  dislocation  pile-ups  in 
nanow,  coarsely  distributed  slip  bands;  while  some  cross  slip  and  tangling  occurs  at  high  strains, 
neither  cell  structures  nor  twinning  are  observed. 

d)  The  dominant  reaction  layer  phase  in  alloys  containing  TiNb  particles  is  a.i  which  has  a 
considerable  amount  of  ductility  associated  with  dislocation  slip.  For  Nb  particles  the  reaction 
zone  phases  include  0  and  5  and  possibly  T2  and  ot2  phases  which  are  brittle  and  do  not  twin  or 
slip. 

e)  The  y-matrix  region  near  the  crack  faces  and  reaction  zone  shows  evidence  of  a  considerable 
amount  of  deformation  by  both  twinning  and  slip.  Interface  cracks  appear  to  be  nucleated  at  the 
points  where  twin  boundaries  intersect  the  0  but  not  the  ot2  reaction  layer. 

0  For  the  Nb  particles,  debonding  occurs  between  the  brittle  0-phasc  and  the  y-matrix. 
Debonding  is  highly  variable  and  dependent  on  crack-particle/foil  geometry  effects.  Debonding 
may  also  be  influenced  by  geometric  constraints  and  residual  stresses.  Debonding  is  generally 
minimal  for  TiNb  particles.  Limited  debonding  is  observed  between  the  (X2-phase  and  matrix, 
and  cracking  is  sometimes  observed  in  the  adjoining  matrix. 


g)  Macroscopically,  Nb  panicles  and  foils  deform  by  homogeneous  slip  and  fail  in  a  highly 
ductile  manner  after  the  formation  of  a  diffuse  necks  or  shear  bands.  Debonding  is  established  at 
small  strains.  In  contrast,  the  TiNb  panicles  deform  by  coarse  slip  which  propagates  large 
distances  in  the  panicles  away  from  the  crack  faces.  Fracture  occurs  by  localized  necking  and 
cracking  involving  the  coalescence  and  intersection  of  intense  primary  and  secondary  shear 
bands. 


Toughening  Mechanisms  and  Relations 

a)  The  steady-state  toughening  potential  for  a  ductile  phase  reinforcement  depends  on  the 
combination  of  properties  of  the  ductile  phase  itself,  the  interface/reaction  layer  region  and  the 
matrix. 

b)  Considerable  toughening  is  produced  by  strong  and  reasonably  ductile  TiNb  phases  even  in 
the  absence  of  significant  debonding  and  low  uniform  strains. 

c)  Toughening  from  the  TiNb  particles  occurs  under  conditions  of  maximum  constraint  and 
minimum  ductility,  yielding  a  %  of  about  1. 

d)  Extensive  debonding  and  conditions  of  minimum  constraint  does  not  result  in  a  significant 
increase  in  steady-state  toughness  from  TiNb  phases.  This  behavior  is  due  to  the  coarse  slip, 
limited  uniform  ductility  and  localized  necking  of  the  alloy. 

e)  More  modest  toughening  is  achieved  from  the  lower  strength,  higher  ductility  Nb  panicles  and 
foils. 

0  With  d'  of  about  2,  toughening  from  Nb  panicles  is  achieved  under  conditions  of  minimum 
constraint,  yielding  a  x  of  about  1.3. 

g)  The  x  for  Nb  foils  increases  with  the  debond  length.  This  is  due  to  the  large  uniform  strain  in 
Nb  followed  by  failure  after  the  formation  of  a  diffuse  neck.  Assuming  an  appropriate  aspect 
ratios,  enhanced  debonding  in  the  panicles  would  be  expected  to  produce  similar  increases  in 
toughness. 

h)  For  a  given  debond  length,  the  steady-state  toughening,  constraint  and  critical  displacement 
parameters  can  be  crudely  predicted  using  simple  models  and  uniaxial  tensile  data. 

i)  In  addition  to  panicle  bridging  contributions,  considerable  additional  toughening  can  result 
from  deflection  and  branching.  Crack  deflection  and  branching  are  influenced  by  the  combination 
of  panicle,  matrix  and  reaction  zone  properties  and  the  crack-particle  interaction  geometry. 

generalizations 

a)  Toughening  could  be  enhanced  funher  by  using  ductile  phases  with  higher  strength,  strain 
hardening  exponents  and  uniform  ductility  than  TiNb. 

b)  Debonding  and  thicker  panicles  would  also  increase  the  steady-state  toughness  from  such 
ductile  phases,  and  debonding  may  be  required  for  optimizing  energy  absorption  capacity. 

c)  Debonding  generally  decreases  the  the  tearing  modulus,  which  may  not  be  desirable  for  some 
applications. 

d)  It  might  be  possible  to  optimize  an  alloy  by  designing  for  controlled  progressive  debonding  or 
by  using  mixtures  of  bonding  and  debonding  phases. 
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